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Abstract. Let F/F+ be a CM field and let ṽ be a finite unramified place of F above the prime p.

Let r : Gal(Q/F ) → GLn(Fp) be a continuous representation which we assume to be modular for a
unitary group over F+ which is compact at all real places. We prove, under the Kisin–Taylor–Wiles
conditions, that the smooth GLn(Fṽ)-action on the corresponding Hecke isotypical part of the mod-
p cohomology with infinite level above ṽ|F+ determines r|Gal(Qp/Fṽ), when this latter restriction is

Fontaine–Laffaille and has a suitably generic semisimplification.
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1. Introduction

1.1. Motivation and the main result. Let p be a prime number and let K denote a finite
extension of Qp. One formulation of a hypothetical mod-p local Langlands correspondence is the

existence of an injection from the set of n-dimensional representations of Gal(Qp/K) over Fp to the

set of admissible representations of GLn(K) over Fp which is compatible with global correspondences
occurring in the mod-p cohomology of locally symmetric spaces. At present, the only known case of
such a correspondence is when K = Qp and n = 2 (see [Bre03a, Bre03b] for the semisimple case).
In this case, a p-adic version which is moreover compatible with deformations (see [Col10, Pas13,
Kis10]) led to a proof of many cases of the Fontaine–Mazur conjecture [Kis09, Eme]. The current
literature suggests that the situation is enormously more involved beyond the case of GL2(Qp).

We now introduce a global context for our discussions on mod-p local-global compatibility alluded
to earlier. Let F/F+ be a CM extension in which all p-adic places of F+ split and p is unramified.
Let G/F+ be an outer form of GLn which splits over F and is definite at all infinite places. We fix

an isomorphism G/F ∼= GLn/F , and for all places v′ | p of F+ we fix a lift ṽ′ in F . We thus have

isomorphisms F+
v′
∼= Fṽ′ and we identify G/F+

v′
with GLn/Fṽ′ via the previous isomorphisms without

further comments.
Let us now fix a place v | p of F+ with lift ṽ in F . Let Uv ≤ G(A∞,v

F+ ) be a compact open subgroup,

which we assume to be unramified at all places v′ | p with v′ 6= v. We fix an irreducible smooth Fp-
representation Vv′ of GLn(OFṽ′ ) (so-called a Serre weight) for each v′ | p and let W v = ⊗v′|p, v′ 6=vVv′
which is naturally an irreducible smooth Fp-representation of Uv. (We denote as usual OFv′ the
ring of integers of Fv′ and kv′ the residual field.)

We let K
def
= Fṽ. Given the smooth Fp-representation W v of

∏
v′|p, v′ 6=v GLn(OFṽ′ ), we define

in the usual way the space of algebraic automorphic forms on G(F+)\G(A∞F+) of level Uv and
coefficients W v by

S(Uv,W v)
def
=
{
f : G(F+)\G(A∞F+)→W v | f(gu) = u−1

p f(g) ∀g ∈ G(A∞F+), ∀u ∈ Uv
}

(with the obvious notation u = upu
p for the elements u ∈ Uv). This space carries commuting actions

of a Hecke algebra T and G(F+
v ) ∼= GLn(K). To a continuous and conjugate self-dual representation

r : Gal(Q/F )→ GLn(Fp), one can attach a maximal ideal mr ⊆ T and set π(r)
def
= S(Uv,W v)[mr].

Mod-p local-global compatibility asserts that, up to multiplicity, the hypothetical injection given

by the mod-p local Langlands correspondence takes ρ
def
= r|Gal(Qp/K) to the GLn(K)-representation

π(r). Two natural questions arise:

(A) Does ρ determine the isomorphism class of π(r) (up to multiplicity)?
(B) Does the smooth representation π(r) determine ρ?

The limited evidence towards Question (A) at present comes mainly in the form of results towards
the weight part of Serre’s conjecture, i.e. results on the GLn(OK)-socle of π(r) (where OK denotes
the ring of integers of K). The main result of this paper affirmatively answers Question (B) in the
Fontaine–Laffaille case under mild hypotheses (genericity of modular Serre weights and Taylor–
Wiles hypotheses).

The main result of this paper is the following

Theorem 1.1.1 (Corollary 10.3.3). With the above setup, assume moreover that

(i) r(Gal(Q/F (ζp))) is adequate;
(ii) For each place v′ | p of F+, the Serre weight Vv′ is 5n-generic Fontaine–Laffaille;

(iii) HomFp[GLn(OK)]

(
V ∨v , π(r)|GLn(OK)

)
6= 0, and in particular r is automorphic.
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Then the isomorphism class of the smooth GLn(K)-representation π(r) determines the isomorphism
class of ρ.

We elaborate on the genericity condtion appearing in item (ii) above. The isomorphism class of
Vv′ is determined by an element

λṽ′ = (λṽ′,j)1≤j≤[kṽ′ :Fp] ∈ (Zn)[kṽ′ :Fp]

(see (8.1.1) for example). Then Vv′ is 5n-generic Fontaine–Laffaille if for each 1 ≤ j ≤ [kṽ′ : Fp]
the tuple λṽ′,j = (λṽ′,j,i)1≤i≤n−1 ∈ Zn satisfies

λṽ′,j,1 − λṽ′,j,n ≤ p− 6n and λṽ′,j,i − λṽ′,j,i+1 ≥ 5n

for all 1 ≤ i ≤ n − 1. This, explicit and purely combinatorial, genericity condition is of the same
nature as the genericity conditions (on local Galois representations) appearing in [BD14, HLM17,
LMP18], in contrast to the more elaborate conditions appearing in [LLHLMa] (which depends on
an implicit polynomial P ∈ Z[X1, . . . , Xn], independent of p), or in [PQ] (which is related to the
geometry of the moduli spaces of Galois representations).

We remark that item (ii) can be relaxed to the condition that Vv′ is an obvious Serre weight for
a 5n-generic r|Gal(Qp/Fṽ′ )

in the sense of the forthcoming [LLHLMb].

1.2. Main ingredients in the proof. Now we sketch the main ideas in the proof of Theorem 1.1.1.
To simplify the notation, we assume that K = Qp for the rest of § 1.2. We also fix as coefficient a
sufficiently large finite extension E of Qp, with ring of integers O and residual field F. The Cartan
decomposition suggests that the isomorphism class of π(r) is determined by the isomorphism class
of the restriction π(r)|GLn(Zp) as a GLn(Zp)-representation, as well as the action of the diagonal
matrices (pIdi, Idn−i) on π(r) for all 1 ≤ i ≤ n. Consequently, the following questions arise in the
way of proving Theorem 1.1.1

(1) How much can we say about ρ from the structure of π(r)|GLn(Zp)?
(2) How much can we say about ρ using the action of the diagonal matrices (pIdi, Idn−i) on

π(r) for all 1 ≤ i ≤ n?
(3) Gathering all the information on ρ we know from Question (1) and Question (2), can we

determine the isomorphism class of ρ?

Before answering these questions, we need an explicit classification of mod-p representations of
Gal(Qp/Qp) which are Fontaine–Laffaille (this is done in § 2.2; see also § 1.2.1). Question (1)

is answered by the geometry of the moduli stack FLλ+η
n of rank n Fontaine–Laffaille modules of

fixed weight λ + η = (λi + n− i)1≤i≤n, which is intimately related to groupoids of n-dimensional,

Fontaine–Laffaille representations of Gal(Qp/Qp) (see § 1.2.1). We especially study a partition on
it (by locally closed substacks) closely related to the configurations of the obvious Serre weights
for a NOT necessarily semisimple Galois representation over Fp; these Serre weights, studied first
in the forthcoming [LLHLMb], will be recalled in the body of the article (see also § 1.2.2). The
answer to Question (2) leads to a set of rational functions on FLλ+η

n and is performed through the
following procedure:

• compute the mod-p reduction of normalized eigenvalues of Hecke operators acting on spaces
of classical automorphic forms (see § 1.2.5);
• compute the mod-p reduction of normalized eigenvalues of Frobenius acting on Weil–Deligne

representations (via integral p-adic Hodge theory, see § 1.2.3);
• match the eigenvalues of Hecke operators (the “automorphic side”) with those of Frobenius

(the “Galois side”) by the classical local Langlands correspondence.
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Then we can translate Question (3) to the following

(4) Can we determine the isomorphism class of ρ from the partition from Question (1) and the
values of all possible rational functions from Question (2)?

Question (4) is a combinatorial problem, studied in § 1.2.4, on the interaction between the geometry
of the scheme U\GLn, the T -conjugation action on it, and the set of invariant functions (as rational
functions on U\GLn) where U (resp. T ) is the subgroup of upper-triangular unipotent matrices
(resp. of diagonal matrices).

1.2.1. Moduli of Fontaine–Laffaille modules and the niveau partition. Fontaine–Laffaille theory
gives a framework to have a moduli interpretation of a large class of mod-p representations of
Gal(Qp/Qp) (namely, the mod-p analog of crystalline p-adic representations of Gal(Qp/Qp); see
[FL82]).

Let λ = (λ1, . . . , λn) ∈ Zn be a tuple of integers satisfying λ1 ≥ · · · ≥ λn and λ1 − λn < p − n.

Let η
def
= (n − 1, n − 2, . . . , 1, 0) ∈ Zn. We consider the moduli stack FLλ+η

n of Fontaine–Laffaille
modules of rank n with weights λ+ η = (λ1 + n− 1, · · · , λn−1 + 1, λn) (the weights of a Fontaine–
Laffaille module are the mod-p analog of the Hodge–Tate weights for a p-adic crystalline Galois
representation). A standard argument shows that FLλ+η

n is represented by an algebraic stack,
namely the quotient of U\GLn by the T -conjugation action (see Proposition 2.2.6).

A Galois representation ρ : Gal(Qp/Qp) → GLn(F) is Fontaine–Laffaille if it arises from a
Fontaine–Laffaille module via the Fontaine–Laffaille functor constructed in [FL82]. Hence, our
study of Fontaine–Laffaille mod-p local Galois representations can be reduced to the geometry of
U\GLn together with the T -conjugation action on it. For each x ∈ U\GLn(F), we write ρx,λ+η for
the (isomorphism class of the) mod-p local Galois representation attached to x via the Fontaine–
Laffaille functor.

We identify the permutation group Sn with the Weyl group of GLn. Using base change of
Fontaine–Laffaille modules, we show that for each point x ∈ U\GLn(F), ρx,λ+η is semisimple if and
only if x lies in the schematic image of Tw under GLn � U\GLn for some permutation w ∈ Sn

uniquely determined by x (see Lemma 3.2.1). Moreover, there exists a semisimple representation
τ(w−1, λ + η) : IQp → GLn(F) such that ρx,λ+η|IQp ∼= τ(w−1, λ + η) for all F-points x lying in the

schematic image of Tw. In other words, the semisimple locus in U\GLn is exactly given by the
disjoint union of schematic images of Tw in U\GLn, for all permutations w ∈ Sn. Motivated by
the classification of mod-p local Galois representations by their semisimplifications, we introduce a
partition {Nw}w∈Sn on U\GLn (the niveau partition) satisfying the following

Proposition 1.2.1 (Proposition 3.2.18). A point x ∈ U\GLn(F) lies in Nw(F) if and only if

ρss
x,λ+η|IQp ∼= τ(w−1, λ+ η).

The points x ∈ Nw admit the following characterization: the closure of the orbit of x under
T -conjugation intersects the schematic image of Tw in U\GLn. This characterization comes from
a geometric interpretation of taking semisimplification of a mod-p local Galois representation. In
general, the locally closed subscheme Nw ⊆ U\GLn can have many irreducible components, as
representations having the same semisimplification may have different submodule structures.

The partition {Nw}w∈Sn is still too coarse for our purpose, and we will introduce two other
partitions of U\GLn in § 1.2.2 and § 1.2.4 which refines it.

1.2.2. Serre weights and the partition P. In order to answer Question (1), we need to introduce
a partition P of U\GLn into locally closed subschemes. This partition is motivated by the Serre
weight conjectures as we now explain.
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Let Xn denote the Emerton–Gee stack of rank n projective étale (ϕ,Γ) modules ([EG, Theorem
1.2.1]) and Xn,red its reduced substack which is an algebraic stack over Fp. We recall some properties
of the Emerton–Gee stack:

(1) there is a natural bijection between |Xn(F)| = |Xn,red(F)| and the set of isomorphism classes

of ρ : Gal(Qp/Qp)→ GLn(F);
(2) there is a natural bijection between the set of irreducible components of Xn,red and the set

of Serre weights (namely, absolutely irreducible F-representations of GLn(Fp));
(3) FLλ+η

n is identified with the irreducible component of Xn,red corresponding, via the bijection
in item (2) just above (normalized as in [LLHLMa, § 7.4]), to the Serre weight F (λ).

Here F (λ) is the absolutely irreducible F-representation of GLn(Fp) of highest weight λ. Let
ω : Q×p → F× be the character corresponding to the mod-p cyclotomic character. Under mild

technical assumptions, the fact that F (λ)⊗F ω
n−1 ◦ det embeds into π(r)|GLn(Zp) (cf. item (iii) in

Theorem 1.1.1) ensures that ρ = r|Gal(Qp/Fṽ) ∈ |FLλ+η
n (F)|. Given a semisimple, suitably generic,

Galois representation ρ : Gal(Qp/Qp)→ GLn(F) we have a set of Serre weights W ?(ρ), containing
a subset Wobv(ρ) consisting of obvious Serre weights (see [GHS18, § 9.2 and § 9.3]). We consider
the following set of Serre weights

(1.2.2)
⋃

ρ∈|FLλ+η
n (F)|

Wobv(ρss)

as well as the set of irreducible components of Xn,red corresponding to it. Such irreducible com-

ponents have the property that their intersections with FLλ+η
n correspond to right translates of

Schubert varieties (in B\GLn with B the upper-triangular Borel subgroup) under the local model
diagram

(1.2.3) U\GLn

%%zz

FLλ+η
n B\GLn

where the left arrow is the quotient by T -conjugation and the right arrow is the quotient by left
T -multiplication.

Motivated by this, we consider the partition on FLλ+η
n induced, by intersection, from the irre-

ducible components of Xn,red indexed by (1.2.2). This partition lifts to the partition P on U\GLn
defined as the coarsest common refinement of the stratifications {U\UwBu}w∈Sn with u running
in Sn. In particular, each C ∈ P is stable under both the left T -multiplication action and the T -
conjugation action. For each ρ ∈ |FLλ+η

n (F)|, we can associate a unique C ∈ P such that ρx,λ+η
∼= ρ

for some closed point x ∈ C(F). The following theorem answers Question (1):

Theorem 1.2.4 (cf. Lemma 10.2.14). Let socGLn(Zp) (π(r)) be the maximal semisimple subrepresen-
tation of π(r)|GLn(Zp). Then the isomorphism class of the GLn(Zp)-representation socGLn(Zp) (π(r))
determines the element C ∈ P associated with ρ.

Given C ∈ P and x ∈ C(F), we say that τ(w−1, λ+η) is a specialization of ρx,λ+η if the schematic
image of Tw in U\GLn lies in the Zariski closure of C (see the paragraph before Lemma 8.1.3
for a different definition). This provides us with a characterization of P important for the proof
of Theorem 1.2.4: given two points x, x′ ∈ U\GLn(F), ρx,λ+η and ρx′,λ+η share the same set
of specializations if and only if x, x′ ∈ C(F) for some C ∈ P (see Theorem 8.4.6). The proof
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of Theorem 1.2.4 also crucially uses the modularity of obvious Serre weights of ρ (defined using
specializations of ρ), which is proven in the forthcoming [LLHLMb].

1.2.3. Relevant types and invariant functions. In this section, we are interested in computing the
mod-p reduction of normalized Frobenius eigenvalues of Weil–Deligne representations.

Let τ : IQp → GLn(E) be a tame inertial type, i.e. a smooth semisimple representation of IQp
which extends to WQp . We assume throughout that τ is multiplicity free as IQp-representation.
Let τ1 ⊆ τ a sub inertial type. For each Weil–Deligne representation ς : WQp → GLn(E) satisfying

ς|IQp ∼= τ , there exists a unique sub WQp-representation ς1 ⊆ ς such that ς1|IQp ∼= τ1. Then ∧dim ς1ς1
is a character of WQp on which the geometric Frobenius element corresponding to p (via local class
field theory) acts by a scalar, which we denote by φτ,τ1(ς). We thus obtain a function φτ,τ1 on
the moduli stack WDτ of Weil–Deligne representations with inertial type τ . We remark that there
exists an isomorphism between WDτ and a split torus Gr

m such that φτ,τ1 is the product of the first
r1 projections to Gm, where r1 ≤ r are the numbers of irreducible sub inertial types of τ1 and τ
respectively.

Our goal is a comparison between FLλ+η
n and WDτ (for various tame inertial types τ) and then

compute the mod-p reduction of a normalization of φτ,τ1 as a rational function on FLλ+η
n . This

comparison is performed inside the Emerton–Gee stack Xn, and even more precisely, inside the
p-adic formal stack X τ of potentially crystalline representations with inertial type τ and parallel
Hodge–Tate weights n− 1, . . . , 1, 0. The reduced special fiber X τred of X τ is a topological union of
irreducible components of Xn,red (see [EG, §8.1]). There is a natural epimorphism from the rigid

generic fiber X τ,rig of X τ towards the rigidification WDrig
τ of WDτ . Note that our comparison

between FLλ+η
n and WDτ is meaningful only if FLλ+η

n is contained in X τred as one irreducible
component.

We aim at pulling back the function φτ,τ1 from WDrig
τ to X τ,rig, and then specializing it to

FLλ+η
n . For this operation to be meaningful we need to normalize φτ,τ1 by a scalar in pZ, and the

fact that φτ,τ1 does not have constant p-adic valuation on WDrig
τ forces the result of specialization

(if defined) to be a rational function on FLλ+η
n . This specialization is difficult in general, but

we are able to perform it when τ is a F (λ)-relevant, namely chosen from a set of special tame
inertial types {τw}w∈Sn for which the Serre weight F (λ) is an “outer” Jordan–Hölder factor in
the mod-p reduction of the GLn(Fp)-representation attached to τ via the inertial local Langlands
correspondence. (The set of outer Jordan–Hölder factor for such representations is introduced in
[LLHLMa, §2.3.1].) For each w ∈ Sn, we have the following diagram

(1.2.5) U\UTw0Uw0w

��

� � // X̃ τw,◦

��

X̃ τw,rig,◦

��

? _oo

FLλ+η
n
� � // X τw X τw,rig? _oo // //WDrig

τw

where w0 ∈ Sn is the longest element and X̃ τw,◦ is a p-adic formal scheme whose special fiber is iden-
tified with U\UTw0Uw0w. The first vertical map is given by the composition U\UTw0Uw0w ↪→
U\GLn � FLλ+η

n , and thus U\UTw0Uw0w is a T -torsor over some open substack of FLλ+η
n . The

second vertical map is a T
∧p
O -torsor followed by an open immersion. The third vertical map is

induced from the second by taking rigid analytic fiber.
Given a sub inertial type τw,1 ⊆ τw, we can attach a subset I ⊆ {1, . . . , n} satisfying w(I) = I.

The key result is that the pull back of φτw,τw,1 to X̃ τw,rig,◦ has constant p-adic valuation in Z. In
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other words, there exists d ∈ Z such that p−dφτw,τw,1 , after pulling back to X̃ τw,rig,◦ via (1.2.5),

extends to an invertible function on X̃ τw,◦, which specializes to an invertible function fw,I on
U\UTw0Uw0w. Explicitly, fw,I is given by

U\UTw0Uw0w ∼= Tw0Uw0w � T

∏
k∈I εk−−−−−→ Gm

where εk : T � Gm is the projection to k-th diagonal entry. The condition w(I) = I ensures that
the rational function fw,I on U\GLn is invariant under T -conjugation, and thus descends to FLλ+η

n .

Let w ∈ Sn, x ∈ U\UTw0Uw0w(F) and ρ : Gal(Qp/Qp)→ GLn(O) be a potentially crystalline
lift of ρx,λ+η with type τw and Hodge–Tate weights n − 1, . . . , 1, 0. Let WD∗(ρ) be the dual of
Weil–Deligne representation associated with ρ, where ρ 7→WD(ρ) is the covariant functor to Weil–
Deligne representation of [CDT99, Appendix B]. We have the following

Theorem 1.2.6 (Theorem 9.3.3). There exists an integer d ∈ Z depending only on λ, τw and τw,1,

such that for any potentially crystalline lift ρ : Gal(Qp/Qp)→ GLn(O) of ρx,λ+η, with type τw and
Hodge–Tate weights n− 1, . . . , 1, 0, we have

• φτw,τw,1(WD∗(ρ)) ∈ pdO×; and

• the image of p−dφτw,τw,1(WD∗(ρ)) under O× � F× is given by fw,I(x).

Motivated by this result, we define the set of invariant functions as

Inv
def
= {fw,I | w ∈ Sn, I ⊆ {1, . . . , n}, w(I) = I}.

These are rational functions on U\GLn whose properties are studied in § 1.2.4 below.

1.2.4. Invariant functions distinguish T -conjugacy classes. Motivated by Question (4), we study
the relation between the partition P, the T -conjugation action on U\GLn, and the set Inv of
invariant functions. For each C ∈ P, we write Inv(C) ⊆ Inv for the subset of invariant functions
whose zero and pole divisors are away from C. Then Question (4) can be reduced to the following
concrete problem (using (1.2.3))

(5) Does the set Inv(C) distinguish T -conjugacy classes in C?
In other words, is it the case that for any Noetherian F-algebra R the elements x, x′ ∈ C(R) lie in
the same T -conjugacy class if and only if g(x) = g(x′) ∈ R× for all g ∈ Inv(C)?

The first difficulty to answer Question (5) is that the affine schemes C ∈ P are genuinely compli-
cated (they are in general far from being affine spaces or split torus and a priori could be reducible).
It is thus difficult to check Question (5) by directly computing the restriction of Inv(C) to C. We
therefore need to find a partition coarser than P which is well-suited for explicit computation of
the invariant functions.

Recall the partition {Nw}w∈Sn from § 1.2.1. For simplicity of exposition, we first treat those Nw
which are irreducible. We fix a tuple of positive integers (n1, . . . , nr) satisfying

∑r
m=1 nm = n, and

consider the standard Levi subgroup M ⊆ GLn given by the diagonal blocks GLn1 × · · · × GLnr .
We consider the parabolic subgroup w0Bw0M ⊆ GLn and write N− for its unipotent radical. The
unipotent group N− corresponds to a set of negative roots ΦN− (with respect to the Borel B). The
Weyl group of M is identified with Sn1 × · · · ×Snr ⊆ Sn and we choose an element w of it such
that its factor in Snm is a nm-cycle for each 1 ≤ m ≤ r. Then our construction of Nw in § 3.2
implies that the quotient map GLn � U\GLn induces an isomorphism

(1.2.7) TN−w
∼−→ Nw.

In particular, we see that Nw is the product of a torus T with the affine space N−. The isomor-
phism (1.2.7) gives us standard coordinates to do computation on Nw, by writing Dk

w : Nw → Gm
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(resp. uαw : Nw → Ga) for the morphism induced from extracting the k-th diagonal entry of T
(resp. extracting the α-th entry of N−) for each 1 ≤ k ≤ n (resp. for each α ∈ ΦN−). (Our notation
here is slightly different from that of § 3.3 for convenience.)

Note that the quotient of Nw by T -conjugation is still a genuine stack in general. To answer
Question (5), we thus need a T -conjugation stable partition of Nw (coarser than P), such that
the quotient by T -conjugation of each element (of the partition) is an affine scheme with simple
coordinates. A natural candidate is given by {Nw,Λ}Λ⊆ΦN−

where

Nw,Λ(R)
def
= {A ∈ Nw(R) | uαw(A) 6= 0 for each α ∈ Λ and uαw(A) = 0 for each α ∈ ΦN− \ Λ}.

For each Λ ⊆ ΦN− , Nw,Λ is a split torus of rank n + #Λ with ring of global sections given by the
following ring of Laurent polynomials

O(Nw,Λ) = F[(Dk
w)±1, (uαw)±1 | 1 ≤ k ≤ n, α ∈ Λ]

The quotient of Nw,Λ by T -conjugation, written Nw,Λ/∼T -cnj, does exist as an affine scheme whose
ring of global sections is given by the following invariant subring

(1.2.8) O(Nw,Λ/∼T -cnj) = F[(Dk
w)±1, (uαw)±1 | 1 ≤ k ≤ n, α ∈ Λ]T -cnj .

Note that Nw,Λ is a topological union of elements in the partition P (see Lemma 3.3.9). Hence we
study Question (5) for each C ∈ P satisfying C ⊆ Nw,Λ, by explicit computations on Nw,Λ. The
combinatorial complexity to answer Question (5) is the technical heart of this work and we give an
example below to illustrate some of the difficulties.

Example 1.2.9. Assume that w = 1 (this implies M = T , r = n, N− = w0Uw0 and ΦN− is the
set of all negative roots). We choose a n-cycle w′ ∈ Sn and consider the following sets of negative
roots

Λ+
w′

def
= {(k,w′(k)) | 1 ≤ k ≤ n, k > w′(k)} and Λ−w′

def
= {(w′(k), k) | 1 ≤ k ≤ n, k < w′(k)},

and we set Λw′
def
= Λ+

w′ t Λ−w′ . Now we set

Fw′
def
=

 ∏
α∈Λ+

w′

uα1


 ∏
α∈Λ−

w′

uα1


−1

.

It turns out that

• O(N1,Λw′/∼T -cnj) = F[F±1
w′ , (Dk

1)±1 | 1 ≤ k ≤ n];
• there exists a unique element Cw′ ∈ P which is an open subscheme of N1,Λw′ .

One can check that f1,{k} is invertible on N1,Λw′ and f1,{k}|N1,Λw′
= Dk

1 for each 1 ≤ k ≤ n. To

answer Question (5) for Cw′ we look for a permutation w′′ ∈ Sn and a subset I ⊆ {1, . . . , n} that
satisfies the following

• w′′(I) = I and fw′′,I ∈ Inv(Cw′);
• Fw′ |Cw′ can be generated from fw′′,I |Cw′ and {(Dk

1)±1|Cw′ | 1 ≤ k ≤ n}.
In particular, we see that to answer Question (5) we need to construct a pair (w′′, I) for each n-cycle
w′ ∈ Sn. It is thus natural to expect that for more general choices of w, the answer to Question (5)
will involve delicate combinatorics.

Now we return to a general element C in P with C ⊆ Nw,Λ. In order to solve Question (5), we
study how to generate the restriction of the ring (1.2.8) to C from the set

(1.2.10) {g±1|C | g ∈ Inv(C)}.
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A key observation is that we can find a set of special units (cf. Definition 5.3.1) in the ring (1.2.8)
that satisfy the following:

• the set of special units generates the ring (1.2.8);
• the restriction to C of each special unit can be generated from the set (1.2.10).

These conditions together suffice to solve Question (5). As mentioned in Example 1.2.9, the con-
struction of these special units is combinatorial and the technical heart of this paper. Finally, we
arrive at our main result on the set of invariant functions (when Nw is irreducible): the set Inv(C)
distinguishes T -conjugacy classes in C for each w as above, each Λ ⊆ ΦN− and each C ∈ P satisfying
C ⊆ Nw,Λ. When Nw is not irreducible, essentially the same idea works, except that we need to
treat different irreducible components of Nw and define an analogue of Nw,Λ.

Hence, we obtain the following complete solution to Question (5).

Theorem 1.2.11 (Corollary 7.7.9). For each C ∈ P, the set Inv(C) distinguishes T -conjugacy
classes in C.

1.2.5. Mod-p reduction of normalized Hecke eigenvalues. In this section, we study how to study the
mod-p reduction of certain Hecke operators in characteristic zero, and relate them to the action of
the diagonal matrices (pIdi, Idn−i) on π(r) for some 1 ≤ i ≤ n− 1. Note that the action of pIdn is
easy to understand and therefore omitted from the discussion below.

We studied in § 1.2.3 how to lift invariant functions (which live in characteristic p) to Frobe-
nius eigenvalues of Weil–Deligne representations (which live in characteristic 0). Using classical
local-global compatibility, we interpret invariant functions as the mod-p reduction of normalized
eigenvalues of Hecke operators acting on a space of automorphic forms in characteristic 0. Hence,
the main issue is how to read mod-p reduction of normalized eigenvalues inside π(r).

Let K
def
= GLn(Zp) be the standard compact open subgroup of GLn(Qp). Let θ be an irreducible

E-representation of K equipped with a K-stable O-lattice θ◦ ⊆ θ. We consider the compact induc-

tion c-Ind
GLn(Qp)
K θ◦ and write HGLn(Qp)

K (θ◦)
def
= EndGLn(Qp)(c-Ind

GLn(Qp)
K θ◦) for the Hecke algebra

associated to it. In order to study the mod-p reduction of normalized eigenvalues, we consider the
following space

(1.2.12) HomGLn(Qp)(c-Ind
GLn(Qp)
K θ◦, π(r))

which admits a natural left action ofHGLn(Qp)
K (θ◦). Unlike the characteristic 0 situation, the algebra

HGLn(Qp)
K (θ◦) may act trivially on (1.2.12) even if the latter space is non-zero, and thus does not

capture interesting information of π(r). Roughly speaking, an Hecke eigenvalue in O \ {0} is not a
p-adic unit in general, and thus a naive mod-p reduction of it can be zero. Instead, we would like
to capture inside π(r) the p-adic leading term of the Hecke eigenvalue. For example, if the Hecke
eigenvalue c ∈ O \ {0} has p-adic valuation κ ∈ N, we would like to capture in π(r) the image of
p−κc under O× � F×.

We fix our choice of θ based on the set up in § 1.2.3. We fix an integer 1 ≤ i ≤ n− 1 and write

ω(i)(p)
def
= (pIdi, Idn−i) for the diagonal matrix. Let L ⊆ GLn be the standard Levi subgroup with

diagonal blocks GLi × GLn−i and consider the pair of parahoric subgroups P+,P− ⊆ K whose
image under K � GLn(Fp) is given by the Fp-points of the standard (resp. of the opposite of the
standard) maximal parabolic subgroup of GLn with Levi L. Hence, each representation of L(Fp)
is a smooth representation of P+ (resp. P−) by inflation. The parahoric subgroups P+,P− are

related by ω(i)(p)P+ω(i)(p)−1 = P−. Let τ1 and τ2 be tame inertial types over Qp of dimension

i and n − i, respectively, such that τ
def
= τ1 ⊕ τ2 is multiplicity free as an E-representation of IQp .

Using the inertial local Langlands correspondence, we associate with τ = τ1 ⊕ τ2 an irreducible
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E-representation σ(τ) of GLn(Fp) (resp. an irreducible E-representation σ
def
= σ(τ1) ⊗E σ(τ2) of

L(Fp)) which satisfies σ(τ) ∼= c-IndK
P+σ. We also fix an arbitrary L(Fp)-stable O-lattice σ◦ ⊆ σ

and consider the Hecke algebra HGLn(Qp)

P+ (σ◦)
def
= EndGLn(Qp)(c-Ind

GLn(Qp)

P+ σ◦).

The Hecke algebra HGLn(Qp)

P+ (σ◦) contains an element Uτ1
τ , the Up-operator, defined by the double

coset P+ω(i)(p)−1P+ ⊆ GLn(Qp) and the identity morphism idσ◦ ∈ EndO(σ◦) (see § 10.1.2). Under
a local Langlands correspondence in families, namely the patching construction of [CEG+16], the
operator Uτ1

τ exactly recovers the function φ−1
τ,τ1 on the moduli of Weil–Deligne representations, up

to a scalar in pZ. Hence, according to Theorem 1.2.6, our next goal is to capture the p-adic leading
term of the eigenvalues of the action of Uτ1

τ .
We first observe that the equality P+ω(i)(p)−1P+ = ω(i)(p)−1P−P+ induces the following de-

composition of Uτ1
τ

c-Ind
GLn(Qp)

P+ σ◦
Sσ //

U
τ1
τ

++

c-Ind
GLn(Qp)

P− σ◦
ti
∼

// c-Ind
GLn(Qp)

P+ σ◦

where Sσ is the embedding induced (by applying c-Ind
GLn(Qp)
K ) from an embedding of O-modules

(1.2.13) σ(τ) ⊇ c-IndK
P+σ

◦ ↪→ c-IndK
P−σ

◦,

and ti is the intertwining isomorphism induced from ω(i)(p)P+ω(i)(p)−1 = P−. Note that (1.2.13)
is an isomorphism after inverting p and so identifies c-IndK

P−σ
◦ with a K-stable O-lattice in σ(τ).

Let σ(τ)◦ be another K-stable O-lattice in σ(τ) with σ(τ)◦ ⊆ c-IndK
P+σ◦, and denote this inclu-

sion by S+
σ(τ). Let κ ∈ Z be the maximal integer such that p−κσ(τ)◦ ⊆ c-IndK

P−σ
◦ via (1.2.13), and

we define S−σ(τ) as the composite σ(τ)◦
p−κ→ p−κσ(τ)◦ ⊆ c-IndK

P−σ
◦. The maps S+

σ(τ) and S−σ(τ) fit

into the following commutative diagram involving Uτ1
τ (see (10.1.9))

(1.2.14) c-Ind
GLn(Qp)

P+ σ◦
Sσ //

U
τ1
τ

++

c-Ind
GLn(Qp)

P− σ◦
ti
∼

// c-Ind
GLn(Qp)

P+ σ◦

c-Ind
GLn(Qp)
K σ(τ)◦

S+
σ(τ)

OO

pκ
// c-Ind

GLn(Qp)
K σ(τ)◦

S−
σ(τ)

OO

c-Ind
GLn(Qp)
K σ(τ)◦.

S+
σ(τ)

OO

Applying HomO[GLn(Qp)](−, π) to (1.2.14) for a O[GLn(Qp)]-module π we obtain the following
diagram (by abusing the notation of maps in (1.2.14) for the induced maps between Hom-spaces)
(1.2.15)

Hom(c-Ind
GLn(Qp)

P+ σ◦, π)

S+
σ(τ)
��

Hom(c-Ind
GLn(Qp)

P− σ◦, π)
Sσoo

S−
σ(τ)
��

Hom(c-Ind
GLn(Qp)

P+ σ◦, π)
ti
∼

oo

S+
σ(τ)
��

U
τ1
τ

rr

Hom(c-Ind
GLn(Qp)
K σ(τ)◦, π) Hom(c-Ind

GLn(Qp)
K σ(τ)◦, π)

pκ
oo Hom(c-Ind

GLn(Qp)
K σ(τ)◦, π)

Ũ
τ1
τoo
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where Hom denotes HomO[GLn(Qp)]. If S+
σ(τ) is an isomorphism in (1.2.15), then we can consider

(S+
σ(τ))

−1 and define a new map

Ũτ1
τ

def
= S−σ(τ) ◦ ti ◦ (S+

σ(τ))
−1 : Hom(c-Ind

GLn(Qp)
K σ(τ)◦, π)→ Hom(c-Ind

GLn(Qp)
K σ(τ)◦, π).

We call the map Ũτ1
τ a normalized Up-operator. Note that Ũτ1

τ (if defined) is an isomorphism if
and only if S−σ(τ) is an isomorphism. We caution the reader that S+

σ(τ) and S−σ(τ) are almost never

isomorphisms in (1.2.14), but the induced maps in (1.2.15) can nevertheless be isomorphisms for
suitably chosen σ◦, σ(τ)◦ and π. We also note that the maps Sσ, pκ and Uτ1

τ in (1.2.15) are usually
zero in our application to π = π(r).

Given a permutation w ∈ Sn and a subset I ⊆ {1, . . . , n} satisfying w(I) = I, we have an
invariant function fw,I ∈ Inv, a F (λ)-relevant type τw as well as a sub inertial type τw,1 ⊆ τw from

§ 1.2.3. We choose τ
def
= τw ⊗O ω̃n−1, τ1

def
= τw,1 ⊗O ω̃n−1 where ω̃ is the Teichmüller lift of the

mod-p cyclotomic character ω. Let x ∈ U\GLn(F) be a point satisfying ρx,λ+η
∼= ρ, and C ∈ P be

the unique element satisfying x ∈ C(F). The following is our main result on the action of Ũτ1
τ .

Theorem 1.2.16 (see the proof of Theorem 10.2.15). Assume that fw,I ∈ Inv(C) with I 6=
∅, {1, . . . , n}. Then there exist σ◦ and σ(τ)◦ depending only on λ,w, I such that

S−σ(τ) ◦ ti = fw,I(x) · S+
σ(τ) : Hom(c-Ind

GLn(Qp)

P+ σ◦, π(r))
∼−→ Hom(c-Ind

GLn(Qp)
K σ(τ)◦, π(r)).

The existence of σ◦ and σ(τ)◦ such that both S+
σ(τ) and S−σ(τ) are isomorphisms follows from

the fact that the mod-p reduction of σ(τ) contains a unique (counting multiplicity) modular Serre
weight of r, which is F (λ)⊗F ω

n−1 ◦ det. A simpler argument also shows that pIdn acts on π(r) by
det(x) where det : U\GLn → Gm is the natural determinant map. Note that fw,I = det ∈ Inv(C)
for each w ∈ Sn.

1.2.6. Conclusion. Now we deduce Theorem 1.1.1, when K = Qp, from the results in § 1.2. (Recall
that the general finite unramified extension K is our context in this paper, but in the introduction
we only treat the case K = Qp.)

Let C ∈ P and x ∈ C(F) be a point such that ρ ∼= ρx,λ+η. First of all, Theorem 1.2.4 implies
that the isomorphism class of π(r) determines the C ∈ P. Then it follows from Theorem 1.2.16 and
Theorem 1.2.6 that the isomorphism class of π(r) determines the set

(1.2.17) {g(x) | g ∈ Inv(C)}.

Finally, we deduce from Theorem 1.2.11 that the set (1.2.17) uniquely determines the T -conjugacy
class of x, or equivalently the isomorphism class of ρ. Hence, we conclude that π(r) determines the
isomorphism class of ρ, which finishes the proof of Theorem 1.1.1 when K = Qp.

1.3. Notation. If F is any field, we write GF
def
= Gal(F/F ) for the absolute Galois group, where

F is a separable closure of F . If F is a number field and v is a place of F then we write Fv for
the completion of F at the place v, and if we further assume v is a finite place of F then we write
OFv for the ring of integers of Fv and kv for the residue field. If F is a local field, we write IF to
denote the inertia subgroup of GF . Moreover, if WF ≤ GF denotes the Weil group, we normalize
Artin’s reciprocity map ArtF : F×

∼→ W ab
F in such a way that uniformizers are sent to geometric

Frobenius elements.
We fix once and for all an algebraic closure Q of Q. All number fields are considered as subfields

of our fixed Q. Similarly, if ` ∈ Q is a prime, we fix algebraic closures Q` as well as embeddings
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Q ↪→ Q`. All finite extensions of Q` will thus be considered as subfields in Q`. Moreover, the
residue field of Q` is denoted by F`.

Let p > 2 be a prime. We write ε : GQp → Z×p for the cyclotomic character with mod-p

reduction ω, and write ω̃ : GQp → Z×p for the Teichmüller lift of ω.
For f > 0 we let K be the unramified extension of Qp of degree f . We write k for its residue

field (of cardinality q = pf ) and W (k) for its ring of integers. We write valp : K× → Z for the

p-adic valuation normalized by valp(p) = 1, and then write | · | def= q−valp(·) for the p-adic norm.

1.3.1. Galois theory. We write e = pf − 1 and fix a primitive e-th root π ∈ K of −p. Define the
extension L = K(π). The choice of the root π let us define a character

ω̃K : Gal(L/K)→W (k)×, g 7→ g(π)

π
.

Let E ⊂ Qp be a finite extension of Qp, which will be our coefficient field. We write O for its

ring of integers, fix an uniformizer $ ∈ O and let mE = ($). We write F def
= O/mE for its residue

field. We will always assume that E is sufficiently large. In particular, we will assume that any

embedding σ : K ↪→ Qp factors through E ⊂ Qp. We abuse the notation valp and | · | def= q−valp(·)

for their extension to E×.
We fix an embedding σ0 : K ↪→ E. The embedding σ0 induces maps OK ↪→ O and k ↪→ F; we

will abuse the notation and denote these all by σ0. We let ϕ denote the p-th power Frobenius on k

and set σj
def
= σ0 ◦ ϕ−j . The choice of σ0 gives ωf

def
= σ0 ◦ ω̃K : IK → O×, a fundamental character

of niveau f , and an identification between the set J def
= {σ : K ↪→ E} and Z/f . It is clear that

ω̃ =
∏
j∈J σj ◦ ω̃K = ω

pf−1
p−1

f . We fix once and for all a sequence p
def
= (pn)n∈N where pn ∈ K satisfies

ppn+1 = pn, p0 = −p. We let K∞
def
=
⋃
n∈N

K(pn) and GK∞
def
= Gal(K/K∞).

We now fix n > 1, the dimension of the Galois representation we deal with in this paper. We set

r
def
= n! and fix an unramified extension K ′ ⊇ K of relative degree r and residue field k′. We assume

that E is sufficiently large so that it contains any embedding σ′0 : K ′ ↪→ Qp and fix σ′0 : K ′ ↪→ E

which extends σ0. If f ′
def
= rf and j′ ∈ {0, . . . , f ′−1} we set σj′

def
= σ′0 ◦ϕ−j

′
, hence an identification

of the set of embeddings K ′ ↪→ E with Z/f ′ so that restriction to K induces the natural projection
Z/f ′ � Z/f .

Let ρ : GK → GLn(E) be a p-adic, de Rham Galois representation. For σ : K ↪→ E ⊂ Qp, we
define HTσ(ρ) to be the multiset of σ-labeled Hodge-Tate weights of ρ, i.e. the set of integers i

such that dimE

(
ρ ⊗σ,Qp Cp(−i)

)GK 6= 0 (with the usual notation for Tate twists). In particular,
the cyclotomic character ε has Hodge–Tate weights 1 for all embedding σ ↪→ E.

An inertial type for K is a conjugacy class of a morphism τ : IK → GLn(E) with open kernel
and which extends to the Weil group WK of GK . The inertial type of ρ is the isomorphism class of
WD(ρ)|IK , where WD(ρ) is the Weil–Deligne representation attached to ρ as in [CDT99, Appendix
B.1] (in particular, ρ 7→WD(ρ) is covariant).

1.3.2. Linear algebraic groups. We consider the linear algebraic group GLn/Z defined over Z. We

omit the subscript Z where there is no risk of confusion. Let Φ+ ⊆ Φ (resp. Φ∨,+ ⊆ Φ∨) be
the subset of positive roots (resp. coroots) of GLn with respect to the Borel B ⊆ GLn of upper
triangular matrices. We further write B = T oU where U ⊆ B is the subgroup of upper triangular
unipotent matrices of GLn and T ⊆ GLn is the torus of diagonal matrices. We use the notation
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uα : U � Ga for the projection to the α-entry, for each α ∈ Φ+. Write W (resp. Wa, resp. W̃ ) for
the Weyl group (resp. the affine Weyl group, resp. the extended affine Weyl group) of GLn.

We have an injective group homomorphism W ↪→ GLn(Z), which identifies an element w ∈ W
with the matrix whose i-th column is given by the w(i)-th vector in the standard basis of Zn.
(We use the same symbol w to denote the image of w ∈ W via W ↪→ GLn(Z); this will not
cause confusion.) We write w0 ∈ W for the longest element in the Weyl group of GLn. We let
X∗(T ) denote the group of characters of T , X∗(T ) for the group of cocharacters of T , which are
both identified with Zn in the usual way. For instance, the i-th element of the standard basis

εi
def
= (0, . . . , 0, 1, 0 . . . , 0) (with the 1 in the i-th position) corresponds to character extracting the

i-diagonal entry of a diagonal matrix. We write 〈· , ·〉 : X∗(T ) × X∗(T ) → Z for the standard
pairing. Let Φ (resp. Φ∨) denote the set of roots (resp. coroots) of GLn and ΛR ⊆ X∗(T ) the root
lattice. We then have

(1.3.1) Wa = ΛR oW and W̃ = X∗(T ) oW.

Let G be the group
(
ResOK/ZpGLn

)
×Zp O, and similarly define T , Z, B, U . There is a natural

isomorphism G ∼=
∏
i∈J GLn/O. One has similar isomorphisms for T , Z, X∗(T ), Φ, Φ∨ where Φ

(resp. Φ∨) denotes the set of roots (resp. coroots) of G. If µ ∈ X∗(T ), then we correspondingly
write µ =

∑
j∈J µj . We use similar notation for similar decompositions. Again we identify X∗(T )

with (Zn)J in the usual way and let εj,i ∈ (Zn)J be (0, . . . , 0, 1, 0, . . . , 0) in the j-th coordinate,
where 1 appears in position i, and n-tuple 0 otherwise. In particular, we sometimes abuse notation
and identify µj with an element of Zn, and write 0 ∈ X∗(T ) for the element corresponding to
zero element in (Zn)J . The arithmetic Frobenius induces an automorphism π on X∗(T ). It is
characterized by π(λ)j = λj+1. Again, we write X∗(T ) for the group of cocharacters of T , and
write 〈· , ·〉 for the standard pairing 〈· , ·〉 : X∗(T )×X∗(T )→ Z.

Let Φ+ ⊆ Φ (resp. Φ∨,+ ⊆ Φ∨) be the subset of positive roots (resp. coroots) of G with respect
to the upper triangular Borel in each embedding. Let ∆ ⊆ Φ+ be the set of simple roots, and
∆∨ ⊆ Φ∨,+ be the set of simple coroots. We define dominant (co)characters with respect to these
choices. Let X∗+(T ) be the set of dominant weights. We denote by X1(T ) ⊂ X∗+(T ) be the subset
of weights λ ∈ X∗+(T ) satisfying 0 ≤ 〈λ, α∨〉 ≤ p− 1 for all simple roots α ∈ ∆. We call X1(T ) the
set of p-restricted weights. We write X0(T ) for the set consisting of elements λ ∈ X∗(T ) such that
〈λ, α∨〉 = 0 for all roots α ∈ Φ. Let ηj ∈ X∗(T ) be (n− 1, n− 2 . . . , 1, 0) in the j-th coordinate and
0 otherwise, and let η be

∑
j∈J ηj ∈ X∗(T ). We sometimes abuse notation and consider ηj as the

element (n − 1, n − 2 . . . , 1, 0) ∈ Zn ∼= X∗(T ): this should cause no confusion. Then η is a lift of
the half sum of the positive roots of G.

Let W be the Weyl group of G. We abuse notation and write w0 for its longest element. Let

W a and W̃ be the affine Weyl group and extended affine Weyl group, respectively, of G. Let
ΛR ⊂ X∗(T ) denote the root lattice of G. As above we have identifications W ∼= WJ , W a

∼= WJa ,

W̃ ∼= W̃J and isomorphisms analogous to (1.3.1).

The Weyl group W̃ acts naturally on X∗(T ). If λ ∈ X∗(T ) and w̃J ∈ W̃ we write w̃J (λ)
to denote the image of λ by this action. The image of λ ∈ X∗(T ) via the standard injection

X∗(T ) ↪→ W̃ is denoted by tλ. We have similar actions of W and W a on X∗(T ). These actions of

W̃ , W and W a on X∗(T ) are compatible with one another when considering the natural inclusions

W ⊆ W a ⊆ W̃ . Moreover, the Weyl groups W , W̃ , W a act on X∗(T ) via the p-dot action, given
by tλw · µ = tpλw(µ+ η)− η.
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1.3.3. Miscellaneaous. For any ring S we write Mn(S) to denote the set of n by n matrix with
entries in S. If α = εi − εj is a root of GLn, we also call the (i, j)-th entry of a matrix A ∈ Mn(S)
the α-entry.

If M is an R module and h : R→ R′ is an homomophism of rings we write h∗(M) to denote the
pullbck of M along h, i.e. the R′-module M ⊗R,h R′. We define κM,h to be the map M → h∗(M)
sending m to m⊗ 1, which is an h-semilinear map. If h is moreover an isomorphism, then κM,h is
bijective and the h−1-semilinear inverse h∗(M)→M sends m⊗ a to mh−1(a).

If X is a scheme over Z and R is any ring, we write XR for the fibered product X×Spec Z Spec R.

Let V be a representation of a finite group Γ over an E-vector space. We write JH(V ) to
denote the set of Jordan–Hölder factors of the mod $-reduction of an O-lattice in V . This set is
independent of the choice of the lattice.
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2. Preliminaries

Throughout this section we let K/Qp be a finite unramified extension of degree f . Recall that

the choice of σ0 : k ↪→ F identifies {0, . . . , f − 1} with J via j 7→ σj
def
= σ0 ◦ ϕ−j .

2.1. Inertial types. We record here some notation and facts pertaining to tame inertial types
for K. We start with defining the genericity conditions that will be used throughout the paper.

Definition 2.1.1. Let µ ∈ X∗(T ) and m ∈ N. We say that µ is m-generic Fontaine–Laffaille
if m < 〈µ, α∨〉 < p − m for all positive roots α ∈ Φ+. We say that µ is Fontaine–Laffaille if
0 ≤ 〈µ, α∨〉 ≤ p− 2 for all positive roots α ∈ Φ+.

Note that if µ is 1-generic Fontaine–Laffaille then it is, in particular, Fontaine–Laffaille. We
also note that if µ ∈ X∗+(T ) is dominant and µ + η is Fontaine-Laffaille, then µ + η is 0-generic
Fontaine–Laffaille.

Recall from § 1.3.1 that an inertial type for K is a conjugacy class of representations IK →
GLn(E) which have an open kernel and extend to the Weil group of K. Similarly, we define
an inertial F-type for K as a conjugacy class of representations IK → GLn(F) which have open
kernel and extend to the Weil group of K. An inertial (F-)type is tame if it factors through the
tame inertial quotient. Given an inertial type τ , one obtains an inertial F-type τ by taking the
semisimplification of the reduction of any IK-stable O-lattice in τ .

We have a combinatorial description of tame inertial types from [LLHLMa, Example 2.4.1]:

Definition 2.1.2. For (sJ , µ) ∈ W ×X∗(T ) define the inertial type τ(sJ , µ+ η) : IK → GLn(O)

as follows: If sJ = (s0, . . . , sf−1), set sτ
def
= s0s1s2 · · · sf−1 ∈ W and α(sJ ,µ) ∈ X∗(T ) such that

α(sJ ,µ),0 = µ0 + η0 and α(sJ ,µ),j = s−1
f−1s

−1
f−2 . . . s

−1
f−j(µf−j + ηf−j) for 1 ≤ j ≤ f − 1. Recall

from § 1.3.1 that r = n! so that (sτ )r = 1. Then by letting χi
def
= ω

∑
0≤k≤r−1 a

(0)

skτ (i)
pfk

f ′ with a(0) def
=∑f−1

j=0 α(sJ ,µ),jp
j ∈ Zn, we define:

(2.1.3) τ(sJ , µ+ η)
def
=
⊕

1≤i≤n
χi.

We set τ(sJ , µ+ η) to be the reduction of τ(sJ , µ+ η) to the residue field of O.

Definition 2.1.4. Let τ be a tame inertial type.

(1) A lowest alcove presentation of τ is a pair (sJ , µ) ∈ W ×X∗(T ) where µ + η is 0-generic
Fontaine–Laffaille and such that τ ∼= τ(sJ , µ+η). Given a lowest alcove presentation (sJ , µ)

for τ we associate to it the element w̃(τ)
def
= tµ+ηsJ ∈ W̃ .

(2) We say that the lowest alcove presentation of τ is compatible with ζ ∈ X∗(Z) if w̃(τ)W a

corresponds to ζ via the isomorphism W̃/W a
∼→ X∗(Z). Lowest alcove presentations of

tame inertial types are said to be compatible if they are compatible with the same element
of X∗(Z).

(Note that lowest alcove presentations for a given tame inertial type are not unique, but in
generic cases one can pass from one to another by [LLHL, Proposition 2.2.15])

For a local Galois representation ρ : GK → GLn(F), we consider the inertial representation ρss|IK
and let [ρss|IK ] be the Teichmüller lift of ρss|IK . Then (the conjugacy class of) [ρss|IK ] is a tame
inertial type.
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Definition 2.1.5. We say that ρ is m-generic if [ρss|IK ] has a lowest alcove presentation (sJ , µ)
where µ+ η is m-generic Fontaine–Laffaille.

Let τ
def
= τ(sJ , µ+η) be a tame inertial type for K with µ+η being 1-generic Fontaine–Laffaille.

Recall from § 1.3.1 the fixed unramified extension K ′ of K of degree r = n!, with the embedding
σ′0 : K ′ ↪→ E extending σ0 : K ↪→ E. Let τ ′ denote the type τ viewed as a tame inertial type for

K ′. (We call τ ′ the base change of τ .) Define α′(sJ ,µ) ∈ X
∗(T )Hom(k′,F) by

α′(sJ ,µ),j+kf
def
= s−kτ (α(sJ ,µ),j) for 0 ≤ j ≤ f − 1, 0 ≤ k ≤ r − 1.

(The embedding σ′0 induces an isomorphism X∗(T )Hom(k′,F) ∼= X∗(T )r.)
If s′J ′ = (s′j′)j′∈J ′ ∈W

r is the element characterized by s′j′ = sj for j ≡ j′ (mod f) and similarly

for µ′ ∈ X∗(T )r, then τ ′ ∼= τ ′(s′J ′ , µ
′) ∼= τ ′(1,α′(sJ ,µ)) by (2.1.3). The orientation s′or ∈ W r of

α′(sJ ,µ) is defined by

(2.1.6) s′or,j+kf
def
= sk+1

τ (s−1
f−1s

−1
f−2 · · · s

−1
j+1) for 0 ≤ j ≤ f − 1, 0 ≤ k ≤ r − 1

(see [LLHLMa, equation (5.4)]).

2.2. Fontaine–Laffaille theory. The goal of this section is to define the stack of Fontaine–Laffaille
modules. In all what follows R is a Noetherian F-algebra. The R-algebra k⊗Fp R is endowed with
a canonical R-algebra endomorphism ϕ that acts as the arithmetic Frobenius on k, and as the
identity on R.

Since all schemes and stacks are defined over Spec F we omit the subscript •F from the notation
when considering the base change to F of an object • defined over O (e.g. GLn,F will be denoted
by GLn and so on).

Definition 2.2.1. A pseudo Fontaine–Laffaille module with R-coefficients is a finite projective
k ⊗Fp R-module M together with:

(1) an exhaustive and separated decreasing filtration {FiliM}i∈Z by k⊗FpR-modules (the Hodge

filtration of M), whose associated graded pieces gri(M)
def
= FiliM/Fili+1M are projective

k ⊗Fp R-modules;
(2) a ϕ-semilinear bijection φM : gr•(M) ∼= M . (We will often omit the M in the subscript of

φM and φi,M
def
= φM |gri(M) when the module M is clear from the context.)

Via the decomposition k⊗Fp R
∼=
∏
j∈J R induced by x⊗ 1 7→ (σj(x))j∈J , we write εj ∈ k⊗Fp R

for the idempotent element corresponding to the component j. A pseudo Fontaine–Laffaille module

M admits a canonical decomposition M
∼→
∏
j∈J M

(j) with M (j) def
= εjM , a projective R-module.

The action of x ⊗ 1 ∈ k ⊗Fp R on M (j) is given by σj(x) ∈ R. Each M (j) inherits a decreasing,

exhaustive and separated filtration FiliM (j) by R-modules, and a collection of R-linear morphisms

φ
(j)
i : gri(M (j))→M (j+1)

where gri(M (j))
def
= FiliM (j)/Fili+1M (j) (which is projective). Note that for each j ∈ J this family

of morphisms φ
(j)
i induces a morphism φ(j) : gr•(M (j))→M (j+1).

Definition 2.2.2. A Fontaine–Laffaille module with R-coefficients is a pseudo Fontaine–Laffaille
module M with R-coefficients such that for each j ∈ J

min{i ∈ Z | FiliM (j) = 0} −max{i ∈ Z | FiliM (j) = M} ≤ p− 1.
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Fontaine–Laffaille modules with R-coefficients form a category, with morphisms being k⊗FpR-linear
homomorphisms which respect the filtration and the maps φ. There is an evident notion of base
change along an F-algebra homomorphism R→ S.

For λ ∈ X∗(T ), we write λ = (λj)j∈J with λj = (λj,1, . . . , λj,n) ∈ Zn.

Definition 2.2.3. A Fontaine–Laffaille module of weight λ ∈ X∗+(T ) (with R-coefficients) is a

Fontaine–Laffaille module (M, {FiliM}i, {φi}i) with R-coefficients such that gri(M (j)) 6= 0 if and
only if i ∈ {λj,1, λj,2, . . . , λj,n}, for each j ∈ J .

Note that if a Fontaine–Laffaille module is of weight λ ∈ X∗+(T ) then λ is Fontaine–Laffaille.
We now fix a dominant weight λ ∈ X∗+(T ) such that λ+ η is Fontaine–Laffaille. Note that such

a weight λ + η is, in particular, 0-generic Fontaine–Laffaille. Let FLλ+η
n be the sheafification of

the functor that sends a Noetherian F-algebra R to the groupoid of Fontaine–Laffaille modules of
weight λ+ η with R-coefficients.

Definition 2.2.4. Let (M, {FiliM}i∈Z, {φi}i∈Z) ∈ FLλ+η
n (R), where R is a Noetherian F-algebra

with residue field F. A basis β = (β(j))j∈J for M is a J -tuple where for all j ∈ J the (ordered)

n-tuple β(j) = (β
(j)
1 , . . . , β

(j)
n ) is a basis for M (j).

We say that a basis β for M is compatible (with the Hodge filtration) if for each j ∈ J

Filλj,i+(n−i)M (j) = R · β(j)
1 + · · ·+R · β(j)

i

for all i ∈ {1, 2, · · · , n}.

Note that bases for M do not necessarily exist, but they always do Zariski locally on R. Each
compatible basis β for M induces a basis gr•(β) = (gr•(β(j)))j∈J for gr•(M), which together
determine a matrix for φM called the matrix of φM attached to β.

We now show that FLλ+η
n is representable by an algebraic stack. We let F̃LJ = U\G be the

basic affine for G (which is a quasi-affine variety, cf. [Gro97, Theorem 2.1 and Corollary 2.7]). We

define the shifted conjugation action of T on F̃LJ by the formula (noting that T normalizes U)

(2.2.5) (A · t)(j) def
= (t(j+1)

)−1
A(j)t(j)

for all j ∈ J , where t = (t(j))j∈J ∈ T (R) and A = (A(j))j∈J ∈ F̃LJ (R).

Proposition 2.2.6. FLλ+η
n is representable by

[
F̃LJ /∼T -sh.cnj

]
where T acts via the shifted con-

jugation action.

Proof. Let FLλ+η,�
n be the functor which classifies objects (M, {FiliM}i∈Z, {φi}i∈Z) of FLλ+η

n to-
gether with a choice of compatible basis β. It is represented by G, the isomorphism given by
extracting the matrix Matgr• β,β(φM ) of φM with respect to the bases gr• β and β. Since compat-

ible bases exists Zariski locally, the forgetful map FLλ+η,�
n → FLλ+η

n is an B-torsor (recall from
§ 1.3.2 that B is the Borel subgroup of G corresponding to matrices which are upper triangular in
each embedding).

We conclude by computing the resultingB-action onG: the effect of changing β on Matgr• β,β(φM )
is given by the action of B on G given by the formula

(2.2.7) (A · b)(j) def
= (b(j+1)

)−1
A(j)b

(j)

for all j ∈ J , where b = (b(j))j∈J ∈ B, b = (b
(j)

)j∈J the image of b in B/U = T , and A =

(A(j))j∈J ∈ G. �
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We now discuss the effect of changing the field K by an unramified extension. Recall that we
have fixed an unramified extension K ′/K, with residue field k′ of degree r = n! over k. Tensoring
k′ over k gives a natural transformation of functors

BC : FLλ+η
n −→ FLλ

′+η′
n(

M, {FiliM}i, {φi}i
)
7−→

(
M ⊗k k′, {FiliM ⊗k k′}i, {φi ⊗k id}i

)
where λ′ = (λ′j′)j′∈J ′ ∈ X∗(T )r is characterized by λ′j′ = λj when j ≡ j′ (mod f) and similarly

for η′. We have a similar result as Proposition 2.2.6 for FLλ
′+η′
n . Passing to the quotient by the

T -shifted conjugation and using our identifications of J ′ and J with Z/f ′ and Z/f respectively,
we deduce a commutative diagram of stacks over Spec F:

F̃LJ //

B̃C
��

[
F̃LJ /∼T -sh.cnj

] ∼ //

��

FLλ+η
n

BC
��

F̃LJ ′ //
[
F̃LJ ′/∼T r-sh.cnj

] ∼ // FLλ
′+η′
n

where B̃C is the diagonal embedding compatible with the identification of (M ⊗k k′)(j′) and M (j)

when j ≡ j′ (mod f).

2.3. Breuil–Kisin modules with descent. In this section, we review Breuil–Kisin modules with
descent data, and their necessary properties. We follow closely [LLHLM20, § 3.1] and [LLHL, § 3.2].
Throughout § 2.3, τ = τ(sJ , µ + η) is a tame inertial type with µ + η being 1-generic Fontaine–
Laffaille.

Write e′
def
= pf

′ − 1 and fix π′
def
= (−p)

1
e′ ∈ Qp such that (π′)

e′
e = π. Write L′

def
= K ′(π′),

∆′
def
= Gal(L′/K ′) ⊆ ∆

def
= Gal(L′/K). As in § 1.3.1, the character ω̃K′ : ∆′ → W (k′)×, g 7→ g(π′)

π′

is independent of the choice of π′ and (ω̃K′)
pf
′
−1

pf−1 = ω̃K . Let τ ′ be the inertial type for K ′ induced
from τ . Then we can view τ as a ∆-representation whose restriction to ∆′ is given by τ ′.

For a p-adically complete NoetherianO-algebra R, let SL′,R
def
= (W (k′)⊗ZpR)[[u′]]. The ring SL′,R

is endowed with an action of ∆ = Gal(L′/K): for any g in ∆′, we have g(u′)
def
= (ω̃K′(g)⊗Zp 1R)u′

and g acts trivially on the coefficients. Let σ ∈ Gal(L′/Qp) be the lift of the arithmetic Frobenius

on W (k′) which fixes π′. Then σf acts on SL′,R, by letting σf act trivially on both u′ and R, and
through the usual action on W (k′). (One checks that the above rule defines a group action of ∆

on SL′,R.) If we let v
def
= (u′)p

f ′−1 then

(SL′,R)∆=1 = (W (k)⊗Zp R)[[v]].

As usual, we have the endomorphism ϕ : SL′,R → SL′,R which acts as ϕ on W (k′), acts trivially
on R, and sends u′ to (u′)p.

Definition 2.3.1. A Breuil–Kisin module over R with height in [0, h] and descent datum of type
τ is a triple (M, φM, {ĝ}g∈∆) where:

(1) M is a projective SL′,R-module;

(2) φM : ϕ∗(M)→M is an injective SL′,R-linear map whose cokernel is E(u′)h-torsion;
(3) {ĝ : M → M}g∈∆ is the datum of a semilinear ∆-action on M compatible with φM, i.e. a

collection of R-linear bijections such that
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(a) for each g ∈ ∆, the morphism ĝ induces a SL′,R-linear isomorphism ĝ∗ : g∗(M) →M
(the SL′,R-linear isomorphism ĝ∗ is uniquely determined by the g-semilinear bijection
ĝ, and conversely);

(b) each ĝ is compatible with the Frobenius:

ĝ ◦ φM = φM ◦ (ĝ ⊗SL′,R,ϕ 1SL′,R);

(c) the collection {ĝ}g∈∆ induces an action of ∆ on (M, φM) (where each ĝ is a g-semilinear
automorphism of (M, φM)).

(We often omit the collection {ĝ}g∈∆ from the notation of Breuil–Kisin modules with descent
data.)

(4) for each 0 ≤ j′ ≤ f ′ − 1:

M(j′)/u′M(j′) ∼= (τ ′)∨ ⊗O R

as ∆′-representations. (As for Fontaine–Laffaille modules, we have a decomposition M ∼=
⊕f
′−1
j′=0M

(j′) induced by W (k′)⊗Zp R
∼=
∏f ′−1
j′=0 R.)

We let Y [0,h],τ denote the functor on p-adically complete Noetherian O-algebras taking R to the
groupoid of Breuil–Kisin modules over R with height in [0, h] and descent data of type τ . (Recall

that τ ′ denotes the type τ viewed as a tame inertial type for K ′.) We also define Y [0,h],τ ′ in a
similar fashion.

We recall the notion of a Frobenius twist for elements of Y [0,h],τ ′ . Recall that σ ∈ Gal(L′/Qp)

is the lift of the arithmetic Frobenius on W (k′) which fixes π′. Given (M, φM) ∈ Y [0,h],τ ′(R)

define
(
(σf )∗(M), φ(σf )∗(M)

)
∈ Y [0,h],(σf )∗(τ ′)(R) by letting (σf )∗(M)

def
= M ⊗W (k′),σf W (k′), with

Frobenius φ(σf )∗(M) defined by

ϕ∗(M⊗W (k′),σf W (k′))
∼ // ϕ∗(M)⊗W (k′),σf W (k′)

φM⊗W (k′),σf 1W (k′)
// (σf )∗(M)

the first arrow being the canonical isomorphism. Here (σf )∗(τ ′) is the pull back of τ ′ along σf

which is an automorphism of ∆′. We clearly have (σf )∗(τ ′) ∼= τ ′ as τ is a ∆-representation.

(Recall the definition of the morphisms of the form κM,h from § 1.3.3.) The action of gp
f ∈ ∆′ on(

(σf )∗(M), φ(σf )∗(M)

)
is given by

ĝ ⊗W (k′),σf 1W (k′) : M⊗W (k′),σf W (k′)→M⊗W (k′),σf W (k′),

which is a gp
f
-semilinear isomorphism, and induces the following commutative diagram:

(M⊗W (k′),σf W (k′))⊗
SL′,R,g

pf SL′,R ∼
can // (M⊗SL′,R,g SL′,R)⊗W (k′),σf W (k′)

o ĝ∗⊗W (k′),σf 1W (k′)

��

M⊗W (k′),σf W (k′)
ĝ⊗

W (k′),σf 1W (k′)

//

oκ
(σf )∗(M),gp

f

OO

M⊗W (k′),σf W (k′)

(the map can being induced from the gp
f
-semilinear isomorphism κM,g⊗W (k′),σf 1W (k′) : M⊗W (k′),σf

W (k′)→ (M⊗SL′,R,g SL′,R)⊗W (k′),σf W (k′).) By [LLHLM18, Proposition 6.6] an extension to ∆

of the ∆′-action on (M, φM) is then equivalent to the datum of an isomorphism ιM : (σf )∗(M) ∼= M



MODULI OF FONTAINE–LAFFAILLE MODULES AND MOD-p LOCAL-GLOBAL COMPATIBILITY 21

in Y [0,h],τ ′(R) satisfying the condition that the r-fold composite of

M
κ
M,σf
// (σf )∗(M)

ιM //M

is the identity on M.

If χ : ∆′ → O× we write M
(j′)
χ to denote the χ-isotypical component of M(j). Since ∆/∆′ is

cyclic of order r, generated by σf , whenever we have (M, φM) ∈ Y [0,h],τ (R) we have isomorphisms

M(j′)
χ

∼→
(
(σf )∗(M)

)(j′+f)

χ

∼→M
(j′+f)

χp
f(2.3.2)

for each j′ ∈ J ′ and χ : ∆′ → O×, where the first isomorphism is induced by κM,σf and the second
is induced by ιM.

Definition 2.3.3. An eigenbasis (cf. [LLHLMa, Definition 5.1.6]) for (M, φM) ∈ Y [0,h],τ (R) is a

collection β = (β(j′))j′∈J where each β(j′) = (β
(j′)
i )1≤i≤n is a basis for M(j′) over R such that ∆′

acts on β
(j′)
i by the character χ−1

i (defined in equation (2.1.3)) and satisfying

(2.3.4) ιM(κM,σf (β(j′−f))) = β(j′)

for all j′ ∈ J ′, 1 ≤ i ≤ n. If β is an eigenbasis for (M, φM) ∈ Y [0,h],τ (R) we write C
(j′)
M,β to denote

the matrix of φ
(j′)
M with respect to β, i.e. the element of Matn(SL′,R) such that

φ
(j′)
M

(
κM,ϕ

(
β(j′−1)

))
= β(j′)C

(j′)
M,β.

The notion of eigenbasis, hence the sequence (C
(j′)
M,β)0≤j≤f−1, depends on the chosen lowest alcove

presentation of τ , since the sequence of character (χi)i does, cf. [LLHL, Remark 3.2.12].

As O is chosen to be sufficiently large and the order of ∆′ is coprime to p, the objects in Y [0,h],τ (R)
have an eigenbasis Zariski locally.

Let AM,β = (A
(j′)
M,β)j′∈J ′ be the tuple of matrices A

(j′)
M,β ∈ Matn(R[[v]]) defined via

(2.3.5) C
(j′)
M,β = (s′or,j′)(u

′)
a
′ (j′)
(sJ ,µ) A

(j′)
M,β (u′)

−a′ (j
′)

(sJ ,µ)(s′or,j′)
−1

where a
′ (j′)
(sJ ,µ)

def
=
∑f ′−1

i=0 α′(sJ ,µ),−j′+ip
i and −j′ + i is taken modulo f ′. By [LLHLMa, § 5.1], the

matrices C
(j′)
M,β, A

(j′)
M,β only depend on j′ modulo f (see the paragraphs after Definition 5.1.6 and

Remark 5.1.7 in loc. cit.; note that (C
(j′)
M,β)j′∈J ′ and (A

(j′)
M,β)j′∈J ′ do depend on the choice of the

lowest alcove presentation (sJ , µ) of the tame inertial type τ , see [LLHLMa, Remark 5.1.5], [LLHL,
Remark 3.1.12]).

2.4. Étale ϕ-modules. This section follows [LLHLMa, § 5.4]. Recall that we have fixed a tame
inertial type τ = τ(sJ , µ+ η) with µ+ η being 1-generic Fontaine–Laffaille.

Let OE denote the p-adic completion of (W (k)[[v]])[1/v], endowed with a Frobenius endomor-
phisms ϕ which extends the Frobenius ϕ on W (k′) and satisfies ϕ(v) = vp. Let R be a p-adically
complete Noetherian O-algebra. The ring OE⊗̂ZpR is naturally endowed with a Frobenius endo-

morphism ϕ and we write Φ- Modét,n(R) for the groupoid of étale ϕ-modules over OE⊗̂ZpR. Its

objects are projective modules M of rank n over OE⊗̂ZpR, endowed with a OE⊗̂ZpR-linear iso-

morphism φM : ϕ∗(M)
∼−→ M. As usual, we obtain a category fibered in groupoids Φ- Modét,n
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over p-adically complete Noetherian O-algebras. Given an object (M, φM) ∈ Φ- Modét,n(R) we

have an R-linear decomposition M ∼= ⊕j∈JM(j) together with R-linear and (v 7→ vp)-semilinear
isomorphisms

φ
(j)
M :M(j−1) →M(j).

Now let OE,L′ denote the p-adic completion of (W (k′)[[u′]])[1/u′], endowed with a Frobenius
endomorphisms ϕ extending the Frobenius ϕ on W (k′) and such that ϕ(u′) = (u′)p. We have an

analogous definition for the groupoid Φ- Modét,n
dd,L′(R) of étale ϕ-modules over OE,L′⊗̂ZpR of rank n

with descent data. (An object of Φ- Modét,n
dd,L′(R) is the datum of an étale ϕ-module over OE,L′⊗̂ZpR

of rank n, together with a collection of R-linear isomorphisms ĝ :M→M satisfying the properties
of Definition 2.3.1 (3a)–(3c), replacing M and φM by M and φM, respectively. Note that the ∆-

action on W (k′)[[u′]] extends, by continuity, to a continuous action on OE,L′ .). We write Φ- Modét,n
dd,L′

for the corresponding groupoid-valued functor over p-adically complete Noetherian O-algebra.

As before, given an object (M, φM, {ĝ}g∈∆) ∈ Φ- Modét,n
dd,L′(R) we have an R-linear decomposition

M∼= ⊕j′∈J ′M(j′) together with R-linear and (u′ 7→ (u′)p)-semilinear isomorphisms

φ
(j′)
M :M(j′−1) →M(j′).

Moreover, for all g ∈ ∆′ we have an R-linear, φ
(j′)
M -compatible automorphism ĝ(j′) :M(j′) →M(j′)

giving an R-linear action of ∆′ on each factor M(j′).

If (M, φM) ∈ Y [0,n−1],τ (R), then M⊗W (k′)[[u′]]OE,L′ , endowed with a Frobenius and descent data

induced from those on M, is an object of Φ- Modét,n
dd,L′(R). This produces a natural transformation of

functors Y [0,n−1],τ → Φ- Modét,n
dd,L′ . Moreover, since v = (u′)p

f ′−1, taking ∆-fixed elements produces

a natural transformation Φ- Modét,n
dd,L′ → Φ- Modét,n between functors over p-adically complete Noe-

therianO-algebras. Composition of the two functors above produces a morphism of groupoid-valued
functors over p-adically complete Noetherian O-algebras:

ετ : Y [0,n−1],τ −→ Φ- Modét,n(2.4.1)

(M, φM) 7→ (M⊗W (k′)[[u′]] OE,L′ , φM ⊗W (k′)[[u′]] 1OE,L′ )
∆=1.

Recall that we have fixed a lowest alcove presentation (sJ , µ) of τ . By [LLHLMa, Proposition 5.4.1
and 5.4.3], if µ + η is n-generic Fontaine–Laffaille, then the morphism ετ is a closed immersion of
stacks over Spf O.

2.5. Galois representations and ϕ-modules. In this section we study the relations between
the groupoids introduced above and p-adic Galois representations. We keep the setting of the
previous sections; in particular τ = τ(sJ , µ+ η) is a tame inertial type with µ+ η being 1-generic
Fontaine–Laffaille.

If R is a complete local Noetherian O-algebra with residue field F, we write RepnR(GK) for the
groupoid of p-adic representations of GK on free R-modules of rank n, and we have the anti-
equivalence of groupoids of J–M. Fontaine:

V∗K : Φ- Modét,n(R)→ RepnR(GK∞),

which induces
T ∗dd : Y [0,n−1],τ (R)→ RepnR(GK∞)

as the composite of the functor (2.4.1) followed by V∗K . By [LLHLMa, Proposition 5.4.3] we see
that T ∗dd is a fully faithful functor if µ+ η is n-generic Fontaine–Laffaille.
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If R is an F-algebra, by the main result of [FL82, Théorème 6.1] we have a fully faithful con-
travariant functor

T∗cris : FLλ+η
n (R)→ RepnR(GK)

(see also [HLM17, Theorem 2.1.3]).

Remark 2.5.1. Note that the definition of Fontaine–Laffaille modules, Definition 2.2.2, is a bit
more general than the one in [FL82], since the original definition of a Fontaine–Laffaille module
M in [FL82] further requires min{i ∈ Z | FiliM = 0} − max{i ∈ Z | FiliM = M} ≤ p − 1.
However, we still have a fully faithful functor T∗cris : FLλ+η

n (R) → RepnR(GK) with our definition,
Definition 2.2.2, which is a minor variation of the results in [FL82, Théorème 6.1] by twisting an
appropriate Lubin–Tate character.

We further define the map

(2.5.2) ρ•,λ+η : F̃LJ (R) //
[
F̃LJ /∼T -sh.cnj

]
(R)

∼ // FLλ+η
n (R)

T∗cris // RepnR(GK)

(where the first arrow is the natural quotient map, and the second is described in Proposition 2.2.6

above). We write ρx,λ+η for the image of x ∈ F̃LJ (R) under the map above.
For convenience, we record the effect of the functor T∗cris on Fontaine–Laffaille modules of rank

one, which will be used later.

Lemma 2.5.3. Let M be a Fontaine–Laffaille module with F-coefficient. Assume that M has rank
one; for each j ∈ J , let λj,1 ∈ [0, p − 2] be the unique integer such that grλj,1(M (j)) 6= 0. Then

T∗cris(M)|IK ∼= ω
∑
j∈J λf−j,1p

j

f .

Proof. This is a direct consequence of [FL82, Théorème 5.3(iii)]. �
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3. The geometry of F̃LJ

In this section, we construct and study an explicit partition PJ on F̃LJ by locally closed

subschemes of F̃LJ .
Throughout this section, R denotes a Noetherian F-algebra. Since all schemes are defined over

Spec F we omit the subscript •F from the notation when considering the base change to F of
an object • defined over O (e.g. GLn,F will be denoted by GLn and so on). This shall cause no
confusion.

3.1. A partition on F̃LJ . Recall that F̃L denotes the representative for the sheafification of the
functor R 7→ U(R)\GLn(R) on the fpqc site of Noetherian F-algebras.

In this section, we introduce an explicit partition P on F̃L which admits a natural interpretation
related to the usual Bruhat decomposition on the flag variety (see Proposition 3.1.20). At the end

of this section, we use the partition P on F̃L to define a partition PJ on F̃LJ .

We write n
def
= {1, . . . , n} and denote the power set of n by ℘(n). Let S ⊆ n be a subset. For each

A ∈ GLn(R) we write fS(A) for the minor of A with rows in {n−#S+ 1, . . . , n} and with columns
in S. For each w ∈W and each A ∈ GLn(R), our convention says that the i-th row (resp. the i-th
column) of A is the same as the w(i)-th row of wA (resp. the w(i)-th column of Aw−1). Note that
for each subset S ⊆ n the function fw(S) can be identified with the composition

GLn
·w−→ GLn

fS−→ A1

up to ± signs. For each S ⊆ n, it is clear that the map fS : GLn → A1 descends to a map of
schemes

fS : F̃L → A1.

For each S ⊆ n, we let HS ( F̃L be the vanishing locus of fS . From now on, we will consider

intersection, union and complement of constructible subset(s) of F̃L. We use the notation ·c for

the complement of a subset of n, or the complement of a constructible subset of F̃L. For each
K ⊆ ℘(n), we define the locally closed subscheme

CK
def
=
⋂
S∈K
HS ∩

⋂
S/∈K

Hc
S .

Note that CK can be empty for certain choices of K ⊆ ℘(n).

Lemma 3.1.1. The subschemes HS and CK satisfy the following elementary properties.

(1) If K,K ′ ⊆ ℘(n) with K 6= K ′, then CK ∩ CK′ = ∅;
(2) F̃L =

⋃
K⊆℘(n) CK ;

(3) For each S ⊆ n, HS =
⋃
S∈K CK ;

(4) For each K ⊆ ℘(n),
⋂
S∈K HS =

⋃
K⊆K′ CK′;

(5) C∅ is the unique element in P which is an open subscheme of F̃L.

Proof. These are immediate consequences from the definitions. �

We define P to be the set of non-empty locally closed subschemes of F̃L of the form CK for some

choice of K ⊆ ℘(n). By Lemma 3.1.1 the set P forms a topological partition of F̃L by reduced
locally closed subschemes.
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Let S• denote a sequence n = S1 ⊃ S2 ⊃ · · · ⊃ Sn satisfying #Si = n − i + 1 for all 1 ≤ i ≤ n.
For convenience, we call a sequence S• as above a strictly decreasing sequence. For each w ∈ W ,
we associate a strictly decreasing sequence S•,w by

Si,w = w−1({i, i+ 1, · · · , n− 1, n})

for each 1 ≤ i ≤ n. By abuse of the notation, we also write S•,w for the subset of ℘(n) consisting
of Si,w for all 1 ≤ i ≤ n. Then it is easy to see that there is a bijection

(3.1.2) W
∼−→ {strictly decreasing sequences} , w 7−→ S•,w.

For α ∈ Φ+ we write uα : U � Ga for the projection to the α-entry.

Lemma 3.1.3. For each w ∈W , the natural projection

w0Bw0w = Tw0Uw0w ∼= T × w0Uw0w � T

is given by the restriction of

(3.1.4) Diag
(
±fS1,wf

−1
S2,w

, · · · ,±fSn−1,wf
−1
Sn,w

,±fSn,w
)
,

and the composition

w0Bw0w = Tw0Uw0w ∼= T × w0Uw0w � w0Uw0w ∼= U
uα−→ Ga

is given by the restriction of

(3.1.5) ± fSw0(i)+1,wt{w−1w0(i′)}f
−1
Sw0(i),w

for each α = (i, i′) ∈ Φ+ with 1 ≤ i < i′ ≤ n. Here ± means up to a sign.

Proof. This is a simple computation of minors of matrices in w0Bw0w(R). �

For a strictly decreasing sequence S• we define the following open subschemes of F̃L:

(3.1.6) M◦S•
def
=

⋂
1≤i≤n

Hc
Si .

If the strictly decreasing sequence is given by S•,w for some w ∈W (which is always possible from
the bijection in (3.1.2)) we writeM◦w forM◦S•,w . Note thatM◦w is a topological union of elements

of P. More precisely,

(3.1.7) M◦w =
⋃

K⊆Sc
•,w

CK .

Moreover, we observe that
⋂

w∈W
M◦w = C∅ is the unique element in P which is an open subscheme

of F̃L. We also consider

(3.1.8) Mw
def
= CSc

•,w

which is clearly a closed subscheme of M◦w. By computing different minors of matrices in Tw(R),
one easily check thatMw is actually the schematic image of Tw inM◦w, both characterized by the
vanishing of fS for all S /∈ S•,w. We now see that the open subschemes M◦w have a more familiar
description in terms of Schubert cells.
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Lemma 3.1.9. Let w ∈W . Then we have

(3.1.10) M◦w = U\Uw0Bw0w,

and

(3.1.11) HSi+1,w = U\Usiw0Bw0w

for each 1 ≤ i ≤ n− 1, where si = (i, i+ 1) ∈W .

Proof. The RHS of (3.1.10) is clearly inside the LHS as for all 1 ≤ i ≤ n we have

(3.1.12) fSi,w 6= 0

on w0Bw0w ( GLn, and hence on U\Uw0Bw0w ( F̃L. Conversely, any matrix A ∈ GLn(R)
satisfying (3.1.12) for each 1 ≤ i ≤ n can be written as uw0bw0w for some u ∈ U(R) and b ∈ B(R),
and thus the LHS of (3.1.10) is also in the RHS. Hence the equality (3.1.10) holds. It follows from
the definition of M◦w, (3.1.10) and the property of Bruhat stratification that

n−1⋃
i=1

HSi+1,w = (M◦w)c = (U\Uw0Bw0w)c =
⊔

w′<w0

U\Uw′Bw0w =

n−1⋃
i=1

U\Usiw0Bw0w.

Hence we observe that both sides of (3.1.11) are irreducible components of (M◦w)c, and it suffices
to notice that fSk,w 6= 0 on U\Usiw0Bw0w for all k ∈ n \ {i + 1} by using Lemma 3.1.3 and the
fact that

U\Usiw0Bw0w ↪→ U\Uw0Bw0siw
∼←− w0Bw0siw,

which completes the proof. �

Lemma 3.1.13. Let A ∈ GLn(R). Suppose that we have a sequence ∅ ( Sn ( Sn−1 ( · · · (
Sk ( S′ ⊆ n such that #S` = n + 1 − ` for each k ≤ ` ≤ n. Assume further that fS′(A) 6= 0 and
fS`(A) 6= 0 for each k ≤ ` ≤ n. Then there exists i ∈ S′ \ Sk such that fSkt{i}(A) 6= 0.

Proof. Upon replacing A with Aw for a certain w ∈ W , we may assume without loss of generality
that

S` = {`, . . . , n− 1, n}
for each k ≤ ` ≤ n. We may assume further that S′ = n by replacing A with its submatrix given
by {n − #S′ + 1, . . . , n}-th rows and S′-th columns. Then there exists u ∈ U(R) such that the
submatrix of uA given by {1, . . . , k − 1}-th rows and {k, . . . , n}-th columns, is zero. We consider
the submatrix A′ of uA given by {1, . . . , k − 1}-th rows and columns. Using that fS′(A) 6= 0 and
fSk(uA) = fSk(A) 6= 0, we deduce that det(A′) = fS′(A)fSk(A)−1 6= 0, and that fSkt{i}(A)fSk(A)−1

equals the (k − 1, i)-entry of A′ for each 1 ≤ i ≤ k − 1. As det(A′) 6= 0, there exists 1 ≤ i ≤ k − 1
such that (k − 1, i)-entry of A′ is non-zero, and hence fSkt{i}(A) 6= 0. �

Proposition 3.1.14. Let Σ ⊆ ℘(n) be a subset contained in some strictly decreasing sequence.
Then we have

(3.1.15)
⋂
S∈Σ

Hc
S =

⋃
S•⊇Σ

M◦S•

where S• runs through all strictly decreasing sequences that contain Σ. In particular, the set

{M◦w}w∈W forms an affine open cover of F̃L.
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Proof. The inclusion ⊇ follows from the definition ofMS• . We now prove the inclusion ⊆ by induc-
tion on #Σ. It suffices to show that, for each A ∈

⋂
S∈ΣHc

S(R), there exists a strictly decreasing
sequence S• containing Σ such that A ∈ M◦S•(R). We pick an arbitrary A ∈

⋂
S∈ΣHc

S(R). If

#Σ = n, we can simply take S•
def
= Σ. If #Σ < n, then by Lemma 3.1.13 there exists Σ′ ⊆ ℘(n)

satisfying the following conditions:

(1) Σ′ is contained in a certain strictly decreasing sequence;
(2) Σ′ ) Σ and #Σ′ = #Σ + 1;
(3) A ∈

⋂
S∈Σ′ Hc

S(R).

We apply our inductive assumption to Σ′ and obtain a strictly decreasing sequence S• containing
Σ′ (hence Σ as well) such that A ∈M◦S•(R). This finishes the proof of the inclusion ⊆.

It follows from (3.1.10) that M◦w = U\Uw0Bw0w ∼= B as a scheme, hence it is affine. The fact
that

F̃L =
⋃
w∈W
M◦w

is the special case of (3.1.15) when Σ = ∅. �

Lemma 3.1.16. Let K ⊆ ℘(n) with CK 6= ∅. Then

(i) for each strictly decreasing sequence S•, we have CK ⊆M◦S• if and only if S• ∩K = ∅;
(ii) there exists a strictly decreasing sequence S• such that CK ⊆M◦S•;

(iii) ℘(n) \K =
⋃

S•∩K=∅
S• and the following equality holds

CK =
⋂
S∈K
HS ∩

⋂
S•∩K=∅

M◦S• ;

(iv) CK is affine.

Proof. Note that (i) follows directly from the definition of CK and M◦S• . In order to prove (ii)
and (iii), we pick an arbitrary A ∈ CK(R) for some Noetherian F-algebra R. It follows from
Lemma 3.1.13 (by taking k = 0 and Σ0 = n) that there exists a strictly decreasing sequence S•
such that fSi(A) 6= 0 for all 1 ≤ i ≤ n. This means that S• ∩K = ∅ and hence CK ⊆ M◦S• by (i),
which implies (ii). It follows from Proposition 3.1.14 (for Σ = {S}) that, for each S /∈ K, there
exists strictly decreasing sequence S• containing S such that fSi(A) 6= 0 for all 1 ≤ i ≤ n. Hence
CK ⊆M◦S• ⊆ H

c
S or equivalently S ∈ S• ⊆ ℘(n) \K. We deduce that ℘(n) \K =

⋃
S•∩K=∅

S•, which

implies (using the definition of M◦S•)⋂
S•∩K=∅

M◦S• =
⋂

S∈S•⊆℘(n)\K

Hc
S =

⋂
S/∈K

Hc
S .

Hence we finish the proof of (iii) using the definition of CK . Finally, note that M◦S• is affine for
each strictly decreasing sequence S• and it is easy to see that

⋂
S•∩K=∅

M◦S• appeared in (iii) is still

affine, so that (iv) follows from (iii). �

Let Ω ⊆ Φ+ be an arbitrary subset of the set of positive roots. We write UΩ ⊆ U for the closed
subscheme of U defined by the condition that the α-entry is zero for each α ∈ Φ+\Ω. It is clear that

the composition wTUΩw
′ ↪→ GLn � F̃L factors through wTUΩw

′ ↪→M◦ww′ , as for each S ∈ S•,ww′
the function fS is invertible on wTUΩw

′ .
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Lemma 3.1.17. The schematic image of wTUΩw
′ in M◦ww′ is integral of the form

M◦ww′ ∩
⋂
S∈K
HS

for some K ⊆ ℘(n) with K ∩ S•,ww′ = ∅, and is a topological union of elements of P. If moreover
CK 6= ∅, then CK is the unique element of P that is an open subscheme of the schematic image.

Proof. Upon shrinking Ω to a smaller subset, we may assume without loss of generality that

(3.1.18) UwTUΩw
′ ∼= U × (wTUΩw

′)

or equivalently, w(α) < 0 for each α ∈ Ω, and in particular wTUΩw
′ is naturally isomorphic to its

schematic image inM◦ww′ . Hence the schematic image of wTUΩw
′ inM◦ww′ is integral as wTUΩw

′

is. We may rewrite

wTUΩw
′ = w0T (w0wUΩw

−1w0)w0ww
′ ↪→ w0TUw0ww

′.

Upon modifying notation, it suffices to show that the schematic image of w0TUΩw0w in M◦w
(written X for short) is a topological union of elements in P, for each Ω ⊆ Φ+ and each w ∈W . It
follows from Lemma 3.1.3 that the projection

w0TUw0w � U
uα−→ Ga

is given by
fSw0(i)+1,wt{w−1w0(i′)}f

−1
Sw0(i),w

|w0TUw0w

for each α = (i, i′) ∈ Φ+ with 1 ≤ i < i′ ≤ n. Therefore we conclude that w0TUΩw0w is the closed
subscheme of w0TUw0w characterized by the condition

fSw0(i)+1,wt{w−1w0(i′)} = 0

for each α ∈ Φ+ \ Ω, which implies that the X is characterized in M◦w by the same condition. In
other words, we have

X =M◦w ∩
⋂
S∈K1

HS

where K1
def
= {Sw0(i)+1,w t {w−1w0(i′)} | α ∈ Φ+ \ Ω}. In particular, X is a topological union of

elements in P. Now we define K
def
= {S ⊆ n | fS |X = 0} and note that K1 ⊆ K ⊆ ℘(n). As X is an

integral scheme, we may write LX for its function field and notice that fS |X is a non-zero element
in LX for each S /∈ K. Consequently, the open subscheme CK ⊆ X equals the non-vanishing locus
of
∏
S/∈K

fS inside the integral scheme X. In particular, CK is the unique element of P which is an

open dense subscheme of X. The proof is thus finished. �

Definition 3.1.19. For w, u ∈W we define

S̃◦(w, u)
def
= U\UwBu = U\BwUu ⊆ F̃L

and write S̃(w, u) for the closure of S̃◦(w, u) inside F̃L. We call S̃◦(w, u) (resp S̃(w, u)) the Schubert
cell (resp. the Schubert variety) associated with the pair (w, u) ∈W ×W .

Proposition 3.1.20. The partition P of F̃L is the coarsest common refinement of the partitions

{S̃◦(w, u)}w∈W for all u ∈ W . In particular, each CK with CK 6= ∅ uniquely determines a map
δ : W →W such that

CK =
⋂
u∈W
S̃◦(δ(u), u).
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Proof. We use the notation P ′ for the coarsest common refinement of the partitions {S̃◦(w, u)}w∈W
for all u ∈W , and we will show that P ′ coincides with P.

We recall from Lemma 3.1.9 that bothHS andHc
S are union of elements in P ′ for each ∅ 6= S ( n.

This implies that each element of P (which is defined by intersection of locally closed subschemes
of the form HS or Hc

S) is a topological union of elements in P ′. Hence P ′ is finer than P.

As a special case of Lemma 3.1.17, we deduce that each Schubert cell S̃◦(w, u) = U\UwTUu is
a topological union of elements in P. This implies that P is finer than P ′.

We have already shown that P = P ′. Now we fix a CK 6= ∅. Then for each u ∈ W , as

{S̃◦(w, u)}w∈W is a partition of F̃L, there exists a unique δ(u) ∈ W such that CK ⊆ S̃◦(δ(u), u).
Therefore we have

(3.1.21) CK ⊆
⋂
u∈W
S̃◦(δ(u), u).

But the locally closed subschemes of F̃L of the form
⋂
u∈W
S̃◦(δ(u), u) for some δ : W → W clearly

form a partition of F̃L (note that
⋂
u∈W
S̃◦(δ(u), u) could be empty for some choice of δ). Indeed, they

exhaust all possible elements of P ′. As we know that P = P ′, the inclusion (3.1.21) is necessarily
an equality. Hence we finish the proof. �

3.1.1. Product structures. We recall the set J from § 1.3. For each KJ = (Kj)j∈J ⊆ ℘(n)f , we

define the following (possibly empty) locally closed subscheme of F̃LJ

CKJ
def
=
(
CKj

)
j∈J .

Hence we obtain a partition PJ on F̃LJ by locally closed subschemes of the form CKJ . Note
that CKJ is stable under the shifted T -conjugation action (defined in equation (2.2.5)). We would

frequently use the notation C ⊆ F̃LJ for an arbitrary (non-empty) element of the partition PJ .
For each wJ ∈W we also define

M◦wJ
def
=
∏
j∈J
M◦wj and MwJ

def
=
∏
j∈J
Mwj .

It is clear that M◦wJ is open in F̃LJ , and MwJ is the unique element in PJ which is a closed
subscheme of M◦wJ . Again, by letting

S̃◦(wJ , uJ )
def
=
∏
j∈J
S̃◦(wj , uj) and S̃(wJ , uJ )

def
=
∏
j∈J
S̃(wj , uj) ⊆ F̃LJ

for elements wJ = (wj)j∈J , uJ = (uj)j∈J ∈ W , Lemma 3.1.9 generalizes and we see for instance
that

M◦wJ = S̃◦(w0, w0wJ ).

As each element of PJ is contained in one of M◦wJ (see Lemma 3.1.16), we deduce that MwJ

exhausts all elements of the partition PJ which are closed subschemes of F̃LJ , when wJ runs
through the elements of W . We use the notation fS,j for the composition

(3.1.22) F̃LJ
Projj−−−→ F̃L fS−→ P1

/F

where Projj is the projection to the j-th factor.
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We end this section by studying the relation between PJ , PJ ′ and the base change map B̃C :

F̃LJ → F̃LJ ′ introduced in § 2.2.

Lemma 3.1.23. Let C ∈ PJ . There exists a unique element C′ ∈ PJ ′ such that B̃C
−1

(C′) = C.

In particular, PJ is the partition on F̃LJ induced from the partition PJ ′ on F̃LJ ′ by pulling back

along the embedding B̃C.

Proof. If C = CKJ for KJ ∈ ℘(n)f then we pick C′ def
= CK′J ′ with K ′J ′ ∈ ℘(n)f

′
characterized by

K ′j′
def
= Kj for each j′ ≡ j modulo f . All the other claims are clear. �

3.2. Niveau partition. In this section, we introduce a new partition {NwJ }wJ∈W on F̃LJ mo-
tivated by the notion of niveau for mod-p Galois representations. Roughly speaking, two mod-p
Galois representations arise from the same NwJ if and only if they have the same semisimplification.
The main results of this section are Propositions 3.2.14, 3.2.15 and 3.2.18. We fix throughout this
section a λ ∈ X∗+(T ) with λ+ η being Fontaine–Laffaille (see Definition 2.1.1).

The following description of semisimple Galois representations arising from F̃LJ , with weight
λ+ η = (λj + ηj)j∈J , is well-known.

Lemma 3.2.1. Let x ∈ F̃LJ (F) be a closed point such that ρx,λ+η is semisimple. Then there exists
wJ ∈W uniquely determined by x such that

x ∈MwJ (F) and ρx,λ+η|IK ∼= τ(w−1
J , λ+ η).

Proof. Let
(Mx, {FilhMx}h, {φx,h}h) ∈ FLλ+η

n (F)

be a Fontaine–Laffaille module attached to x and C be the (unique) element of PJ such that
x ∈ C(F). Recall that K ′ is an unramified extension of K with degree r = n!, and thus we have

ρx,λ+η|GK′ ∼= ⊕
n
i=1ρi

for certain characters ρi : GK′ → F×. We write Gm,J ′ for the F-scheme given by the product of

f ′-copies of Gm, and for an element µ ∈ X∗(Gm)f
′

we have the map

ρx,µ : Gm,J ′(F)→ Rep1
F(GK′)

(obtained from the map (2.5.2) in the case when n = 1 and K taken to be K ′). We set y
def
= B̃C(x) ∈

F̃LJ ′(F) and write λ′ = (λ′j′)j′∈J ′ ∈ X∗(T
r) for the image of λ under the diagonal embedding (see

the very end of § 2.2 for the map B̃C). Therefore we can choose, for each 1 ≤ i ≤ n, a point

xi ∈ Gm,J ′(F) such that ρxi,µi
∼= ρi. Here µi ∈ X∗(Gm)f

′
is a weight uniquely determined by ρi

and λ+ η. We write
(Mxi , {FilhMxi}h, {φxi,h}h) ∈ FLµi1 (F)

for the rank one Fontaine–Laffaille module of weight µi attached to xi. Hence there exists an
isomorphism

(3.2.2) (My, {FilhMy}h, {φy,h}h) ∼=
n⊕
i=1

(Mxi , {FilhMxi}h, {φxi,h}h)

inside FLλ
′+η′
n (F) where (My, {FilhMy}h, {φy,h}h) is the Fontaine–Laffaille module of weight λ′+η′

attached to y. We write ν = (νj′)j′∈J ′
def
= (µ1, . . . , µn) ∈ X∗(T r) and assume without loss of

generality that ν0 = λ′0 + η′0. Since Mxi has rank one, choosing a basis βxi = (β
(j′)
xi )j′∈J ′ for
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Mxi =
∏
j′∈J ′M

(j′)
xi is the same as choosing a non-zero vector β

(j′)
xi ∈M

(j′)
xi for each j′ ∈ J ′. There

exists sJ ′ = (sj′)j′∈J ′ ∈W r such that

νj′ = s−1
f ′−1 · · · s

−1
j′+1 · s

−1
j′ (λ′j′ + η′j′)

for each 1 ≤ i ≤ n and j′ ∈ J ′, and hence

ρx,λ+η|IK ∼= ρy,λ′+η′ |IK′ ∼= ⊕
n
i=1ρi|IK′ ∼= τ(sJ ′ , λ

′ + η′)

according to Lemma 2.5.3 (describing T∗cris in the rank one case) as well as Definition 2.1.2. For
each j′ ∈ J ′, we claim that

β(j′)
y

def
= (β(j′)

x1
, . . . , β(j′)

xn ) · s−1
f ′−1 · · · s

−1
j′+1 · s

−1
j′

is the unique permutation of the basis {β(j′)
x1 , . . . , β

(j′)
xn } of M

(j′)
y , which is compatible with the Hodge

filtration of My (see also Definition 2.2.4). As φy sends gr•Mxi ⊆ gr•My to Mxi ⊆ My for each

1 ≤ i ≤ n, the matrix of φy = {φy,h}h : gr•(My)→ My attached to the basis βy
def
= (β

(j′)
y )j′∈J ′ lies

in

(T r · wJ ′)(F) ⊆ Gr(F)

with wJ ′ = (wj′)j′∈J ′ defined by

wj′
def
=
(
s−1
f ′−1 · · · s

−1
j′+1

)−1
·
(
s−1
f ′−1 · · · s

−1
j′+1 · s

−1
j′

)
= s−1

j′ .

In particular, we have y ∈MwJ ′ (F). Finally, the fact

y ∈ B̃C(C)(F) ∩MwJ ′ (F) 6= ∅

together with Lemma 3.1.23 implies that there exists wJ ∈ W such that C = MwJ and wJ ′ is
the image of wJ under the diagonal embedding W ↪→ W r. Hence we finish the proof by the
identification of representations of IK′ = IK

τ(sJ ′ , λ
′ + η′) = τ(w−1

J ′ , λ
′ + η′) = τ(w−1

J , λ+ η)

which follows directly from the Definition 2.1.2. �

Let P ⊇ B be a standard parabolic subgroup of GLn with standard Levi subgroup M and
unipotent radical N . Let P− ⊆ GLn be the opposite parabolic subgroup satisfying P ∩ P− = M .
(Be careful to distinguish our notation for the Levi subgroup and a Fontaine–Laffaille module.) We
write WM ⊆W for the Weyl group of M , embedded inside the Weyl group W of GLn. Then there
exists a positive integer r0 with r0 ≤ n and a tuple of integers (nm)1≤m≤r0 partitioning n such that
M is the image of the standard embedding

GLn1 × · · · ×GLnr0 ↪→ GLn.

Given a point x ∈ F̃LJ (F), we say that x is P -ordinary if there exists ρ : GK → P−(F) such
that ρx,λ+η

∼= ρ. We write grP−(ρx,λ+η) for the isomorphism class of the composition of ρ with

P−(F) � M(F). (Note that the appearance of P− is due to the fact that T∗cris is contravariant.)
Thanks to the full faithfulness of T∗cris, x is P -ordinary if and only if the following holds: there
exists a filtration by Fontaine–Laffaille submodules

(3.2.3) 0 (Mx,1 ( · · · (Mx,r0−1 (Mx,r0 = Mx

such that the k ⊗Fp F-module Mx,m ⊆ Mx has rank n+
m

def
=
∑m

d=1 nd for all 1 ≤ m ≤ r0. Note that

the above implies that ρx,λ+η has image contained in P−(F) and furthermore the n+
m-dimensional
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GK-representation T∗cris(Mx,m) is isomorphic to the quotient of ρx,λ+η induced from the standard

surjective morphism P− � GLn+
m

for all 1 ≤ m ≤ r0.

Lemma 3.2.4. Let x ∈ F̃LJ (F) be a point. Then x is P -ordinary if and only if there exist

A = (A(j))j∈J ∈ G(F) and uJ = (uj)j∈J ∈W such that x is the image of A in F̃LJ (F) and

(3.2.5) A(j) ∈ ujPu−1
j−1

for all j ∈ J .

Proof. We only prove the ⇒ direction as the opposite direction can be proved by reversing the
argument. Consider the increasing sequence of Fontaine–Laffaille submodules attached to x, written

as in (3.2.3). We write as usual Mx =
∏
j∈J M

(j)
x and Mx,m =

∏
j∈J M

(j)
x,m for each 1 ≤ m ≤ r0.

We choose a basis β = (β(j))j∈J of Mx, compatible with the Hodge filtration of Mx, in the

following way. Write β(j) = {β(j)
1 , . . . , β

(j)
n } for all j ∈ J . For each j ∈ J , we choose β

(j)
k by an

increasing induction on k. Assume for the moment that we have chosen β
(j)
1 , . . . , β

(j)
k−1 for some

1 ≤ k ≤ n such that β
(j)
1 , . . . , β

(j)
k−1 forms a basis of Filλj,k+(n−k)+1M

(j)
x , then we want to choose

the next vector β
(j)
k . We define mk as the smallest integer satisfying 1 ≤ mk ≤ r0 and

Filλj,k+(n−k)M (j)
x ∩M (j)

x,mk
6= Filλj,k+(n−k)+1M (j)

x ∩M (j)
x,mk

.

As (Filλj,k+(n−k)M
(j)
x ∩M (j)

x,mk)/(Filλj,k+(n−k+1)M
(j)
x ∩M (j)

x,mk) is one dimensional and is a subspace

of Filλj,k+(n−k)M
(j)
x /Filλj,k+(n−k+1)M

(j)
x , which is also one dimensional, we have

(3.2.6) (Filλj,k+(n−k)M (j)
x ∩M (j)

x,mk
) + Filλj,k+(n−k)+1M (j)

x = Filλj,k+(n−k)M (j)
x .

Hence, we choose an arbitrary non-zero vector

β
(j)
k ∈ Filλj,k+(n−k)M (j)

x ∩M (j)
x,mk

\ Filλj,k+(n−k)+1M (j)
x ∩M (j)

x,mk

and note that β
(j)
1 , . . . , β

(j)
k necessarily forms a basis of Filλj,k+(n−k)M

(j)
x thanks to (3.2.6). Accord-

ing to the choice above, it is clear that β is compatible with the Hodge filtration of Mx.
We consider an element uJ = (uj)j∈J ∈ W and the following reordering β · π−1(uJ ) = (β(j) ·

uj−1)j∈J of the basis β, where β(j) · uj−1 is the basis of M
(j)
x given by β

(j)
uj−1(1), · · · , β

(j)
uj−1(n). Now

we observe that, for each j ∈ J , there exists uj−1 such that for each 1 ≤ m ≤ r0 the list of vectors

(3.2.7) β
(j)
uj−1(1), β

(j)
uj−1(2), · · · , β

(j)

uj−1(n+
m)

forms a basis of M
(j)
x,m inducing a basis compatible with the Hodge filtration on the quotient

M
(j)
x,m/M

(j)
x,m−1. We write A = (A(j))j∈J (resp. A1 = (A

(j)
1 )j∈J ) for the matrix of φx (induced

from {φx,r0,h}h) attached to the basis β (resp. β ·π−1(uJ )). It follows from (3.2.3) that A
(j)
1 ∈ P (F)

for each j ∈ J , which implies (3.2.5) as we have A(j) = ujA
(j)
1 u−1

j−1 for each j ∈ J . �

Lemma 3.2.8. Let x ∈ F̃LJ (F) be a P -ordinary point, and let uJ = (uj)j∈J ∈ W be as in
Lemma 3.2.4. If there exists

A0 = (A
(j)
0 )j∈J ∈

∏
j∈J

ujMu−1
j−1(F)
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whose image y in F̃LJ (F) satisfies ρy,λ+η
∼= grP−(ρx,λ+η), then there exists t = (t(j))j∈J ∈ T (F)

and

A = (A(j))j∈J ∈
∏
j∈J

ujPu
−1
j−1(F)

such that the image of A in F̃LJ (F) is x and the image of A under

(3.2.9)
∏
j∈J

ujPu
−1
j−1(F)�

∏
j∈J

ujMu−1
j−1(F)

is A0 · t (cf. (2.2.5)).

Proof. This is a simple refinement of the proof of Lemma 3.2.4 in the sense that we can choose

the basis β more carefully. We write Mx,0
def
= 0 ⊆ Mx for convenience. According to Propo-

sition 2.2.6, our assumption on A0 ∈
∏
j∈J ujMu−1

j−1(F) simply means that there exists a basis

of the Fontaine–Laffaille module
⊕r0

m=1Mx,m/Mx,m−1, written grP (β), such that it is compatible
with the Hodge filtration and the matrix of Frobenius attached to the basis grP (β) is given by
A0. We recall from the proof of Lemma 3.2.4 that the basis β · π−1(uJ ) satisfies the condition
that (3.2.7) forms a basis of Mx,m for each 1 ≤ m ≤ r0. Therefore the basis β · π−1(uJ ) induces
a basis of

⊕r0
m=1Mx,m/Mx,m−1 which is compatible with the Hodge filtration by our minimality

assumption on the length of uj−1 (see Lemma 3.2.4). It is clear that, given the basis grP (β) of⊕r0
m=1Mx,m/Mx,m−1, we can always choose the basis β as in Lemma 3.2.4 with the extra require-

ment that the basis of
⊕r0

m=1Mx,m/Mx,m−1 induced from β · π−1(uJ ) is exactly grP (β). We write

A1 = (A
(j)
1 )j∈J for the matrix of Frobenius {φx,0,h}h under β and write x1 for the image of A1

in F̃LJ (F). Hence the image of A1 under (3.2.9) is A0. As A1 is constructed from Mx by a
choice of basis (compatible with Hodge filtration), it is clear that ρx1,λ+η

∼= ρx,λ+η and there exists

t = (t(j))j∈J ∈ T (F) such that x = x1 · t. Hence we set A
def
= A1 · t and finish the proof. �

We use the notation w[J = (w[j)j∈J with

(3.2.10) w[j
def
= wj · wj−1 · · ·wj−f+1

for each wJ = (wj)j∈J ∈W . Note that w[j−1 = w−1
j w[jwj for each j ∈ J .

Definition 3.2.11. We say that a Levi subgroup M ′ ⊆ GLn is W -standard if its conjugation by an
element of W is standard. We define Mw as the minimal W -standard Levi subgroup that contains w
and call it the Levi subgroup associated with w. Note by definition that we have Muwu−1 = uMwu

−1

for any choice of w, u ∈W .

Each element w ∈W induces a partition of n = {1, . . . , n} into orbits of w. For each Noetherian
F-algebra R, Mw(R) ⊆ GLn(R) consists of those matrices whose (i, i′)-entry is zero if i and i′ lies
in different orbits of w. We have the following useful observation from Definition 3.2.11: given an
element w ∈ W and a W -standard Levi subgroup M ′ ⊆ GLn such that Mw ⊆M ′, then M ′ = Mw

if and only if the number of Levi blocks inside M ′ equals the number of orbits of w.
Given two elements wJ = (wj)j∈J , uJ = (uj)j∈J ∈ W and a standard parabolic subgroup of

P ⊆ GLn with standard Levi subgroup M and unipotent radical N , we observe that the composition∏
j∈J

TujNu
−1
j wj → G→ F̃LJ
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factors through ∏
j∈J

TujNu
−1
j wj →M◦wJ .

For each j ∈ J , if we assume that u−1
j wjuj−1 ∈M , (in which case we have ujMu−1

j−1 = ujMu−1
j wj

and ujPu
−1
j−1 = ujPu

−1
j wj), then TujNu

−1
j wj is the fiber of

ujPu
−1
j−1 � ujMu−1

j−1

over Twj .
Now we return to the set up of Lemma 3.2.8. We assume further that there is no strictly smaller

standard parabolic subgroup P ′ ( P such that x is P ′-ordinary, which implies that grP−(ρx,λ+η)

is semisimple. It follows from Lemma 3.2.1 that there exists y ∈ MwJ (F) for some wJ ∈ W such

that grP−(ρx,λ+η)
∼= ρy,λ+η. As MwJ is the schematic image of TwJ in M◦wJ , we may choose

A0 ∈ TwJ (F) whose image in MwJ (F) is y. Then it follows from Lemma 3.2.8 that there exists

A ∈ ujPu−1
j−1(F) and t = (t(j))j∈J ∈ T (F) such that the image of A under (3.2.9) is A0 ·t ∈ TwJ (F),

and the image of A in F̃LJ is x. It is clear that A0 ∈ TwJ (F) ∩
∏
j∈J ujMu−1

j−1(F) which implies
that

u−1
j wjuj−1 ∈M

for each j ∈ J . In particular, we deduce that

u−1
j w[juj = (u−1

j wjuj−1) · (u−1
j−1wj−1uj−2) · · · (u−1

j−f+1wj−f+1uj) ∈M

for each j ∈ J . Then we observe that the number of orbits of u−1
j w[juj , which equals the number

of orbits of w[j , which (by Lemma 3.2.1) equals the number of irreducible direct summands of

grP−(ρx,λ+η), which finally equals the number of Levi blocks of M . It follows from the paragraph
after Definition 3.2.11 that we must have

Mu−1
j w[juj

= M

for each j ∈ J . Consequently, we arrive at the following definition.

Definition 3.2.12. For each wJ ∈ W , we define ΞwJ ⊆ {wJ } ×W as the subset consisting of
pairs ξ = (wJ , uJ ) such that Mu−1

j w[juj
is a standard Levi subgroup of GLn independent of j ∈ J ,

written Mξ, and such that u−1
j wjuj−1 ∈ Mξ for each j ∈ J . Note that there exists a unique

standard parabolic subgroup Pξ ⊆ GLn containing Mξ and we denote the unipotent radical of Pξ
by Nξ. For each element ξ = (wJ , uJ ) ∈ ΞwJ , we define Nξ as the schematic image of∏

j∈J
TujNξu

−1
j wj

in M◦wJ .

Remark 3.2.13. For a fixed wJ ∈W , the following closed subscheme of G∏
j∈J

ujMξu
−1
j−1

does not depend on the choice of ξ = (wJ , uJ ) ∈ ΞwJ . In fact, this directly follows from the
observation that (see Definition 3.2.12 for the properties of ξ)

ujMξu
−1
j−1 = ujMξu

−1
j wj = ujMu−1

j w[juj
u−1
j wj = Mw[j

wj
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for each j ∈ J . Given two pairs ξ = (wJ , uJ ), ξ′ = (wJ , u
′
J ) ∈ ΞwJ , one can show that Nξ = Nξ′

if and only if ∏
j∈J

ujPξu
−1
j−1 =

∏
j∈J

u′jPξ′(u
′
j−1)−1

if and only if Mξ = Mξ′ and u−1
j u′j ∈WMξ

for each j ∈ J .

Proposition 3.2.14. A point x ∈ F̃LJ (F) belongs to Nξ(F) for some ξ ∈ ΞwJ if and only if

ρss
x,λ+η|IK ∼= τ(w−1

J , λ+ η).

Proof. This follows directly from Lemma 3.2.1 and the discussion right before Definition 3.2.12. �

Proposition 3.2.15. Let ξ ∈ ΞwJ . Then Nξ is integral, and

(3.2.16) Nξ =
∏
j∈J

M◦wj ∩ ⋂
S∈Kj

HS


for a uniquely determined KJ = (Kj)j∈J ⊆ ℘(nJ ) with CKJ 6= ∅ and Kj ∩S•,wj = ∅ for all j ∈ J .
In particular, Nξ is a topological union of elements in PJ .

Proof. The fact that Nξ is integral, the equality (3.2.16), and the unique existence of KJ follow
immediately from Lemma 3.1.17, which together with Lemma 3.1.1 and (3.1.7) implies that Nξ is
a topological union of elements in PJ . �

Definition 3.2.17. For each wJ ∈ W , we define NwJ as the topological union of Nξ for all
ξ ∈ ΞwJ . As Nξ is closed in M◦wJ for each ξ ∈ ΞwJ , NwJ is naturally a reduced closed subscheme
of M◦wJ .

Proposition 3.2.18. The set of locally closed subschemes {NwJ }wJ∈W forms a topological parti-

tion of F̃LJ . Moreover, a point x ∈ F̃LJ (F) belongs to NwJ (F) if and only if

ρss
x,λ+η|IK ∼= τ(w−1

J , λ+ η).

Proof. It follows from Lemma 3.2.1 that, for each x ∈ F̃LJ (F), the semisimplification of ρx,λ+η

has the form τ(w−1
J , λ + η) for some wJ ∈ W . Hence the desired result follows directly from

Proposition 3.2.14 and the definition of NwJ . �

Remark 3.2.19. Given wJ ∈W , the schemeNwJ is not irreducible in general. AsNwJ is topological
union of the integral schemes Nξ for all ξ ∈ ΞwJ , each irreducible component of NwJ must have
the form Nξ for some ξ ∈ ΞwJ . The converse is not true, namely there exist wJ ∈W and ξ ∈ ΞwJ
such that Nξ is strictly contained in some irreducible component of NwJ (see for example the case
wJ = 1). One can prove that Nξ is an irreducible component if and only if there exists x ∈ Nξ(F)
such that ρx,λ+η is maximally non-split, namely each non-zero semisimple subquotient of ρx,λ+η is
irreducible.

3.3. Standard coordinates. In this section, we further fix some notation that will be frequently
used in later sections. In particular, we introduce a standard coordinate on Nξ (see (3.3.5)) for
each wJ ∈W and each ξ ∈ ΞwJ .

We fix a choice of wJ ∈ W and ξ ∈ ΞwJ (as in Definition 3.2.12) and use the usual notation

Mξ, Nξ ⊆ Pξ for the subgroups of GLn associated with ξ. We write Φ+
ξ ⊆ Φ+ for the subset

such that Nξ ⊆ U is the closed subscheme characterized by the vanishing of the α-entry for each

α ∈ Φ+ \ Φ+
ξ .
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We associate a tuple of integers nξ = (nξk)1≤k≤rξ with Mξ such that n =
∑rξ

k=1 n
ξ
k and

Mξ
∼= GL

nξ1
× · · ·GL

nξrξ

where rξ is the number of Levi blocks of Mξ. We set

(3.3.1) [m]ξ
def
=

{
k
∣∣∣ 1 +

m−1∑
d=1

nξd ≤ k ≤
m∑
d=1

nξd

}
for each 1 ≤ m ≤ rξ. For each α = (iα, i

′
α) ∈ Φ+

ξ , there exists a unique pair of integers (hα, `α)

such that iα ∈ [hα]ξ, i
′
α ∈ [`α]ξ and 1 ≤ hα < `α ≤ rξ. We consider the set Φ+

GLrξ
of positive roots

of GLrξ and there exists a natural map Φ+
ξ → Φ+

GLrξ
given by

α 7→ (hα, `α).

We often call a root γ ∈ Φ+
GLrξ

a block as it corresponds to a block (subgroup) of Nξ, and γ can be

written as γ = (h, `) for a pair of integers satisfying 1 ≤ h < ` ≤ rξ.
We set

N+
ξ,j

def
= ujNξu

−1
j ∩ U and N−ξ,j

def
= ujNξu

−1
j ∩ w0Uw0.

Note that multiplication inside ujNξu
−1
j induces an isomorphism of schemes

ujNξu
−1
j = N+

ξ,jN
−
ξ,j
∼= N+

ξ,j ×N
−
ξ,j .

We deduce from Definition 3.2.12 and the definition of F̃LJ that the composition∏
j∈J

TN−ξ,jwj ↪→
∏
j∈J

TujNξu
−1
j wj → Nξ

induces an isomorphism

(3.3.2)
∏
j∈J

TN−ξ,jwj
∼−→ Nξ.

Note that the LHS of (3.3.2) is a closed subscheme of G, and thus (3.3.2) is a standard way to lift

the subscheme Nξ ⊆ F̃LJ into G.
We now define

Suppξ,J
def
= {(α, j) ∈ Φ+

ξ × J | uj(α) < 0}
and

Suppξ,j
def
= Suppξ,J ∩

(
Φ+
ξ × {j}

)
for each j ∈ J . We note that Suppξ,j is closed under the natural addition induced from Φ+

ξ , for

each fixed j ∈ J . We would abuse the notation Suppξ,j for the corresponding subset of Φ+
ξ (by

omitting j) whenever necessary. For each 1 ≤ ` ≤ n and j ∈ J , we write D
(j)
ξ,` for the composition

of the following morphisms

(3.3.3) D
(j)
ξ,` : Nξ ∼=

∏
j∈J

TN−ξ,jwj � TN−ξ,jwj � T � Gm

where the last morphism is extracting the `-th diagonal entry. Similarly, for each (α, j) ∈ Suppξ,J ,
we also consider the composition

u
(α,j)
ξ : Nξ ∼=

∏
j∈J

TN−ξ,jwj � N−ξ,j � Ga
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where the last morphism is extracting the uj(α)-entry. Given a rational function g on F̃LJ , if the

regular locus of g is an open subscheme of F̃LJ that contains Nξ, we write g|Nξ for the restriction
of g from its regular locus to Nξ. It is not difficult to see that (see (3.1.22) for notation)

(3.3.4) D
(j)
ξ,` = ±

fS`,wj ,j

fS`+1,wj
,j

∣∣∣∣∣
Nξ

and u
(α,j)
ξ = ±

fSuj(iα)+1,wj
t{w−1

j uj(i′α)},j

fSuj(iα),wj
,j

∣∣∣∣∣
Nξ

Here ± means up to sign, depending only on wj . Note that (3.3.2) together with various D
(j)
ξ,` and

u
(α,j)
ξ induces an isomorphism of schemes

(3.3.5) Nξ ∼= T × (Ga)
#Suppξ,J .

We also denote by Supp�ξ the image of Suppξ,J under the composition

(3.3.6) Φ+
ξ × J � Φ+

ξ → Φ+
GLrξ

.

For each γ = (h, `) ∈ Φ+
GLrξ

and each j ∈ J , we set

Suppγξ,J
def
= {(α, j) ∈ Suppξ,J | hα = h, `α = `}

and
Suppγξ,j

def
= Suppγξ,J ∩ Suppξ,j .

Note that we have

(3.3.7) Suppγξ,J 6= ∅ ⇔ γ ∈ Supp�ξ .

Fix ξ ∈ ΞwJ , and let Λ be a subset of Suppξ,J with Λ� its image in Supp�ξ . For each j ∈ J , we

write N−ξ,Λ,j(R) for the subset of N−ξ,j(R) consisting of the matrices whose uj(α)-entry is non-zero

if and only if (α, j) ∈ Λ∩ Suppξ,j . This defines a locally closed subscheme N−ξ,Λ,j ⊆ N
−
ξ,j . Similarly,

we write Nξ,Λ ⊆ Nξ for the fiber of (3.3.5) over∏
(α,j)∈Λ

Gm ×
∏

(α,j)∈Suppξ,J \Λ

0

where 0 ⊆ Ga is the closed subscheme given by the zero point. In other words, the morphism

u
(α,j)
ξ : Nξ → Ga restricts to u

(α,j)
ξ |Nξ,Λ : Nξ,Λ → Gm if (α, j) ∈ Λ and to u

(α,j)
ξ |Nξ,Λ : Nξ,Λ → 0

otherwise. We notice that the isomorphism (3.3.2) induces an isomorphism∏
j∈J

TN−ξ,Λ,jwj
∼−→ Nξ,Λ.

Note that the isomorphism (3.3.5) restricts to an isomorphism

(3.3.8) Nξ,Λ ∼= T × (Gm)#Λ.

It is also easy to see that {Nξ,Λ}Λ⊆Suppξ,J forms a partition of Nξ by integral locally closed sub-
schemes.

Lemma 3.3.9. The scheme Nξ,Λ is a topological union of elements in PJ .

Proof. This follows immediately from Proposition 3.2.15 and (3.3.4). �

Lemma 3.3.10. Let ξ, ξ′ ∈ ΞwJ be two elements, and let Λ ⊆ Suppξ,J and Λ′ ⊆ Suppξ′,J be two
subsets. Then Nξ,Λ ∩Nξ′,Λ′ 6= ∅ if and only if Nξ,Λ = Nξ′,Λ′.
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Proof. Using the identification M◦wJ ∼=
∏
j∈J w0Bw0wj where wJ = (wj)j∈J , we may naturally

embed both Nξ,Λ and Nξ′,Λ′ into
∏
j∈J w0Bw0wj . Then the locally closed subscheme Nξ,Λ (resp.

Nξ′,Λ′) of
∏
j∈J w0Bw0wj is characterized by the vanishing or non-vanishing of each single entry,

which can be read off from an arbitrary element of the intersection Nξ,Λ∩Nξ′,Λ′(F) 6= ∅. The proof
is thus finished. �

Remark 3.3.11. It follows from Lemma 3.3.10 that⋃
wJ∈W

{Nξ,Λ | ξ ∈ ΞwJ and Λ ⊆ Suppξ,J }

forms a partition of F̃LJ .
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4. The invariant functions on F̃LJ

Recall that the quotient of F̃LJ by shifted T -conjugation parameterizes isomorphism classes
of mod-p Galois representations which are Fontaine–Laffaille of weight λ + η (Proposition 2.2.6).

In § 4.1 below, we introduce a set of rational functions on F̃LJ that descend to [F̃LJ /∼T -sh.cnj]
and call them the invariant functions. Our main goal is to show that invariant functions separate

F-points of the stack [F̃LJ /∼T -sh.cnj], namely each x ∈ |[F̃LJ /∼T -sh.cnj]|(F) is uniquely determined
by the set

{g(x) | g is an invariant function which is regular over x} ⊆ F.

To achieve this, we firstly cut F̃LJ along the partition {Nξ,Λ} (see Remark 3.3.11) and then
give an explicit construction of the geometric quotient Nξ,Λ/∼T -sh.cnj ([Sta20, § 04AD]) in § 4.2
(Proposition 4.2.23), which guarantee the existence of the geometric quotient C/∼T -sh.cnj for each
C ∈ PJ satisfying C ⊆ Nξ,Λ. Then we introduce Statement 4.3.2 in § 4.3 as a convenient sufficient
condition for invariant functions to distinguish F-points of [C/∼T -sh.cnj] (see Statement 4.1.11). The
proof of Statement 4.3.2 (and thus of Statement 4.1.11) will occupy the entire § 5, § 6 and § 7, and
will be finally completed in § 7.7 (Theorem 7.7.8 and Corollary 7.7.9).

Throughout this section, by R we mean a Noetherian F-algebra.

4.1. Definition of invariant functions. In this section, we introduce the set of the invariant

functions as rational functions on F̃LJ and then give the first precise statement on how they

distinguish points in the stack [F̃LJ /∼T -sh.cnj] (see Statement 4.1.11).
Consider the set

(4.1.1) nJ
def
= n× J .

There is an action of Z/f on J (with a ∈ Z/f acting by j 7→ j − a on J ), which induces an action
of Z/f on W with a ∈ Z/f acting by

(wj)j∈J 7→ (wj−a)j∈J

for each wJ = (wj)j∈J ∈W . Consequently, we can form the semidirect product

W o Z/f

with the multiplication given by

(wJ , a) · (w′J , a′) = ((wjw
′
j−a)j∈J , a+ a′)

for (wJ , a), (w′J , a
′) ∈W o Z/f . Hence, the group W o Z/f has a right action on nJ given by

(4.1.2) (k, j) · (wJ , a)
def
= (w−1

j (k), j − a)

for each (k, j) ∈ nJ and (wJ , a) ∈W o Z/f .
Let IJ ⊆ nJ be a subset. By abuse of notation, we often write IJ = (Ij)j∈J where

Ij
def
= {1 ≤ k ≤ n | (k, j) ∈ IJ } ⊆ n.

We consider an element wJ = (wj)j∈J ∈W and a subset IJ = (Ij)j∈J ⊆ nJ satisfying

(4.1.3) IJ = IJ · (wJ , 1).

(Equivalently, w−1
j (Ij) = Ij−1 for each j ∈ J .) We recall from (3.1.22) the notation fS,j for each

S ⊆ n and j ∈ J . We let S•,wj be the strictly decreasing sequence corresponding to wj via (3.1.2),

https://stacks.math.columbia.edu/tag/04AD
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and define the following morphism (with M◦wJ = S̃◦J (w0, w0wJ ))

(4.1.4) fwJ ,IJ
def
=

∏
(k,j)∈IJ

fSk,wj ,j

fSk+1,wj
,j

: M◦wJ → Gm,

which can be viewed as a rational function on F̃LJ . Here, we understand that fSn+1,wj
= 1 for

all j ∈ J . The rational function fwJ ,IJ is called an invariant function on F̃LJ . If IJ = ∅, we

understand fwJ ,IJ to be the constant function 1 on F̃LJ . Note that fwJ ,IJ always determines IJ
but not wJ in general. For example, if IJ = nJ , then we always have fwJ ,nJ = detJ for each
wJ ∈W , with detJ defined by

(4.1.5) detJ : F̃LJ → Gm, (A(j))j∈J →
∏
j∈J

det(A(j)).

For each choice of wJ ∈ W and IJ ⊆ nJ satisfying (4.1.3), we write Ic
J

def
= nJ \ IJ and

M◦wJ ,IJ for the intersection of the regular loci of fwJ ,IJ and fwJ ,Ic
J

as rational functions on F̃LJ .

Hence, the morphism fwJ ,IJ : M◦wJ → Gm extends to a morphism M◦wJ ,IJ → Gm. Note that

M◦wJ ,IJ = M◦wJ ,Ic
J

and that the set {fwJ ,IJ , fwJ ,Ic
J
} can be recovered from the open subscheme

M◦wJ ,IJ . It is always true that M◦wJ ⊆ M
◦
wJ ,IJ

but the inclusion could be strict in general (for

example, M◦wJ ,nJ = F̃LJ for each wJ ∈W ).
For each I ⊆ n, we can decompose n into a disjoint union of a minimal number of sets of

consecutive integers each of which sits either in I or in Ic def
= n\I. We can associate a standard Levi

subgroup MI ⊆ GLn, with each set of consecutive integers corresponding to a Levi block. Note that
we have MI = MIc . Hence, applying the construction to IJ = (Ij)j∈J we obtain a standard Levi
subgroup MIJ = (MIj )j∈J ⊆ G whose associated Weyl group is denoted by WIJ = (WIj )j∈J ⊆W .

Lemma 4.1.6. Let wJ ∈W and let IJ ⊆ nJ satisfy (4.1.3). We have the following:

(i) If w′J ∈W and I ′J ⊆ nJ satisfies (4.1.3) then fwJ ,IJ = fw′J ,I
′
J

if and only if IJ = I ′J and

w−1
J w′J ∈WIJ ;

(ii) M◦wJ ,IJ =
⋃

w′J∈wJ ·WIJ

M◦w′J .

In particular, if C ∈ PJ is contained in M◦wJ ,IJ , then there exists w′J ∈ wJ · WIJ such that

C ⊆ M◦w′J .

Proof. For convenience, in this proof we write

I+
j

def
= {k ∈ Ij | k − 1 ∈ Ic

j } and I−j
def
= {k ∈ Ic

j | k − 1 ∈ Ij}

for each j ∈ J . There is a unique way to write fwJ ,IJ (resp. fw′J ,I
′
J

) as a rational function with

coprime numerator and denominator, each of them a product of fSk,wj ,j for certain choices of k ∈ n

and j ∈ J . More precisely, fSk,wj ,j appears in the numerator (resp. in the denominator) if and

only if k ∈ I+
j (resp. if and only if k ∈ I−j ). We observe that fwJ ,IJ = fw′J ,I

′
J

is equivalent to the

condition that IJ = I ′J and that Sk,wj = Sk,w′j for each k ∈ I+
j t I

−
j and each j ∈ J . Hence (i)

follows from the observation that w−1
J w′J ∈ WIJ if and only if Sk,wj = Sk,w′j for each k ∈ I+

j t I
−
j



MODULI OF FONTAINE–LAFFAILLE MODULES AND MOD-p LOCAL-GLOBAL COMPATIBILITY 41

and each j ∈ J . Concerning (ii), there exists M◦wj ,Ij ⊆ F̃L for each j ∈ J such that

(4.1.7) M◦wJ ,IJ =
∏
j∈J
M◦wj ,Ij .

Writing fwJ ,IJ as a rational function with coprime numerator and denominator, we see from the
definition of M◦wj ,Ij and Proposition 3.1.14 that

(4.1.8) M◦wj ,Ij =
⋂
S∈Σj

Hc
S =

⋃
S•⊇Σj

M◦S•

(taking Σ to be Σj
def
= {Sk,wj | k ∈ I

+
j t I

−
j } in loc. cit.). Then a crucial observation is that S• ⊇ Σj

if and only if S• = S•,w′j for some w′j ∈W satisfying w−1
j w′j ∈WIj , which together with (4.1.7) and

(4.1.8) finish the proof of (ii). The last part is obvious from (ii). �

Lemma 4.1.9. The rational function fwJ ,IJ descends to F̃LJ /∼T -sh.cnj for each wJ ∈ W and
IJ ⊆ nJ satisfying (4.1.3).

Proof. For each Noetherian F-algebra R, we use the notation

t = (t(j))j∈J ∈ T (R), A = (A(j))j∈J ∈ G(R)

and recall the right action of T :

G(R)× T (R)→ G(R), (A, t) 7→ A · t = ((t(j+1))−1A(j)t(j))j∈J .

We define X as the fiber of G � F̃LJ over M◦wJ ,IJ and abuse the notation fwJ ,IJ for the
composition

fwJ ,IJ : X →M◦wJ ,IJ → Gm.

It suffices to show that

(4.1.10) fwJ ,IJ (A · t) = fwJ ,IJ (A)

for each A = (A(j))j∈J ∈ X(R) and t = (t(j))j∈J ∈ T (R). For each (k, j) ∈ nJ , we write t
(j)
k for

the k-th diagonal entry of t(j). We observe that

fSk,wj ,j

fSk+1,wj
,j

((t(j+1))−1A(j)t(j)) = (t
(j+1)
k )−1t

(j)

w−1
j (k)

fSk,wj ,j

fSk+1,wj
,j

(A(j)).

This together with (4.1.3) implies (4.1.10) by taking product over all (k, j) ∈ IJ . �

We set

Inv
def
= {fwJ ,IJ | wJ ∈W, IJ ⊆ nJ , IJ · (wJ , 1) = IJ }.

For each C ∈ PJ , we write Inv(C) ⊆ Inv for the subset consisting of those fwJ ,IJ which are invertible
over C (namely C ⊆ M◦wJ ,IJ ). The set Inv(C) induces a morphism of stacks

ιC : [C/∼T -sh.cnj]→ (Gm)#Inv(C).

The following is the main property satisfied by the set Inv(C).

Statement 4.1.11. For each C ∈ PJ and Noetherian F-algebra R, the following map induced
from ιC

|[C/∼T -sh.cnj]|(R)→ (R×)#Inv(C).

is injective.
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We will deduce Statement 4.1.11 from Statement 4.3.2) (to be introduced in § 4.3) whose proof
is very involved and will occupy § 5,§ 6 and § 7.

4.2. From stacks to schemes. Recall that we expect the set of invariant functions Inv(C) to
satisfy Statement 4.1.11, which a priori involves the algebraic stack [C/∼T -sh.cnj]. In this section,
we give an explicit construction of the geometric quotient Nξ,Λ/∼T -sh.cnj in Proposition 4.2.23,
which implies the existence of the geometric quotient C/∼T -sh.cnj. This allows us to introduce a
convenient sufficient condition for Statement 4.1.11 in § 4.3. Note that Nξ,Λ is a topological union
of elements in PJ (see Lemma 3.3.9).

We fix an element ξ = (wJ , uJ ) ∈ ΞwJ for some wJ ∈W throughout this section.

4.2.1. Supp�ξ as a graph. We recall the set Supp�ξ ⊆ Φ+
GLrξ

from the end of § 3.3. We can associate

an undirected graph Gξ with Supp�ξ in the following way:

• the set of vertices of Gξ, written V (Gξ), is in bijection with {1, . . . , rξ};
• the set of edges of Gξ, written E(Gξ), is in bijection with Supp�ξ , so that there exists an

edge connecting two vertex h < ` if and only if (h, `) ∈ Supp�ξ .

Similarly, we write E(·) (resp. V (·)) for the set of edges (resp. the set of vertices) for an arbitrary
graph.

Definition 4.2.1. Let G ⊆ Gξ be an arbitrary subgraph. A directed loop inside G, written Γ, is
defined to be an ordered pair of non-empty subsets E(Γ)+, E(Γ)− ⊆ E(G) satisfying the following:

• we have
∑

γ∈E(Γ)+ γ =
∑

γ∈E(Γ)− γ;

• we have either E(Γ)+ ∩ E(Γ)− = ∅ or E(Γ)+ = E(Γ)− = {γ} for some γ ∈ E(G); and
• for any proper non-empty subset E+ ( E(Γ)+ (resp. E− ( E(Γ)−) we have

∑
γ∈E+ γ 6=∑

γ∈E− γ.

If Γ is a directed loop we also define V (Γ) ⊆ V (G) as the subset consisting of all the elements
m ∈ V (G) such that at least one of (m,m′) and (m′,m) belongs to E(Γ)+ ∪E(Γ)− for some choice
of m′ ∈ V (G). Note that if E(Γ)+∩E(Γ)− = ∅, then this notion of directed loop in Definition 4.2.1
coincides with the usual one, namely picking up a connected subgraph of G which is homeomorphic
to a circle and then equipping this subgraph with a choice of direction such that the in-degree and
out-degree of each vertex are one. In other words, we extend the usual notion of directed loop by
allowing some degenerate cases when E(Γ)+ = E(Γ)− = {γ} for some γ ∈ E(G)

4.2.2. Functions invariant under shifted T -conjugation. We recall the set nJ from (4.1.1) and, for
1 ≤ m ≤ rξ, the set [m]ξ from (3.3.1). We also recall from (4.1.2) that there is a right action of
W oZ/f on nJ . We write 〈(wJ , 1)〉 for the cyclic subgroup of W oZ/f generated by (wJ , 1). We
define

ImJ
def
= {(k, j) | u−1

j (k) ∈ [m]ξ} ⊆ nJ

for each 1 ≤ m ≤ rξ. We also define

(4.2.2) Fmξ
def
=

∏
(k,j)∈ImJ

D
(j)
ξ,k : Nξ → Gm

for each 1 ≤ m ≤ rξ, where D
(j)
ξ,k was defined by equation (3.3.3).

Lemma 4.2.3. The map m 7→ ImJ gives a bijection between {1, . . . , rξ} and the set of 〈(wJ , 1)〉-
orbits inside nJ . In particular, ImJ depends only on wJ and not on ξ.
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Proof. Let (k, j) ∈ ImJ be an arbitrary element, and thus u−1
j (k) ∈ [m]ξ. It follows from Defini-

tion 3.2.12 that u−1
j−1w

−1
j uj = (u−1

j wjuj−1)−1 ∈ Mξ. Hence u−1
j−1w

−1
j uj stablizes [m]ξ, from which

we deduce that

u−1
j−1w

−1
j (k) = (u−1

j−1w
−1
j uj)(u

−1
j (k)) ∈ [m]ξ.

Thus we have (k, j) · (wJ , 1) = (w−1
j (k), j − 1) ∈ ImJ . Consequently, ImJ is a disjoint union of

〈(wJ , 1)〉-orbits.
Now we fix an element (k, j) ∈ ImJ and count the cardinality of the 〈(wJ , 1)〉-orbit containing

(k, j). Let c be the minimal positive integer such that (k, j) · (wJ , 1)c = (k, j). According to
definition of the action of (wJ , 1), it is clear that there exists b ≥ 1 such that c = bf and that

(k, j) · (wJ , 1)c = ((w[j)
−b(k), j). In other words, we have

(4.2.4) u−1
j (k) = (ujw

[
ju
−1
j )−bu−1

j (k)

and b is the minimal positive integer satisfying (4.2.4). Then it follows from Definition 3.2.12 that

Mujw[ju
−1
j

= Mξ, which together with u−1
j (k) ∈ [m]ξ imply that b = #[m]ξ = nξm. Hence we deduce

that the cardinality of the 〈(wJ , 1)〉-orbit containing (k, j) equals #ImJ = fnξm, which implies that
ImJ forms a single 〈(wJ , 1)〉-orbit. Hence we finish the proof. �

If (k1, j1), (k2, j2) ∈ ImJ for some 1 ≤ m ≤ rξ, we define

(4.2.5) ](k1, j1), (k2, j2)]wJ
def
= {(k1, j1) · (wJ , 1)x | 1 ≤ x ≤ b} ⊆ ImJ

where 1 ≤ b ≤ f ′ is the minimal possible integer that satisfies

(k2, j2) = (k1, j1) · (wJ , 1)b.

It is easy to see that the definition of ](k1, j1), (k2, j2)]wJ depends only on wJ and not on ξ.
Now we recall the graph Gξ from § 4.2.1 and pick a directed loop Γ inside Gξ (see § 4.2.1 for the

definition of a directed loop).

Definition 4.2.6. A pair of disjoint subsets Ω+, Ω− ⊆ Suppξ,J is called a lift of Γ if Ω+ (resp. Ω−)

maps bijectively to E(Γ)+ (resp. E(Γ)−) under the surjection Suppξ,J � Supp�ξ . Given a subset

Λ ⊆ Suppξ,J , we say that a pair Ω+,Ω− is a lift of Γ supported in Λ, if it is a lift of Γ and

Ω+, Ω− ⊆ Λ. We say that a pair Ω+,Ω− is a Λ-lift if it is a lift supported in Λ of a directed loop
inside Gξ.

We use the shortened notation Ω± for the pair of sets Ω+ and Ω−. Note that if E(Γ)+ = E(Γ)− =
{γ} for some γ ∈ Supp�ξ , then to choose a lift Ω± of Γ is equivalent to choose two distinct elements

in Suppγξ,J .

We use the notation α = (iα, i
′
α) for each α ∈ Φ+. We consider a directed loop Γ inside Gξ as

well as a lift Ω± of it. Let m be an element in V (Γ). If we write m → m′ (resp. m′ → m) for
the edge of a directed loop Γ indicating the direction by →, we write (α+

m, j
+
m) ∈ Ω+ t Ω− (resp.

(α−m, j
−
m) ∈ Ω+ t Ω−) for the element corresponding to the edge m → m′ (resp. m′ → m) under

the surjection Suppξ,J � Supp�ξ . Namely, there exists an element (α+
m, j

+
m) (resp. (α−m, j

−
m)) in

Ω+ t Ω− such that the following holds:

• (α+
m, j

+
m) ∈ Supp

(m,m′)
ξ,J ∩ Ω+ if m′ > m, and (α+

m, j
+
m) ∈ Supp

(m′,m)
ξ,J ∩ Ω− if m′ < m;

• (α−m, j
−
m) ∈ Supp

(m′,m)
ξ,J ∩ Ω+ if m′ < m, and (α−m, j

−
m) ∈ Supp

(m,m′)
ξ,J ∩ Ω− if m′ > m.
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Then we set

(4.2.7) k•Ω±,m =

{
uj•m(iα•m) if m′ > m;
uj•m(i′α•m) if m′ < m

for each • ∈ {+,−}. Note that we have u−1
j•m

(k•Ω±,m) ∈ [m]ξ for each • ∈ {+,−}. We define

FΩ±,[
ξ

def
=

∏
m∈V (Γ)

∏
(k,j)∈IΩ±,m

J

D
(j)
ξ,k : Nξ → Gm

where

(4.2.8) IΩ±,m
J

def
=

{
](k−

Ω±,m, j
−
m), (k+

Ω±,m, j
+
m)]wJ if (k−

Ω±,m, j
−
m) 6= (k+

Ω±,m, j
+
m);

∅ if (k−
Ω±,m, j

−
m) = (k+

Ω±,m, j
+
m),

for each m ∈ V (Γ). We also define

(4.2.9) FΩ±,]
ξ

def
=

∏
(α,j)∈Ω+ u

(α,j)
ξ∏

(α,j)∈Ω− u
(α,j)
ξ

.

Then we set

(4.2.10) FΩ±
ξ

def
= FΩ±,[

ξ · FΩ±,]
ξ .

Hence FΩ±
ξ is a rational function on Nξ.

Lemma 4.2.11. The rational function FΩ±
ξ descends to [Nξ/∼T -sh.cnj] for each choice of lift Ω±

of some directed loop Γ as above. Similarly, the function Fmξ descends to [Nξ/∼T -sh.cnj] for each
1 ≤ m ≤ rξ.

Proof. We only prove the case of FΩ±
ξ , as the proof for Fmξ is simpler. We write X ⊆ Nξ for the

open subscheme defined by the condition that u
(α,j)
ξ 6= 0 for each (α, j) ∈ Ω+ t Ω−. In particular,

X is inside the regular locus of FΩ±
ξ and we only need to prove that

FΩ±
ξ (A · t) = FΩ±

ξ (A)

for each A = (A(j))j∈J ∈ X(R) and t = (t(j))j∈J ∈ T (R). We write t(j) = Diag(t
(j)
1 , . . . , t

(j)
n ) for

convenience. Then we observe that

(4.2.12) D
(j)
ξ,k(A · t) =

(
t
(j+1)
k

)−1
t
(j)

w−1
j (k)

D
(j)
ξ,k(A)

for each (k, j) ∈ nJ , and

(4.2.13) u
(α,j)
ξ (A · t) =

(
t
(j)

w−1
j uj(iα)

)−1
t
(j)

w−1
j uj(i′α)

u
(α,j)
ξ (A)

for each (α, j) ∈ Suppξ,J . It follows from (4.2.12) and the definition of IΩ±,m
J (see (4.2.5) and

(4.2.8)) that ∏
(k,j)∈IΩ±,m

J

D
(j)
ξ,k(A · t) =

(
t
(j−m)

w−1

j−m
(k−

Ω±,m
)

)−1
t
(j+m)

w−1

j+m
(k+

Ω±,m
)

∏
(k,j)∈IΩ±,m

J

D
(j)
ξ,k(A)
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for each m ∈ V (Γ). It follows from (4.2.13) and (4.2.9) that

FΩ±,]
ξ (A · t) =

∏
(α,j)∈Ω+

(
t
(j)

w−1
j uj(iα)

)−1
t
(j)

w−1
j uj(i′α)∏

(α,j)∈Ω−
(
t
(j)

w−1
j uj(iα)

)−1
t
(j)

w−1
j uj(i′α)

FΩ±,]
ξ (A).

Hence, it remains to prove that ∏
m∈V (Γ)

(
t
(j−m)

w−1

j−m
(k−

Ω±,m
)

)−1
t
(j+m)

w−1

j+m
(k+

Ω±,m
)

 ∏(α,j)∈Ω+

(
t
(j)

w−1
j uj(iα)

)−1
t
(j)

w−1
j uj(i′α)∏

(α,j)∈Ω−
(
t
(j)

w−1
j uj(iα)

)−1
t
(j)

w−1
j uj(i′α)

= 1,

which is a consequence of (4.2.7). Hence we finish the proof. �

4.2.3. Explicit geometric quotient. Let Λ be a subset of Suppξ,J with Λ� its image in Supp�ξ , and

recall the definitions of Nξ,Λ ⊆ Nξ from § 3.3. We recall from (4.2.10) the rational function FΩ±
ξ on

Nξ. If Ω± is a Λ-lift (see Definition 4.2.6), then FΩ±
ξ clearly restricts to an invertible function on

Nξ,Λ. We abuse the same notation FΩ±
ξ for this restriction. Similarly, we also abuse the notation

Fmξ (see (4.2.2)) for its restriction to Nξ,Λ. In the following, we will use functions of the form FΩ±
ξ

and Fmξ to explicitly construct the geometric quotient Nξ,Λ/∼T -sh.cnj in Proposition 4.2.23.

We can naturally associate a subgraph Gξ,Λ ⊆ Gξ with the subset Λ� ⊆ Supp�ξ . We fix a

choice of a subset B ⊆ Λ that maps bijectively to a subset of Λ�, denoted by B�, under Λ � Λ�

such that the subgraph of Gξ,Λ corresponding to B� is a maximal tree (a not necessarily connected
maximal possible subgraph such that the underlying topological space of each connected component
is simply connected). As a result, for each γ ∈ Λ� there exists a unique directed loop Γγ,B inside
Gξ,Λ (see Definition 4.2.1) such that E(Γγ,B)+ ∪E(Γγ,B)− ⊆ B� ∪{γ} and γ ∈ E(Γγ,B)+. For each

element (α, j) ∈ Λ \B with γ its image in Λ�, there exists a unique Λ-lift Ω±(α,j),B of Γγ,B such that

Ω+
(α,j),B t Ω−(α,j),B ⊆ B t {(α, j)} and (α, j) ∈ Ω+

(α,j),B. Then we set

(4.2.14) F
(α,j),B
ξ,Λ

def
= F

Ω±
(α,j),B

ξ .

Now we consider the following morphism

pξ,Λ : Nξ,Λ → Grξ
m ×G#Λ−#B

m

given by (F 1
ξ , . . . , F

rξ
ξ ) on the first rξ coordinates and (F

(α,j),B
ξ,Λ )(α,j)∈Λ\B for the rest. We pick a

subset n[J ⊆ nJ satisfying #(n[J ∩ImJ ) = #ImJ −1 for each 1 ≤ m ≤ rξ (and hence #n[J = fn−rξ).
Then we consider the morphism

qξ,Λ : Nξ,Λ → Gfn−rξ
m ×G#B

m

given by (D
(j)
ξ,k)(k,j)∈n[J

on the first fn − rξ coordinates and (u
(α,j)
ξ )(α,j)∈B for the rest. It is clear

that pξ,Λ depends on the choice of B and qξ,Λ depends on the choice of B and n[J . We write O(Nξ,Λ)

(resp. O(Nξ,Λ)×) for the ring of global sections (resp. for the group of invertible global sections)

on Nξ,Λ. We also write O(Nξ,Λ)T -sh.cnj ⊆ O(Nξ,Λ) for the subring consisting of global sections
invariant under shifted-T -conjugation. We understand monomials to have degrees in Z.

Lemma 4.2.15. The morphisms pξ,Λ and qξ,Λ induce an isomorphism of F-schemes

pξ,Λ × qξ,Λ : Nξ,Λ
∼−→ Gfn

m ×G#Λ
m .
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Proof. First of all, we notice by (3.3.8) that there is an isomorphism

Nξ,Λ
∼−→ Gfn

m ×G#Λ
m

given by (D
(j)
ξ,k)(k,j)∈nJ on the first fn coordinates and then (u

(α,j)
ξ )(α,j)∈Λ for the rest. We observe

that O(Nξ,Λ)×/F× is a free abelian group with a basis {D(j)
ξ,k | (k, j) ∈ nJ } and {u(α,j)

ξ | (α, j) ∈ Λ},
and moreover that O(Nξ,Λ)×/F× admits another basis given by {Fmξ | 1 ≤ m ≤ rξ}, {D

(j)
ξ,k | (k, j) ∈

n[J }, {F
(α,j),B
ξ,Λ | (α, j) ∈ Λ \ B} and {u(α,j)

ξ | (α, j) ∈ B}. Hence the morphism pξ,Λ × qξ,Λ is clearly

an isomorphism between two split tori induced from a change of basis in O(Nξ,Λ)×/F×. �

Lemma 4.2.16. There exists a natural transitive T -action on the target of qξ,Λ such that qξ,Λ is
T -equivariant, with respect to the shifted T -conjugation action on Nξ,Λ.

Proof. Let x = (xss, xu) ∈ Gfn−rξ
m ×G#B

m (R). We define a T -action on Gfn−rξ
m ×G#B

m by:

x(k,j) · t =
(
t
(j+1)
k

)−1
t
(j)

w−1
j (k)

x(k,j), x(α,j) · t =
(
t
(j)

w−1
j uj(iα)

)−1
t
(j)

w−1
j uj(i′α)

x(α,j)

where xss = (x(k,j))(k,j)∈n[J
∈ Gfn−rξ

m (R), and xu = (x(α,j))(α,j)∈B ∈ G#B
m (R). (Note that this

defines an action on both Gfn−rξ
m and G#B

m .) Using (4.2.12) and (4.2.13) we see that qξ,Λ becomes
T -equivariant.

We are left to show that this action is transitive. We pick two points x = (xss, xu), y = (yss, yu) ∈
Gfn−rξ
m ×G#B

m (R).
We start with the following simple observation. For each s ≥ 1 and each pair of points a =

(ah)1≤h≤s−1, b = (bh)1≤h≤s−1 ∈ Gs−1
m (R), we can define c = (ch)1≤h≤c ∈ Gs

m(R) by c1 = 1 and

ch+1
def
= ahb

−1
h ch for each 1 ≤ h ≤ s− 1, which then satisfies

b = (c−1
h+1ahch)1≤h≤s−1.

We can apply this simple observation to (x(k,j))(k,j)∈n[J∩I
m
J

and (y(k,j))(k,j)∈n[J∩I
m
J

with s = #ImJ ,

once for each 1 ≤ m ≤ rξ, and then find a t[ ∈ T (R) such that

(4.2.17) xss · t[ = yss.

We denote the center of Mξ by Zξ and consider the embedding

(4.2.18) κξ : Zξ ↪→ T , z 7→ (ujzu
−1
j )j∈J .

The decomposition of Mξ into Levi blocks induces an isomorphism Zξ ∼= Grξ
m and we write z =

(z1, . . . , zrξ) for each element z ∈ Zξ(R). Note that for each (k, j) ∈ nJ , we have u−1
j w−1

j (k), u−1
j+1(k) ∈

[m]ξ for some 1 ≤ m ≤ rξ (see Definition 3.2.12). An easy computation then gives

(4.2.19) yss = yss · κξ(z)
for each z ∈ Zξ(R).

Recall that B� is the image of B under Suppξ,J � Supp�ξ (or Λ� Λ�). For each γ = (h, `) ∈ B�
with preimage (αγ , jγ) in B, we deduce from equation (4.2.13) that

u
(αγ ,jγ)
ξ (A · κξ(z)) = z−1

h z`u
(αγ ,jγ)
ξ (A)

for each A ∈ Nξ,Λ(R) and z ∈ Zξ(R). This determines (via qξ,Λ and κξ) the action of Zξ on G#B
m .

Note that the set B� (upon abuse of notation) is a tree inside the graph Gξ,Λ, and hence G#B
m
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decomposes along connected components of B�. Note that the number of connected components
of the tree is rξ −#B�. By splitting both xu · t[ and yu into subsequences indexed by connected

component of B�, we can apply the simple observation above for each pair of subsequences indexed
by the same connected component of B�. Hence we find an element z ∈ Zξ(R) such that xu · t[ ·
κξ(z) = yu. Together with (4.2.17) and (4.2.19) we obtain

x · t[ · κξ(z) = y.

Hence we finish the proof. �

Lemma 4.2.20. Assume that F ∈ O(Nξ,Λ)T -sh.cnj∩O(Nξ,Λ)× is a monomial with variables {D(j)
ξ,k |

(k, j) ∈ nJ }. Then F is a monomial with variables {Fmξ }1≤m≤rξ .

Proof. Upon multiplying F by an elements of the form∏
1≤m≤rξ

(Fmξ )dm

for some (d1, . . . , drξ) ∈ Zrξ , we may assume without loss of generality that F is a monomial with

variables {D(j)
ξ,k | (k, j) ∈ n[J }. Then the fact F ∈ O(Nξ,Λ)T -sh.cnj together with (4.2.12) implies

that, if D
(j)
ξ,k appears in F for some (k, j) ∈ ImJ , it must appear for all (k, j) ∈ ImJ . As n[J ∩ImJ ( ImJ

for each 1 ≤ m ≤ rξ, we conclude that F must be a constant. The proof is thus finished. �

Lemma 4.2.21. Let F ∈ O(Nξ,Λ)T -sh.cnj ∩O(Nξ,Λ)× be an element with the degree of u
(α,j)
ξ given

by some n(α,j) ∈ Z, for each (α, j) ∈ Λ. Then we have

∑
γ∈Λ�

 ∑
(α,j)∈Λ∩Suppγξ,J

n(α,j)

 γ = 0.

Proof. We recall that Zξ acts on Nξ,Λ (and thus on O(Nξ,Λ)) via the composition of the shifted-
T -conjugation action and κξ from (4.2.18). The desired vanishing follows directly from (4.2.13)

and the fact that Zξ fixes F ∈ O(Nξ,Λ)T -sh.cnj (as u
(α,j)
ξ is an eigenvector of the Zξ-action with

eigencharacter γ, for each (α, j) ∈ Λ ∩ Suppγξ,J ). �

Lemma 4.2.22. The abelian group(
O(Nξ,Λ)T -sh.cnj ∩ O(Nξ,Λ)×

)
/F×

is freely generated by {Fmξ }1≤m≤rξ and {F (α,j),B
ξ | (α, j) ∈ Λ \ B}.

Proof. It suffices to show that each F ∈ O(Nξ,Λ)T -sh.cnj ∩ O(Nξ,Λ)× has the form

c
∏

1≤m≤rξ

(Fmξ )dm
∏

(α,j)∈Λ\B

(F
(α,j),B
ξ )d(α,j)

for some c ∈ F×, (d1, . . . , drξ) ∈ Zrξ and some (d(α,j))(α,j)∈Λ\B ∈ Z#Λ−#B. It is clear that F is a

monomial (with various degrees in Z) on the variables {D(j)
ξ,k}(k,j)∈nJ and (u

(α,j)
ξ )(α,j)∈Λ. For later

convenience, we write F
(α,j),B
ξ

def
= 1 for each (α, j) ∈ B. Assume that u

(α,j)
ξ has degree n(α,j) in F ,
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for each (α, j) ∈ Λ. Then it follows from Lemma 4.2.21 and the choice of B (with B� being a basis
for the Z-span of Λ�) that ∏

(α,j)∈Λ

(u
(α,j)
ξ (F

(α,j),B
ξ )−1)n(α,j)

is a monomial with variables {D(j)
ξ,k}(k,j)∈nJ . Consequently, we obtain an element

F ′
def
= F

∏
(α,j)∈Λ

(F
(α,j),B
ξ )−n(α,j) ∈ O(Nξ,Λ)T -sh.cnj ∩ O(Nξ,Λ)×

which is a monomial with variables {D(j)
ξ,k}(k,j)∈nJ . Then it follows from Lemma 4.2.20 that F ′ is

a monomial with variables {Fmξ }1≤m≤rξ . The proof is thus finished. �

Proposition 4.2.23. The following properties of pξ,Λ hold:

(i) pξ,Λ is T -equivariant, with respect to the shifted T -conjugation action on the source and the
trivial T -action on the target;

(ii) the geometric quotient Nξ,Λ/∼T -sh.cnj exists and pξ,Λ induces an isomorphism

Nξ,Λ/∼T -sh.cnj
∼−→ Grξ

m ×G#Λ−#B
m .

Proof. Part (i) follows directly from Lemma 4.2.11.
We now consider part (ii). It suffices to check that

• pξ,Λ induces a bijection

Nξ,Λ(R)/∼T (R)-sh.cnj
∼−→ (R×)rξ × (R×)#Λ−#B

for each R;
• pξ,Λ induces an isomorphism

O(Grξ
m ×G#Λ−#B

m )
∼−→ O(Nξ,Λ)T -sh.cnj ⊆ O(Nξ,Λ).

The second item is clear from Lemma 4.2.22 as pξ,Λ is exactly the morphism between two split tori
induced from the following homomorphisms of free abelain groups

Zrξ × Z#Λ−#B ∼−→
(
O(Nξ,Λ)× ∩ O(Nξ,Λ)T -sh.cnj

)
/F× ⊆ O(Nξ,Λ)×/F×

with the map defined by {Fmξ }1≤m≤rξ and {F (α,j),B
ξ | (α, j) ∈ Λ \ B}. It remains to check the

first item. It follows from Lemma 4.2.15 and Lemma 4.2.16 that pξ,Λ × qξ,Λ is a T -equivariant
isomorphism. Now we pick two points A1, A2 ∈ Nξ,Λ(R) satisfying pξ,Λ(A1) = pξ,Λ(A2). By
part (i) we have

pξ,Λ(A1 · t) = pξ,Λ(A1) = pξ,Λ(A2)

for any t ∈ T (R). From Lemma 4.2.16 we deduce that there exists t ∈ T (R) such that qξ,Λ(A2) =
qξ,Λ(A1) · t

(
= qξ,Λ(A1 · t)

)
. We conclude that (pξ,Λ× qξ,Λ)(A1 · t) = (pξ,Λ× qξ,Λ)(A2), which implies

A2 = A1 · t by Lemma 4.2.15. �

Corollary 4.2.24. The geometric quotient C/∼T -sh.cnj exists for each C ∈ PJ satisfying C ⊆ Nξ,Λ.

Proof. This follows immediately from Proposition 4.2.23. In fact, the shifted T -conjugation action
on Nξ,Λ stablizes each C ∈ PJ satisfying C ⊆ Nξ,Λ, and the existence of Nξ,Λ/∼T -sh.cnj clearly
implies that of C/∼T -sh.cnj. �
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4.3. Main results on invariant functions: statement. In this section, we introduce a conve-
nient sufficient condition (see Statement 4.3.2) which implies Statement 4.1.11.

We fix a choice of wJ ∈ W and ξ ∈ ΞwJ and let Λ ⊆ Suppξ,J be a subset with Λ� its image in

Supp�ξ . We write O(X) (resp. O(X)×) for the ring of global sections (resp. the group of invertible

global sections) on a F-scheme X. Recall the subset Inv(C) ⊆ Inv from the paragraph before
Statement 4.1.11.

Definition 4.3.1. We write Oss
ξ,Λ for the multiplicative subgroup of O(Nξ,Λ)× generated by −1

and D
(j)
ξ,` for all (`, j) ∈ nJ . We say that two elements F, F ′ ∈ O(Nξ,Λ) are similar, written as

F ∼ F ′, if there exists F ′′ ∈ Oss
ξ,Λ such that F = F ′F ′′. We write Oss

C for the restriction of Oss
ξ,Λ to

C and define F ∼ F ′ similarly for two elements F, F ′ ∈ O(C). We define O′C as the subring of O(C)
generated by Oss

C and g±1|C for all g ∈ Inv(C). Then we define OC as the localisation of O′C with
respect to O′C ∩ O(C)×.

Now we introduce our main result on invariant functions whose proof will occupy § 5, § 6 and § 7.

Statement 4.3.2. We have

FΩ±
ξ |C ∈ OC

for all Λ-lifts Ω± (cf. Definition 4.2.6).

Lemma 4.3.3. Statement 4.3.2 implies Statement 4.1.11.

Proof. It follows from the existence of geometric quotient C/∼T -sh.cnj (see Corollary 4.2.24) that
there exists a canonical bijection

|[C/∼T -sh.cnj]|(R)
∼−→ C/∼T -sh.cnj(R)

for each R. Hence Statement 4.1.11 holds if and only if ιC induces a monomorphism

(4.3.4) C/∼T -sh.cnj → G#Inv(C)
m .

Assume that Statement 4.3.2 holds in the rest of the proof, and we want to show that (4.3.4) is a
monomorphism. We fix a choice of B ⊆ Λ as in § 4.2.3. Let x1, x2 ∈ C(R) ⊆ Nξ,Λ(R) be two points
such that g(x1) = g(x2) for all g ∈ Inv(C). It follows from Lemma 4.2.16 that, upon replacing x2

with x2 · t for some t ∈ T (R), we may assume further that qξ,Λ(x1) = qξ,Λ(x2). In other words, we
have

(4.3.5)


g(x1) = g(x2) for each g ∈ Inv(C);

D
(j)
ξ,` (x1) = D

(j)
ξ,` (x2) for each (`, j) ∈ n[J ;

u
(α,j′)
ξ (x1) = u

(α,j′)
ξ (x2) for each (α, j′) ∈ B.

For each 1 ≤ m ≤ rξ, the element fwJ ,ImJ ∈ Inv(C) satisfies

fwJ ,ImJ |C =
∏

(`,j)∈ImJ

D
(j)
ξ,` |C ,

which together with (4.3.5) and the definition of n[J implies that D
(j)
ξ,` (x1) = D

(j)
ξ,` (x2) for each

(`, j) ∈ nJ , and thus g(x1) = g(x2) for each g ∈ Oss
ξ,Λ. On the other hand, for each (α, j) ∈ Λ \ B,

it follows from (4.3.5), Statement 4.3.2 and g(x1) = g(x2) for each g ∈ Oss
ξ,Λ that

F
(α,j),B
ξ (x1) = F

(α,j),B
ξ (x2)
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and thus u
(α,j)
ξ (x1) = u

(α,j)
ξ (x2) (using the definition of F

(α,j),B
ξ ). Hence we deduce that x1 = x2

from (3.3.8). The proof is thus finished. �



MODULI OF FONTAINE–LAFFAILLE MODULES AND MOD-p LOCAL-GLOBAL COMPATIBILITY 51

5. Combinatorics of Λ-lifts

In order to prove Statement 4.3.2, we need to systematically study the set of all Λ-lifts. A
natural question arises: for which choice of Λ-lift Ω± and C ∈ PJ satisfying C ⊆ Nξ,Λ, there exists

an invariant functions g ∈ Inv(C) such that g|C ∼ FΩ±
ξ |C? This is a very delicate question in general.

To solve it, we restrict our attention to the set of constructible Λ-lifts (see Definition 5.3.1), a special
class of Λ-lifts which are closely related to invariant functions. The main result of this section (see
Theorem 5.3.20) says that all Λ-lifts can be generated from constructible ones, and in particular it
suffices to prove Statement 4.3.2 for constructible Λ-lifts. The relation between constructible Λ-lifts
and invariant functions will be further explored in § 6 and § 7.

Throughout this section, we fixed a choice of Λ ⊆ Suppξ,J and write Λ̂ ⊆ Suppξ,J for the closure
of Λ in Suppξ,J , i.e. the subset consisting of all elements (α, j) satisfying the condition that there
exists a subset Ω ⊆ Λ ∩ Suppξ,j (depending on (α, j)) such that

∑
(β,j)∈Ω β = α.

5.1. Preliminary on Λ-lifts. In this section, we introduce the notion balanced pair as a direct
generalization of Λ-lifts, and then prove some elementary combinatorial results on it. Balanced pairs
are technically more convenient to manipulate than Λ-lifts as standard set theoretical operations
preserve balanced pairs but not Λ-lifts. In fact, balanced pair naturally arises when we try to write
down an element of O(Nξ,Λ)× ∩ O(Nξ,Λ)T -sh.cnj explicitly (see Remark 5.1.6).

Definition 5.1.1. We write NΛ� for the submonoid of the root lattice ZΦ+
GLrξ

generated by the

elements of Λ�, and write NΛ for the free abelian monoid with basis Λ. We view an element Ω ∈ NΛ

as a Λ-multi-set, namely as a collection of elements (α, j) of Λ each equipped with a multiplicity
n(α,j) ∈ N. (Equivalently, Ω is seen as a subset of Λ×N such that Ω maps injectively into Λ under

the projection Λ×N� Λ.) We write Ω� for the multi-set induced from Ω under the map Λ� Λ�,
with the multiplicity nγ of each element γ ∈ Ω� defined as the sum of all n(α,j) over all (α, j) ∈ Ω

having image γ under Λ� Λ�. We say that a pair of Λ-multi-sets Ω± is balanced if∑
γ∈Ω+,�

n+
γ γ =

∑
γ∈Ω−,�

n−γ γ ∈ NΛ�

where n+
γ (resp. n−γ ) is the multiplicity of each element γ of Ω+,� (resp. Ω−,�). We will frequently

use the short term balanced pair for a balanced pair of Λ-multi-sets, whenever the choice of Λ is
clear. If Ω± is a balanced pair, we define its norm to be

|Ω±| def=
∑

γ∈Ω+,�

n+
γ γ =

∑
γ∈Ω−,�

n−γ γ.

Let Ω and Ω′ be two Λ-multi-sets which contains (α, j) with multiplicity n(α,j) and n′(α,j) respec-

tively, for each (α, j) ∈ Λ. We define their disjoint union Ω t Ω′ (resp. intersection Ω ∩ Ω′,
resp. difference Ω \ Ω′) as the Λ-multi-set with the multiplicity of (α, j) given by n(α,j) + n′(α,j)
(resp. by min{n(α,j), n

′
(α,j)}, resp. by max{n(α,j)− n′(α,j), 0}) for each (α, j) ∈ Λ. Given a balanced

pair Ω±, the balanced pair Ω±0 satisfying Ω+
0 = Ω− and Ω−0 = Ω+ is called the inverse of Ω±. For

each δ ∈ NΛ�, we write O<δξ,Λ for the multiplicative subgroup of O(Nξ,Λ)× generated by Oss
ξ,Λ and

FΩ±
ξ for all Λ-lifts Ω± satisfying |Ω±| < δ. Here we use the partial order on NΛ� inherited from

Supp�ξ ⊆ Φ+
GLrξ

.
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Lemma 5.1.2. For each balanced pair Ω±, there exists a sequence of Λ-lifts Ω±1 , . . . ,Ω
±
s for some

s ≥ 1 such that we have the following disjoint unions of Λ-multi-sets

Ω+ = (Ω+ ∩ Ω−) t
s⊔

s′=1

Ω+
s′ and Ω− = (Ω+ ∩ Ω−) t

s⊔
s′=1

Ω−s′ .

Moreover, we have |Ω±s′ | < |Ω
±| for each 1 ≤ s′ ≤ s if either s ≥ 2 or Ω+ ∩ Ω− 6= ∅.

Proof. We argue by induction on |Ω±| with respect to the partial order on NΛ� inherited from
Supp�ξ ⊆ Φ+

GLrξ
. If Ω+ ∩ Ω− 6= ∅, then we can simply replace Ω± with the balanced pair Ω+ \

Ω−,Ω− \ Ω+ and finish the proof by our inductive assumption.
Therefore we may assume without loss of generality that Ω+ ∩ Ω− = ∅. We pick up a minimal

(under inclusion of Λ-multi-sets) possible non-empty Λ-multi-set Ω+
0 ⊆ Ω+ (resp. Ω−0 ⊆ Ω−) such

that the pair of sets Ω±0 is balanced. We observe from Definition 4.2.1 that the minimality condition
on Ω±0 exactly means that there exists a directed loop Γ inside Gξ,Λ such that Ω±0 is a Λ-lift of

Γ. If Ω+
0 = Ω+, then we must also have Ω−0 = Ω− and in particular the balanced pair Ω± is a

Λ-lift; otherwise, we repeat the same argument for the balanced pair Ω+ \Ω+
0 , Ω− \Ω−0 and finish

the proof by our inductive assumption as the norm of Ω+ \ Ω+
0 , Ω− \ Ω−0 is strictly smaller than

|Ω±|. �

By Lemma 5.1.2 a balanced pair Ω± is a Λ-lift if and only if Ω+∩Ω− = ∅ and the pair Ω+,Ω− is
minimal (among all balanced pairs) under inclusion of non-empty Λ-multi-sets. Moreover, for each
balanced pair Ω± which is not necessarily a Λ-lift, we can define

(5.1.3) FΩ±
ξ

def
=

s∏
s′=1

F
Ω±
s′

ξ ∈ O(Nξ,Λ)×.

The function FΩ±
ξ clearly depends on the choice of Ω±1 , . . . ,Ω

±
s in general, but Lemma 5.1.4 below

shows that FΩ±
ξ is independent of the choice of Ω±1 , . . . ,Ω

±
s up to the equivalence relation ∼ on

O(Nξ,Λ) (cf. Definition 4.3.1).

Lemma 5.1.4. Let s1, s2 ≥ 1 be two integers, and let Ω±1,1, . . . ,Ω
±
1,s1

and Ω±2,1, . . . ,Ω
±
2,s2

be two
sequences of balanced pairs that satisfy

(5.1.5)

s1⊔
s′=1

Ω+
1,s′ =

s2⊔
s′=1

Ω+
2,s′ and

s1⊔
s′=1

Ω−1,s′ =

s2⊔
s′=1

Ω−2,s′ .

Then we have
s1∏
s′=1

F
Ω±

1,s′
ξ ∼

s2∏
s′=1

F
Ω±

2,s′
ξ .

Proof. For each a = 1, 2 and each 1 ≤ s′ ≤ sa, it follows from the definition of F
Ω±
a,s′

ξ given in

(5.1.3) that

F
Ω±
a,s′

ξ ∼ F
Ω±
a,s′ ,]

ξ
def
=

∏
(α,j)∈Ω+

a,s′
u

(α,j)
ξ∏

(α,j)∈Ω+
a,s′

u
(α,j)
ξ

.
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Then condition (5.1.5) obviously implies that

s1∏
s′=1

F
Ω±

1,s′ ,]

ξ =

s2∏
s′=1

F
Ω±

2,s′ ,]

ξ

(see (4.2.9)) which finishes the proof. �

Remark 5.1.6. It is clear that we have FΩ±
ξ ∈ O(Nξ,Λ)× ∩ O(Nξ,Λ)T -sh.cnj for each balanced pair

Ω±. Conversely, it is not difficult to prove (see Lemma 4.2.20 and Lemma 4.2.21) that each element

of O(Nξ,Λ)× ∩ O(Nξ,Λ)T -sh.cnj has the form FΩ±
ξ for some balanced pair Ω±, upon multiplying a

monomial with variables {Fmξ }1≤m≤rξ .

Definition 5.1.7. Let Ω ⊆ Λ be a subset. We define two subsets IΩ, I′Ω of n by IΩ
def
= {(iβ, j) |

(β, j) ∈ Ω} and I′Ω
def
= {(i′β, j) | (β, j) ∈ Ω} (where we write as usual β = (iβ, i

′
β) for an element

β ∈ Φ+). We define ∆Ω
def
= (IΩ \ I′Ω)∪ (I′Ω \ IΩ) ⊆ IΩ ∪ I′Ω. We say that an element (i, j) ∈ nJ is an

interior point of Ω if (i, j) ∈ IΩ ∩ I′Ω. We say that Ω is Λ-separated if for each (i, j), (i′, j) ∈ IΩ ∪ I′Ω
satisfying ((i, i′), j) ∈ Λ̂, there exists Ω′ ⊆ Ω ∩ Suppξ,j such that

∑
(β′′,j)∈Ω′ β

′′ = (i, i′).

Now we consider a Λ-lift Ω±. We say that a subset Ω ⊆ Ω+ t Ω− is a Λ�-interval of Ω± if it is
a maximal possible subset with image Ω� in Λ� such that

∑
γ∈Ω� γ ∈ NΛ� is actually in Φ+

GLrξ
.

Hence Ω+tΩ− is clearly a disjoint union of all of its Λ�-intervals and each Λ�-interval is either inside
Ω+ or inside Ω−. Given a Λ�-interval Ω of Ω±, we say that an element (i, j) ∈ IΩ+tΩ− ∪ I′Ω+tΩ−

lies in the Λ�-interval Ω if (i, j) ∈ IΩ ∪ I′Ω. For each subset Ω ( Ω+ t Ω− ⊆ Λ we define Ω̂ ⊆ Λ̂
as the unique subset which has no interior points and each of whose element is a sum of elements
in Ω. More precisely, there exists a unique partition Ω =

⊔
(α,j)∈Ω̂

Ω(α,j) such that
∑

(β,j)∈Ω(α,j)
β = α

for each (α, j) ∈ Ω̂. In particular, we can associate a subset Ω̂+ ⊆ Λ̂ (resp. Ω̂− ⊆ Λ̂) with Ω+ (resp.
Ω−), and observe that exactly one of the following holds:

• Ω̂+ = Ω̂− = {(α, j)} for some (α, j) ∈ Λ̂;

• Ω̂+ ∩ Ω̂− = ∅ and Ω̂± is a Λ̂-lift of some direct loop inside G
ξ,Λ̂

satisfying |Ω̂±| = |Ω±|.

Lemma 5.1.8. For each Λ-lift Ω±, there exists a sequence of Λ-lifts Ω±1 , . . . ,Ω
±
s for some s ≥ 1

such that

• Ω+
s′ t Ω−s′ is Λ-separated and |Ω±s′ | ≤ |Ω

±| (cf. Definition 5.1.1) for each 1 ≤ s′ ≤ s;

• FΩ±
ξ ∼

∏s
s′=1 F

Ω±
s′

ξ .

Assume moreover that there exist (i, j), (i′, j) ∈ IΩ+tΩ− ∪ I′Ω+tΩ− such that ((i, i′), j) ∈ Λ̂ and

(i, j), (i′, j) do not lie in the same Λ�-interval (hence Ω+ tΩ− is not Λ-separated). Then we have

FΩ±
ξ ∈ O<|Ω

±|
ξ,Λ .

Proof. In the following, we assume inductively that the result holds for any Λ-lift Ω±0 satisfying
either |Ω±0 | < |Ω±| or |Ω±0 | = |Ω±| and #∆Ω+

0 tΩ−0
< #∆Ω+tΩ− . If Ω± is Λ-lift with Ω+ tΩ− being

Λ-separated, then we simply set s
def
= 1 and Ω±1

def
= Ω±. Hence we assume from now on that Ω+tΩ−

is not Λ-separated, and thus there exists a pair of elements (i, j), (i′, j) ∈ IΩ+tΩ− ∪ I′Ω+tΩ− as well
as a non-empty subset Ω′ ⊆ Λ such that:

(i) ((i, i′), j) ∈ Λ̂;
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(ii) (i, i′) =
∑

(β′′,j)∈Ω′ β
′′; and

(iii) ((i, i′), j) is not a sum of some elements in Ω+ t Ω−.

We may assume without loss of generality that the non-empty set Ω′ is minimal (under inclusion of
subsets of Λ) among all possible choices of (i, j), (i′, j). If there exists (β, j) ∈ Ω′ ∩ (Ω+ tΩ−) 6= ∅,
then at least one of the following holds

• iβ 6= i, ((i, iβ), j) ∈ Λ̂ and ((i, iβ), j) is not a sum of some elements in Ω+ t Ω−;

• i′β 6= i′, ((i′β, i
′), j) ∈ Λ̂ and ((i′β, i

′), j) is not a sum of some elements in Ω+ t Ω−,

which clearly contradicts the minimality of Ω′. Hence we deduce that Ω′ ∩ (Ω+ t Ω−) = ∅.
Then a key observation (based on the fact that Ω′ ∩ (Ω+ t Ω−) = ∅) is that there exist two

balanced pairs Ω±] and Ω±[ such that the following holds:

• Ω+
] ,Ω

−
] ,Ω

+
[ ,Ω

−
[ all have multiplicity one, and Ω+

] ∩ Ω−] = ∅ = Ω+
[ ∩ Ω−[ ;

• Ω′ ⊆ Ω+
] ,Ω

−
[ ;

• Ω+
] t Ω+

[ = Ω+ t Ω′ and Ω−] t Ω−[ = Ω− t Ω′.

Note that the three conditions above imply (Ω+
] t Ω−] ) ∩ (Ω+

[ t Ω−[ ) = Ω′.

We write Ω+,�
] (resp. Ω−,�] , resp. Ω+,�

[ , resp. Ω−,�[ ) for the multi-set induced from Ω+
] (resp. Ω−] ,

resp. Ω+
[ , resp. Ω−[ ) under Λ � Λ� (cf. Definition 5.1.1). We also write Ω′,� for the multi-set

induced from Ω′ under Λ � Λ�. Note that Ω′,�, Ω−,�] , Ω+,�
[ , Ω+,�

] \ Ω′,� and Ω−,�[ \ Ω′,� have

multiplicity one, but Ω+,�
] and Ω−,�[ might have multiplicity greater than one. Then we deduce

from the corresponding results on Ω±] ,Ω
±
[ and Ω′ that

• Ω′,� ⊆ Ω+,�
] ,Ω−,�[ ;

• (Ω+,�
] \ Ω′,�) t Ω+,�

[ = E(Γ)+ and Ω−,�] t (Ω−,�[ \ Ω′,�) = E(Γ)−

If Ω′ ( Ω−[ , we have Ω′,� ( Ω−,�[ (as Λ-multi-sets) and∑
γ∈Ω′,�

γ <
∑

γ∈Ω−,�
[

γ =
∑

γ∈Ω+,�
[

γ <
∑

γ∈Ω+,�
[

γ +
∑

γ∈Ω−,�
[
\Ω′,�

γ,

and so

2|Ω±] | =
∑

γ∈Ω′,�

γ +
∑

γ∈Ω−,�]

γ +
∑

γ∈Ω+,�
] \Ω′,�

γ

<
∑

γ∈Ω+,�
[

γ +
∑

γ∈Ω−,�
[
\Ω′,�

γ +
∑

γ∈Ω−,�]

γ +
∑

γ∈Ω+,�
] \Ω′,�

γ

=
∑

γ∈E(Γ)+

γ +
∑

γ∈E(Γ)−

γ = 2|Ω±|.

If Ω′ = Ω−[ , then:

• we have |Ω±] | = |Ω
±| as (Ω−[ \ Ω′) t Ω−] = Ω− by definition of Ω±] , Ω±[ ; and

• we have #∆Ω+
] tΩ−]

< #∆Ω+tΩ− as:

– we have ∆Ω′ = {(i, j), (i′, j)} and a natural inclusion ∆Ω+
] tΩ−]

⊆ ∆Ω+tΩ− ;
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– the latter inclusion must be strict, as the equality ∆Ω+
] tΩ−]

= ∆Ω+tΩ− would imply

∆Ω+
[

= {(i, j), (i′, j)} (namely, Ω+
[ ⊆ Suppξ,j and (i, i′) =

∑
(β,j)∈Ω+

[
β), which contra-

dicts the choice of ((i, i′), j) as Ω+
[ ⊆ Ω+.

Similarly, if Ω′ ( Ω+
] , we have |Ω±[ | < |Ω

±|; if Ω′ = Ω+
] , we have |Ω±[ | = |Ω±| and #∆Ω+

[
tΩ−

[
<

#∆Ω+tΩ− .
Given these inequalities, we can apply our induction hypothesis on each Λ-lift in the decom-

position of Ω±] and Ω±[ (obtained by Lemma 5.1.2): we hence get two integers 1 ≤ s] < s and a

sequence of Λ-lifts Ω±1 , . . . ,Ω
±
s such that

• F
Ω±]
ξ ∼

∏s]
s′=1 F

Ω±
s′

ξ and F
Ω±
[

ξ ∼
∏s
s′=s]+1 F

Ω±
s′

ξ ;

• |Ω±s′ | ≤ max{|Ω±] |, |Ω
±
[ |} and Ω+

s′ t Ω−s′ is Λ-separated for each 1 ≤ s′ ≤ s.
This together with Lemma 5.1.4 clearly implies that

FΩ±
ξ ∼ F

Ω±]
ξ F

Ω±
[

ξ ∼
s∏

s′=1

F
Ω±
s′

ξ .

So the proof of the first statement of the lemma is finished by an induction on |Ω±| and #∆Ω+tΩ−

as above.
As for the second statement of the lemma, we now observe that if either Ω′ = Ω−[ or Ω′ = Ω+

] ,

then (i, j), (i′, j) necessarily lie in the same Λ�-interval of Ω± (cf. Definition 5.1.7). Hence if there
exists a choice of (i, j), (i′, j) ∈ IΩ+tΩ− ∪I′Ω+tΩ− and of ∅ 6= Ω′ ⊆ Λ satisfying items (i)–(iii) above,

and with moreover (i, j), (i′, j) not lying in the same Λ�-interval of Ω±, then we can always assume
further that Ω′ is minimal without losing the condition that (i, j), (i′, j) do not lie in the same
Λ�-interval. Consequently, we have Ω′ ( Ω+

] ,Ω
−
[ which implies that |Ω±] |, |Ω

±
[ | < |Ω

±| and

FΩ±
ξ ∼ F

Ω±]
ξ F

Ω±
[

ξ ∈ O<|Ω
±|

ξ,Λ .

The proof is thus finished. �

Definition 5.1.9. Let Ω1,Ω2 be two Λ-multi-sets and γ ∈ Λ̂� be a block. We say that Ω1 is a
Λ-modification with level γ of Ω2 if there exists an embedding j ∈ J together with subsets with
multiplicity one Ω′a ⊆ Ωa ∩ Suppξ,j for all a = 1, 2 such that the following holds:

• for each a = 1, 2,
∑

(β,j)∈Ω′a
β = αa for an element (αa, j) ∈ Λ̂ ∩ Suppγξ,J ;

• Ω1 \ Ω′1 = Ω2 \ Ω′2.

For each δ ∈ NΛ�, we say that Ω1 and Ω2 are Λ-equivalent with level < δ if there exists a finite
sequence of Λ-multi-sets Ω1 = Ω1,0,Ω1,1, . . . ,Ω1,s = Ω2 such that Ω1,s′ is a Λ-modification of Ω1,s′−1

with level γs′ for some γs′ ∈ Λ̂� satisfying γs′ < δ, for each 1 ≤ s′ ≤ s. Here we use the following
convention, for each Ω ⊆ Λ and each δ ∈ NΛ�, Ω is Λ-equivalent to itself with level < δ.

Lemma 5.1.10. Let Ω±1 ,Ω
±
2 be two balanced pairs of Λ-multi-sets, and assume that Ω+

1 (resp. Ω−1 )

is Λ-equivalent to Ω+
2 (resp. Ω−2 ) with level < δ for some δ ∈ NΛ�. Then we have F

Ω±1
ξ (F

Ω±2
ξ )−1 ∈

O<δξ,Λ.

Proof. Without loss of generality, it is enough to consider the case when Ω+
1 (resp. Ω−1 ) is a Λ-

modification with level γ′ of Ω+
2 (resp. Ω−2 ) for some γ′ < δ. Following Definition 5.1.9, we replace

the set Ωa there with Ω+
a (resp. Ω−a ), and obtain an element (α+

a , j+) (resp. (α−a , j−)) and a
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multi-subset Ω+,′
a ⊆ Ω+

a (resp. Ω−,′a ⊆ Ω−a ) for each a = 1, 2. We let Ω+
3

def
= Ω+,′

1 , Ω−3
def
= Ω+,′

2

(resp. Ω+
4

def
= Ω−,′1 , Ω−4

def
= Ω−,′2 ), and note that Ω±3 (resp. Ω±4 ) is clearly a balanced pair of Λ-

multi-sets satisfying |Ω±3 | < δ (resp. |Ω±4 | < δ). Hence, Lemma 5.1.2 implies that F
Ω±3
ξ ∈ O<δξ,Λ and

F
Ω±4
ξ ∈ O<δξ,Λ. Then the other conditions Ω+

1 \Ω+
3 = Ω+

2 \Ω−3 and Ω−1 \Ω+
4 = Ω−2 \Ω−4 clearly imply

that F
Ω±1
ξ (F

Ω±2
ξ )−1 ∼ FΩ±3

ξ (F
Ω±4
ξ )−1. Hence, we finish the proof. �

5.2. Combinatorics of Λ-decompositions. Before we define constructible Λ-lifts, we firstly need

to better understand decompositions of elements of Λ̂ into that of Λ. In this section, we start with

introducing Λ-decompositions and more generally pseudo Λ-decompositions of some (α, j) ∈ Λ̂.
We attach some combinatorial data to each Λ-decomposition, and then use these data to study the

internal structure of the set of all Λ-decompositions of some fixed (α, j) ∈ Λ̂. We show that the study
of a general Λ-decomposition can be reduced to that of either Λ-exceptional or Λ-extremal ones (see
Lemma 5.2.12). Last but not least, we introduce the notion of Λ-ordinary Λ-decompositions and
explain how to reduce the study of Λ-exceptional or Λ-extremal Λ-decompositions to the ones that
are furthermore Λ-ordinary (see Lemma 5.2.20). All the combinatorial constructions in this section
will be crucially used in the definition of constructible Λ-lifts and the proof of Theorem 5.3.20 in
§ 5.3. These combinatorial constructions or conditions are mainly motivated by later application
in § 7.

Definition 5.2.1. Let Λ� (resp. Λ̂�) be the image of Λ (resp. Λ̂) in Supp�ξ and γ ∈ Φ+
GLrξ

be a

block. For (α, j) ∈ Λ̂ ∩ Suppγξ,J , a subset Ω ⊆ Λ ∩ Suppξ,j is called a pseudo Λ-decomposition of

(α, j) if the following conditions hold:

• Ω maps bijectively to a subset Ω� ⊆ Λ� under Λ� Λ� and γ =
∑

γ′∈Ω� γ′;

• there exist (β, j), (β′, j) ∈ Ω such that iβ = iα and i′β′ = i′α;

• ((iα, i), j), ((i, i
′
α), j) ∈ Λ̂ for each (i, j) ∈ IΩ ∪ I′Ω \ {(iα, j), (i′α, j)}.

For each pseudo Λ-decomposition Ω of (α, j), we write (iΩ,1, j) ∈ IΩ for the unique element such
that there exists (β, j) ∈ Ω that satisfies i′β = i′α and iβ = iΩ,1. For each pseudo Λ-decomposition

Ω of (α, j), there exists a unique pseudo Λ̂-decomposition Ω̂ of (α, j) such that Ω̂ has no interior

points and each element of Ω̂ is a sum of some elements in Ω. More precisely, there exists a partition

Ω =
⊔

(α′,j)∈Ω̂

Ω(α′,j)

such that Ω(α′,j) ⊆ Suppξ,j and
∑

(β,j)∈Ω(α′,j)
β = α′ for each (α′, j) ∈ Ω̂. A pseudo Λ-decomposition

of (α, j) is called a Λ-decomposition of (α, j) if
∑

(β,j)∈Ω β = α. We write D(α,j),Λ for the

set of Λ-decompositions of (α, j) (cf. Definition 5.2.1). For each Ω ∈ D(α,j),Λ, we write Ω =
{((iΩ,c, iΩ,c−1), j) | 1 ≤ c ≤ #Ω} satisfying

iα = iΩ,#Ω < iΩ,#Ω−1 < · · · < iΩ,1 < iΩ,0 = i′α.

We set iΩ,c
def
= iα for each c ≥ #Ω for convenience.

Remark 5.2.2. Recall that we have defined Ω̂ twice, once in Definition 5.1.7 and once in Defini-

tion 5.2.1. These two definitions of Ω̂ are identical whenever both definitions apply. However, a
pseudo Λ-decomposition is a priori not necessarily a subset of Ω+ tΩ− for some Λ-lift Ω±, so the

definition of Ω̂ in Definition 5.2.1 is not covered by that of Definition 5.1.7.
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Definition 5.2.3. Let Ω,Ω′ ∈ D(α,j),Λ be two Λ-decompositions of (α, j). We say that Ω is smaller
than Ω′, written Ω < Ω′, if there exists c ≥ 1 such that uj(iΩ,c) < uj(iΩ′,c) and iΩ,c′ = iΩ′,c′ for
each 0 ≤ c′ ≤ c − 1. It is easy to check that this defines a partial order on the set D(α,j),Λ and
there exists a unique maximal element in D(α,j),Λ under this partial order. We denote this maximal
element by Ωmax

(α,j),Λ. Note that Ωmax
(α,j),Λ = {(α, j)} if and only if (α, j) ∈ Λ.

We fix a subset Λ ⊆ Suppξ,J , an element (α, j) ∈ Λ̂ and a Λ-decomposition Ω of (α, j) in the

following. We write ψ
def
= (Ω,Λ) to lighten the notation. Now we inductively define

• a finite sequence of integers #Ω = c0
ψ > c1

ψ > · · · > c
dψ
ψ ≥ 0;

• for each 0 ≤ s ≤ dψ, an integer eψ,s and a finite set of integers {is,1ψ , . . . , i
s,eψ,s
ψ } satisfying

the following
– eψ,s ≥ 1 for each 1 ≤ s ≤ dψ − 1;

– ((i
s−1,eψ,s−1

ψ , is,1ψ ), j) ∈ Λ̂ for each 1 ≤ s ≤ dψ satisfying eψ,s ≥ 1;

– ((is,eψ , iΩ,csψ), j) ∈ Λ for each 1 ≤ s ≤ dψ and 1 ≤ e ≤ eψ,s;
– ((is,e−1

ψ , is,eψ ), j) ∈ Λ̂ for each 1 ≤ s ≤ dψ and each 2 ≤ e ≤ eψ,s;
– uj(iΩ,csψ+1) > uj(i

s,1
ψ ) > · · · > uj(i

s,eψ,s
ψ ) > uj(iΩ,csψ) for each 1 ≤ s ≤ dψ.

If s = 0, we set

c0
ψ

def
= #Ω, eψ,0

def
= 1, and i0,1ψ

def
= iΩ,#Ω = iα.

Assume that cs−1
ψ , eψ,s−1, and the set {is−1,1

ψ , · · · , is−1,eψ,s−1

ψ } (with the listed properties) have been

defined for s ≥ 1. Then we define

csψ
def
= max

{
c

∣∣∣∣cs−1
ψ > c and #D

((i
s−1,eψ,s−1
ψ ,iΩ,c),j),Λ

≥ 2

}
.

If such an integer csψ does not exist, we stop the process and set dψ
def
= s−1. If csψ exists, we consider

the set

(5.2.4)

{
iΩ′,1

∣∣∣∣Ω′ ∈ D
((i
s−1,eψ,s−1
ψ ,iΩ,cs

ψ
),j),Λ

}
\ {iΩ,csψ+1}.

If the set (5.2.4) is empty, we stop the process and set dψ
def
= s− 1. If the set (5.2.4) is non-empty,

but the set

(5.2.5)

{
iΩ′,1

∣∣∣∣uj(iΩ′,1) < uj(iΩ,csψ+1), Ω′ ∈ D
((i
s−1,eψ,s−1
ψ ,iΩ,cs

ψ
),j),Λ

}

is empty, then we stop the process and set dψ
def
= s and eψ,s

def
= 0. If the set (5.2.5) is non-empty,

then we define is,1ψ by the equality

uj(i
s,1
ψ ) = max

{
uj(iΩ′,1)

∣∣∣∣uj(iΩ′,1) < uj(iΩ,csψ+1), Ω′ ∈ D
((i
s−1,eψ,s−1
ψ ,iΩ,cs

ψ
),j),Λ

}
.

For each fixed s ≥ 1 with (5.2.5) being non-empty, we define the integer is,eψ by an increasing induc-

tion on e. Assume that is,eψ has been defined for some e ≥ 1. If D((is,eψ ,iΩ,cs
ψ

),j),Λ = {((is,eψ , iΩ,csψ), j)},
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we stop the process and set eψ,s
def
= e. If D((is,eψ ,iΩ,cs

ψ
),j),Λ 6= {((i

s,e
ψ , iΩ,csψ), j)}, we define is,e+1

ψ by the

equality

uj(i
s,e+1
ψ ) = max{uj(iΩ′,1) | Ω′ ∈ D((is,eψ ,iΩ,cs

ψ
),j),Λ \ {((i

s,e
ψ , iΩ,csψ), j)}}.

The desired properties for the sequence is,1ψ , . . . , i
s,eψ,s
ψ clearly follows from the inductive definition

above. We observe that #D
((i
s−1,eψ,s−1
ψ ,iΩ,c),j),Λ

= 1 for each 1 ≤ s ≤ dψ and csψ + 1 ≤ c ≤

min{cs−1
ψ ,#Ω−1}, and #D

((i
dψ,eψ,dψ
ψ ,iΩ,c),j),Λ

= 1 for each 0 ≤ c ≤ min{cdψψ ,#Ω−1} (if eψ,dψ ≥ 1).

We investigate the case dψ = 0. According to our definition, dψ = 0 if and only if either c1
ψ

is not defined (namely #D(α,j),Λ = 1) or c1
ψ is defined and the set (5.2.4) is empty for s = 1.

However, if c1
ψ is defined and the set (5.2.4) is empty for s = 1, we must have c1

ψ + 1 < #Ω

and #D((iα,iΩ,c1
ψ

+1
),j),Λ ≥ 2 which contradicts the maximality condition in the definition of c1

ψ.

Consequently, dψ = 0 if and only if #D(α,j),Λ = 1.

Definition 5.2.6. We say that Ω ∈ D(α,j),Λ is Λ-exceptional if either iΩ,1 = iα (namely Ω =
{(α, j)}) or iΩ,1 > iα and #D((iα,iΩ,1),j),Λ = 1. We say that Ω ∈ D(α,j),Λ is Λ-extremal if it is not
Λ-exceptional and satisfies

(5.2.7) uj(iΩ,csψ+1) = max

{
uj(iΩ′,1)

∣∣∣∣Ω′ ∈ D
((i
s−1,eψ,s−1
ψ ,iΩ,cs

ψ
),j),Λ

}
for each 1 ≤ s ≤ dψ.

Note that Ω ∈ D(α,j),Λ is not Λ-exceptional if and only if dψ ≥ 1 and c1
ψ ≥ 1.

Let Ω ∈ D(α,j),Λ be either Λ-exceptional or Λ-extremal, and let ψ = (Ω,Λ). Then exactly one of
the following holds:

• dψ = 0;
• dψ = 1, c1

ψ = 0 and eψ,1 = 0;
• dψ ≥ 1 and eψ,s ≥ 1 for each 1 ≤ s ≤ dψ.

For each k ∈ n, we attach a subset Ωψ,k ⊆ Λ. We first define the following: for each uj(iα) ≥ k >
uj(i

′
α)

dke def
= min

{
k′ ∈ {uj(iΩ,c) | #Ω ≥ c ≥ 0} ∪ {uj(is,eψ ) | 1 ≤ s ≤ dψ and 1 ≤ e ≤ eψ,s} | k′ ≥ k

}
and

dke′ def= min
{
k′ ∈ {uj(iΩ,csψ) | 0 ≤ s ≤ dψ} | k′ ≥ k

}
.

We are now ready to define Ωψ,k for each k ∈ n (cf. Figure 1).

• If dke = uj(iΩ,c) for some #Ω ≥ c ≥ 1 and dke′ = uj(iΩ,c0ψ
) then

Ωψ,k
def
= {((iΩ,c′ , iΩ,c′−1), j) | #Ω ≥ c′ ≥ c};

• If dke = uj(iΩ,c) for some #Ω ≥ c ≥ 1 and dke′ = uj(iΩ,csψ) for some 1 ≤ s ≤ dψ then

Ωψ,k
def
= {((is,eψ,sψ , iΩ,csψ), j)} t {((iΩ,c′ , iΩ,c′−1), j) | csψ ≥ c′ ≥ c};

• If dke = uj(i
s,e
ψ ) for some 1 ≤ s ≤ dψ and 1 ≤ e ≤ eψ,s then

Ωψ,k
def
= {((is,eψ , iΩ,csψ), j)};
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• If k > uj(iα) or uj(i
′
α) ≥ k, we set

Ωψ,k
def
= ∅.

It is not difficult to observe that Ωψ,k 6= ∅ if and only if uj(iα) ≥ k > uj(i
′
α). Moreover, if Ωψ,k 6= ∅,

there exists αψ,k = (iψ,k, i
′
ψ,k) such that (αψ,k, j) ∈ Λ̂ and Ωψ,k ∈ D(αψ,k,j),Λ.

The following lemma is the main reason for us to introduce the combinatorial data above, and
will be extensively used in § 7.4, § 7.5 and § 7.6.

Lemma 5.2.8. Let Ω ∈ D(α,j),Λ be either Λ-exceptional or Λ-extremal, and let ψ = (Ω,Λ). Then
Ωψ,k is Λ-exceptional and we have

(5.2.9) {Ω′ | Ω′ ∈ D(αψ,k,j),Λ, uj(iΩ′,1) ≥ k} = {Ωψ,k}

for each k ∈ n with αψ,k 6= α and (αψ,k, j) ∈ Λ̂. Moreover, if Ω = Ωmax
(α,j),Λ then Ωψ,k = Ωmax

(αψ,k,j),Λ
,

and the equality (5.2.9) still holds for each k ∈ n with αψ,k = α.

Proof. If uj(iΩ,cs−1
ψ

) ≥ k > uj(iΩ,csψ+1) for some 1 ≤ s ≤ dψ, then we have D(αψ,k,j),Λ = {Ωψ,k} by

the definition of csψ and the claims are clear. The case when uj(i
Ω,c

dψ
ψ

) ≥ k > uj(i
′
α) is similar. If

uj(i
s,e
ψ ) ≥ k > uj(i

s,e+1
ψ ) for some 1 ≤ s ≤ dψ and 1 ≤ e ≤ eψ,s, then we have Ωψ,k = {(αψ,k, j)}

which is clearly Λ-exceptional, and we deduce (5.2.9) from the definition of is,e+1
ψ . The case when

uj(i
s,eψ,s
ψ ) ≥ k > uj(iΩ,csψ) for some 1 ≤ s ≤ dψ is similar. If uj(iΩ,csψ+1) ≥ k > uj(i

s,1
ψ ) for

some 1 ≤ s ≤ dψ with eψ,s ≥ 1, then Ωψ,k is Λ-exceptional by the definition of csψ. If moreover

αψ,k 6= α, then Ω is Λ-extremal and we deduce (5.2.9) from the definition of Ω being Λ-extremal.
If Ω = Ωmax

(α,j),Λ, the claims are immediate. The proof is thus finished. �

For a given Λ-decomposition Ω of (α, j) ∈ Λ̂ ∩ Suppγξ,J , we construct Ωs,e for each 1 ≤ s ≤ dψ

and 1 ≤ e ≤ eψ,s, where ψ
def
= (Ω,Λ), as follows. We first construct an element Ω]

s,e ∈ D((iα,iΩ,cs
ψ

),j),Λ

for each 1 ≤ s ≤ dψ and each 1 ≤ e ≤ eψ,s by an increasing induction on s. We set Ω]
0,1

def
= ∅ for

convenience. Let 1 ≤ s ≤ dψ be an integer and we assume inductively that for each 1 ≤ s′ ≤ s− 1

and each 1 ≤ e ≤ eψ,s′ , there exists a Ω]
s′,e ∈ D((iα,i

Ω,cs
′
ψ

),j),Λ which contains ((is
′,e
ψ , i

Ω,cs
′
ψ

), j)

(and thus i
Ω]
s′,e,1

= is
′,e
ψ ). If eψ,s ≥ 1, it follows from the definition of is,1ψ that there exists

Ω[
s,1 ∈ D

((i
s−1,eψ,s−1
ψ ,iΩ,cs

ψ
),j),Λ

which contains ((is,1ψ , iΩ,csψ), j) (and thus iΩ[s,1,1
= is,1ψ ). Hence we set

Ω]
s,1

def
= (Ω]

s−1,eψ,s−1
\ {((is−1,eψ,s−1

ψ , iΩ,cs−1
ψ

), j)}) t Ω[
s,1.

Here we understand {((is−1,eψ,s−1

ψ , iΩ,cs−1
ψ

), j)} to be ∅ if s = 1. For each 1 ≤ e ≤ eψ,s − 1, there

exists Ω\
s,e ∈ D((is,eψ ,iΩ,cs

ψ
),j),Λ such that i

Ω\s,e,1
= is,e+1

ψ , and thus we set

Ω]
s,e+1

def
= (Ω]

s,e \ {((i
s,e
ψ , iΩ,csψ), j)}) t Ω\

s,e

for each 1 ≤ e ≤ eψ,s − 1. For each 0 ≤ s ≤ dψ and each 1 ≤ e ≤ eψ,s, we set

(5.2.10) Ωs,e
def
= Ω]

s,e t {((iΩ,c, iΩ,c−1), j) | 1 ≤ c ≤ csψ}.
It is clear that Ωs,e ∈ D(α,j),Λ.
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Lemma 5.2.11. Let (α, j) ∈ Λ̂ ∩ Suppγξ,J be an element for some γ ∈ Λ̂�, and Ω ∈ D(α,j),Λ be a

Λ-decomposition of (α, j). Then for each 1 ≤ s ≤ dψ and each 1 ≤ e ≤ eψ,s, Ωs,e ∈ D(α,j),Λ satisfies
the following properties.

• (is,eψ , j) is an interior point of Ωs,e;

• Ωs,e is Λ-equivalent to Ωs,e′ with level < γ for each 1 ≤ e, e′ ≤ eψ,s;
• Ωs,e ⊇ {((iΩ,c, iΩ,c−1), j) | 1 ≤ c ≤ csψ}.

Moreover, if Ω is not Λ-exceptional, then Ωs,e is Λ-equivalent to Ω with level < γ for each 1 ≤ s ≤ dψ
and each 1 ≤ e ≤ eψ,s.

Proof. By construction of Ωs,e, it is clear that it satisfies the three properties. For the last part, we

write γs for the image of ((i
s−1,eψ,s−1

ψ , iΩ,csψ), j) under Λ̂� Λ̂�. If Ω is not Λ-exceptional, we clearly

have dψ ≥ 1 and c1
ψ ≥ 1 and thus γs < γ for each 1 ≤ s ≤ dψ. Then we observe that Ωs,e ∈ D(α,j),Λ

is a Λ-modification of Ωs−1,eψ,s−1
with level γs < γ (see Definition 5.1.9) for each 1 ≤ s ≤ dψ and

each 1 ≤ e ≤ eψ,s. Hence, we finish the proof by Definition 5.1.9 and the fact that Ω0,1 = Ω. �

Lemma 5.2.12. Let γ ∈ Λ̂� be a block, (α, j) ∈ Λ̂ ∩ Suppγξ,J be an element, and Ω ∈ D(α,j),Λ be a

Λ-decomposition of (α, j). Then there exists a Ω′ ∈ D(α,j),Λ such that

• Ω′ is Λ-equivalent to Ω with level < γ;
• Ω′ is either Λ-exceptional or Λ-extremal;
• either Ω′ = Ω or Ω < Ω′.

In particular, Ωmax
(α,j),Λ is either Λ-exceptional or Λ-extremal.

Proof. We argue by induction on the partial order on D(α,j),Λ introduced in Definition 5.2.3. Now
we assume inductively that for each Ω0 ∈ D(α,j),Λ with Ω < Ω0, there exists a Ω′ ∈ D(α,j),Λ,
which is Λ-equivalent to Ω0 with level < γ, such that Ω′ is either Λ-exceptional or Λ-extremal,
and either Ω′ = Ω0 or Ω0 < Ω′. If Ω is Λ-exceptional or Λ-extremal, then we have nothing to
prove. Otherwise, Ω is neither Λ-exceptional nor Λ-extremal, and thus there exists 1 ≤ s ≤ dψ
and Ω[ ∈ D

((i
s−1,eψ,s−1
ψ ,iΩ,cs

ψ
),j),Λ

such that uj(iΩ[,1) > uj(iΩ,csψ+1). We recall Ω]
s−1,eψ,s−1

from

Lemma 5.2.11 and set

Ω0
def
= (Ω]

s−1,eψ,s−1
\ {((is−1,eψ,s−1

ψ , iΩ,cs−1
ψ

), j)}) t Ω[ t {((iΩ,c, iΩ,c−1), j) | 1 ≤ c ≤ csψ}.

Then it is clear that Ω < Ω0 and thus there exists Ω′ ∈ D(α,j),Λ which is either Λ-exceptional
or Λ-extremal, such that Ω0 is Λ-equivalent to Ω′ with level < γ and satisfies either Ω0 = Ω′ or
Ω0 < Ω′. It is clear that Ω′ satisfies all the desired properties and the proof is finished. �

We observe that ((i
s−1,eψ,s−1

ψ , is,1ψ )) ∈ Λ̂ for each 2 ≤ s ≤ dψ with eψ,s ≥ 1 and ((is,eψ , is,e+1
ψ ), j) ∈ Λ̂

for each 1 ≤ s ≤ dψ and 1 ≤ e ≤ eψ,s − 1, which implies that

(5.2.13) ((is,eψ , is
′,e′

ψ ), j) ∈ Λ̂

and thus

(5.2.14) ](uj(i
s,e
ψ ), j), (uj(i

s,e
ψ ), j)]wJ∩](uj(i

s′,e′

ψ ), j), (uj(i
s′,e′

ψ ), j)]wJ = ∅

whenever either s < s′ or s = s′ and e < e′ holds. For each Ω ∈ D(α,j),Λ, we set

(5.2.15) Iψ,+J
def
=

#Ω−1⊔
c=1

](uj(iΩ,c), j), (uj(iΩ,c), j)]wJ ⊆ nJ
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and

(5.2.16) Iψ,−J
def
=

dψ⊔
s=1

eψ,s⊔
e=1

](uj(i
s,e
ψ ), j), (uj(i

s,e
ψ ), j)]wJ ⊆ nJ .

It is clear that Iψ,−J 6= ∅ if and only if dψ ≥ 1 and eψ,1 ≥ 1.

Definition 5.2.17. Let (α, j) be an element of Λ̂ and Ω be a Λ-decomposition of (α, j). We say

that Ω is Λ-ordinary if Iψ,+J ∩ Iψ,−J = ∅.

Remark 5.2.18. If the niveau wJ is ordinary, namely rξ = n (and thus [m]ξ = {m} for each

1 ≤ m ≤ n), then Ω is Λ-ordinary for each Ω ∈ D(α,j),Λ and each (α, j) ∈ Λ̂.

For each γ ∈ Λ̂�, (α, j) ∈ Λ̂∩Suppγξ,J and each Ω ∈ D(α,j),Λ, we define a pseudo Λ-decomposition

Ω† of (α, j) in the following. Intuitively, Ω† is a kind of “ordinarization” of Ω. We assume inductively

that Ω′† has been defined for each γ′ ∈ Λ̂, (α′, j) ∈ Λ̂∩Suppγ
′

ξ,J and Ω′ ∈ D(α′,j),Λ satisfying γ′ < γ.

If Ω is Λ-ordinary, we set Ω†
def
= Ω. If Ω is not Λ-ordinary, then there exists 1 ≤ c† ≤ #Ω − 1,

1 ≤ s† ≤ dψ, 1 ≤ e† ≤ eψ,s† and 1 ≤ m† ≤ rξ such that iΩ,c† , i
s†,e†
ψ ∈ [m†]ξ. It follows from

((i
s†,e†
ψ , i

Ω,c
s†
ψ

), j) ∈ Λ̂ that we have c† ≥ c
s†
ψ + 1. We choose s† and e† such that s† is maximal

possible and e† is minimal possible for the fixed s†, and then set

Ω[
†

def
= {((is†,e†ψ , i

Ω,c
s†
ψ

))} t {((iΩ,c, iΩ,c−1), j) | 1 ≤ c ≤ cs†ψ }.

We claim that Ω[
† is Λ-ordinary (otherwise there exists 1 ≤ c′ ≤ c

s†
ψ − 1, s† + 1 ≤ s′ ≤ dψ,

1 ≤ e′ ≤ eψ,s′ and 1 ≤ m′ ≤ rξ such that is
′,e′

ψ , iΩ,c′ ∈ [m′]ξ, contradicting the maximality of s†).

Then we set Ω′
def
= {((iΩ,c, iΩ,c−1), j) | 1+c† ≤ c ≤ #Ω} and note that Ω′† is defined by our inductive

assumption. Then we set

(5.2.19) Ω†
def
= Ω′† t Ω[

†

and note that Ω† is a pseudo Λ-decomposition of (α, j). We write Ω̂† for the pseudo Λ̂-decomposition
of (α, j) associated with Ω† via Definition 5.2.1.

Lemma 5.2.20. (Properties of ordinarization) Let (α, j) ∈ Λ̂ ∩ Suppγξ,J for a block γ ∈ Λ̂� and

ψ = (Ω,Λ) for Ω ∈ D(α,j),Λ. Then the pseudo Λ-decomposition Ω† of (α, j) satisfies the following
conditions:

• Ω† is Λ-equivalent to Ω with level < γ;

• Ω†,(α′,j) is Λ-ordinary for each (α′, j) ∈ Ω̂†;
• if Ω is Λ-exceptional and not Λ-ordinary, then there exists 1 ≤ c† ≤ #Ω−1 and 1 ≤ e† ≤ eψ,1

such that Ω† = Ωmax
((iα,iΩ,c† ),j),Λ

t {((i1,e†ψ , i′α′), j)} and D((iα,iΩ,c† ),j),Λ
=
{

Ωmax
((iα,iΩ,c† ),j),Λ

}
;

• if Ω = Ωmax
(α,j),Λ, then Ω†,(α′,j) = Ωmax

(α′,j),Λ for each (α′, j) ∈ Ω̂†;

• if Ω is Λ-extremal, then Ω†,(α′,j) either equals Ωmax
(α′,j),Λ or is Λ-extremal for each (α′, j) ∈ Ω̂†;

• for each (β, j), (β′, j) ∈ Ω̂† satisfying ((iβ′ , i
′
β), j) ∈ Λ̂, there exists a unique subset of Ω†

which is a pseudo Λ-decomposition of ((iβ′ , i
′
β), j).
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Proof. This follows from an immediate induction on γ as in the construction of Ω† = Ω′† t Ω[
†.

The key observation is that Ω[
† is Λ-ordinary, and equals Ωmax

((i
s†,e†
ψ ,i′α),j),Λ

(resp. is Λ-exceptional,

resp. either equals Ωmax
(α,j),Λ or is Λ-extremal) if Ω equals Ωmax

(α,j),Λ (resp. is Λ-exceptional, resp. is

Λ-extremal). Note that each element of Ω̂† is of the form ((is,eψ , iΩ,c), j) for some 1 ≤ s ≤ dψ,

1 ≤ e ≤ eψ,s and 0 ≤ c ≤ #Ω − 1. The last claim follows from (5.2.13) and the fact that

((iΩ,c, iΩ,c′), j) ∈ Λ̂ for each 0 ≤ c′ < c ≤ #Ω. �

Remark 5.2.21. Let Ω be a Λ-decomposition of some (α, j) ∈ Λ̂. It is clear that Ω† ∈ D(α,j),Λ if
and only if Ω† = Ω if and only if Ω is Λ-ordinary. In other words, if Ω is not Λ-ordinary, then Ω†
is a pseudo Λ-decomposition which is not a Λ-decomposition. This is actually the main reason for
us to introduce the notion of pseudo Λ-decompositions (see Definition 5.2.1), which is a convenient
generalization of Λ-decompositions that covers objects of the form Ω† for arbitrary Ω ∈ D(α,j),Λ.

5.3. Constructible Λ-lifts. In this section, we introduce a key notion of this paper, namely
constructible Λ-lifts. The main result of this section (see Theorem 5.3.20) says that all Λ-lifts can
be generated from constructible ones. The heart of the proof of Theorem 5.3.20 is to understand
precisely which constructible Λ-lifts are sufficient to build up all Λ-lifts. Note that Definition 5.3.1
is directly motivated by § 7.4, § 7.5 and § 7.6, and the conditions in Definition 5.3.1 precisely
ensure that there exists an invariant function (to be constructed in § 6) whose restriction to Nξ,Λ
(if defined) is closely related to the given constructible Λ-lift.

Definition 5.3.1. Let Ω± be a Λ-lift. As in Definition 5.1.7, we can associate a subset Ω̂+

(resp. Ω̂−) of Λ̂ which does not have any interior points, and we have partitions

(5.3.2) Ω+ =
⊔

(α,j)∈Ω̂+

Ω+
(α,j) and Ω− =

⊔
(α,j)∈Ω̂−

Ω−(α,j).

We write ψ for an arbitrary pair in

(5.3.3) {(Ω+
(α,j),Λ) | (α, j) ∈ Ω̂+} t {(Ω−(α,j),Λ) | (α, j) ∈ Ω̂−}.

For each pair ψ in (5.3.3), we use the notation Ωψ for the first factor of the pair ψ, (αψ, jψ) for

the element Λ̂ such that Ωψ is a Λ-decomposition of (αψ, jψ) and γψ for the block that satisfies

(αψ, jψ) ∈ Supp
γψ
ξ,J .

We say that Ω± is a constructible Λ-lift of type I if it satisfies

(i) Ω̂+ = Ω̂− = {(α, j)} for some (α, j) ∈ Λ̂: we write ψ1
def
= (Ω+,Λ) and ψ2

def
= (Ω−,Λ);

(ii) Ω− = Ωmax
(α,j),Λ and Ω+ is either Λ-exceptional or Λ-extremal;

(iii) both Ω+ and Ω− are Λ-ordinary (cf. Definition 5.2.17);

(iv) (uj(i
s,e
ψ2

), j) /∈ Iψ1,−
J for each 1 ≤ s ≤ dψ2 and each 1 ≤ e ≤ eψ2,s satisfying uj(i

s,e
ψ2

) >

uj(iΩ+,1);

(v) ((i, i′), j), ((i′, i), j) /∈ Λ̂ for each interior point (i, j) of Ω+ (resp. (i′, j) of Ω−);

(vi) is,eψ1
6= iΩ−,c and ((is,eψ1

, iΩ−,c), j) /∈ Λ̂ for each 1 ≤ c ≤ #Ω−−1, 1 ≤ s ≤ dψ1 and 1 ≤ e ≤ eψ1,s;

(vii) is,eψ2
6= iΩ+,c and ((is,eψ2

, iΩ+,c), j) /∈ Λ̂ for each 1 ≤ c ≤ #Ω+−1, 1 ≤ s ≤ dψ2 and 1 ≤ e ≤ eψ2,s

satisfying uj(i
s,e
ψ2

) > uj(iΩ+,1).

We say that Ω± is a constructible Λ-lift of type II if it satisfies

(i) Ω̂+ = {(α, j)} for some (α, j) ∈ Λ̂ and Ω− is a pseudo Λ-decomposition of (α, j) (cf. Defi-

nition 5.2.1) with Ω̂+ ∩ Ω̂− = ∅: we write ψ1
def
= (Ω+,Λ);



MODULI OF FONTAINE–LAFFAILLE MODULES AND MOD-p LOCAL-GLOBAL COMPATIBILITY 63

(ii) Ω+ is either Λ-exceptional or Λ-extremal, and Ω−(α′,j) = Ωmax
(α′,j),Λ for each (α′, j) ∈ Ω̂−;

(iii) Ω+ is Λ-ordinary, and Ω−(α′,j) is Λ-ordinary for each (α′, j) ∈ Ω̂−;

(iv) if there exist ψ = (Ω−(α′,j),Λ) (for some (α′, j) ∈ Ω̂−}) and 1 ≤ m ≤ rξ such that is,eψ , is
′,e′

ψ1
∈

[m]ξ for some 1 ≤ s ≤ dψ, 1 ≤ e ≤ eψ,s, 1 ≤ s′ ≤ dψ1 , and 1 ≤ e′ ≤ eψ1,s′ , then we have

i′α′ = i′α and either uj(i
s,e
ψ ) ≤ uj(iΩ+,1) < uj(iΩ−,1) or uj(i

s′,e′

ψ1
) ≤ uj(iΩ−,1) < uj(iΩ+,1);

(v) for each (α′, j) ∈ Ω̂− and for each 1 ≤ s ≤ dψ1 and 1 ≤ e ≤ eψ1,s such that i′α′ , i
s,e
ψ1
∈ [m]ξ

for some 1 ≤ m ≤ rξ, we have uj(i
s,e
ψ1

) ≤ uj(iΩ−,1) < uj(iΩ+,1);

(vi) ((i, i′), j) /∈ Λ̂ for each pair (i, j), (i′, j) ∈ IΩ+tΩ− ∪ I′Ω+tΩ− that do not lie in the same

Λ�-interval of Ω± (cf. Definition 5.1.7);

(vii) if there exist (α′, j) ∈ Ω̂− and 0 ≤ c ≤ #Ω−(α′,j) such that iΩ−
(α′,j),c

6= i′α and either is,eψ1
=

iΩ−
(α′,j),c

or ((is,eψ1
, iΩ−

(α′,j),c
), j) ∈ Λ̂ for some 1 ≤ s ≤ dψ1 and 1 ≤ e ≤ eψ1,s, then we have

either uj(i
s,e
ψ1

) ≤ uj(iΩ−,1) < uj(iΩ+,1) or uj(iα′) ≤ uj(iΩ−,1) < uj(iΩ+,1);

(viii) is,eψ 6= iΩ+,c and ((is,eψ , iΩ+,c), j) /∈ Λ̂ for each ψ ∈ {(Ω−(α′,j),Λ) | (α′, j) ∈ Ω̂−} and for each

1 ≤ c ≤ #Ω+ − 1, 1 ≤ s ≤ dψ and 1 ≤ e ≤ eψ,s;
(ix) if Ω+ = Ωmax

(α,j),Λ and uj(i
′
α′) < uj(iΩ−,1) for the unique (α′, j) ∈ Ω̂− satisfying iα′ = iα, then

Ω+ is Λ-exceptional and iΩ−,1 = i1,1ψ1
;

(x) if Ω+ 6= Ωmax
(α,j),Λ, then we have uj(i

′
α′) > max{uj(iΩ−,1), uj(iΩ+,1)} for the unique (α′, j) ∈

Ω̂− satisfying iα′ = iα;

(xi) if Ω+ 6= Ωmax
(α,j),Λ and Ω+ is Λ-exceptional, then for each (α′, j) ∈ Ω̂−, exactly one of the

following holds
• uj(i′α′) > uj(iΩ+,1);
• i′α′ = i′α and uj(iα′) ≥ uj(iΩ−,1) > uj(iΩ+,1);
• uj(iα′) ≤ uj(iΩ−,1) < uj(iΩ+,1).

We say that Ω± is a constructible Λ-lift of type III if it satisfies

(i) if both Ω+ and Ω− are pseudo Λ-decomposition of some (α, j) ∈ Λ̂, then we have Ω̂+ 6=
{(α, j)} 6= Ω̂−;

(ii) Ω+
(α,j) = Ωmax

(α,j),Λ (resp. Ω−(α,j) = Ωmax
(α,j),Λ) for each (α, j) ∈ Ω̂+ (resp. for each (α, j) ∈ Ω̂−);

(iii) Ω+
(α,j) (resp. Ω−(α,j)) is Λ-ordinary for each (α, j) ∈ Ω̂+ (resp. for each (α, j) ∈ Ω̂−);

(iv) the subsets Iψ,+J ∪Iψ,−J of nJ are disjoint from each other when ψ runs through all the pairs
in (5.3.3);

(v) {(uj(iα), j), (uj(i
′
α), j)} ∩ Iψ,−J = ∅ for each (α, j) ∈ Ω̂+ t Ω̂− and each pair ψ in (5.3.3);

(vi) if there does not exist (α, j) ∈ Λ̂ such that both Ω+ and Ω− are pseudo Λ-decompositions

of (α, j), then for each pair of elements (β, j), (β′, j) ∈ Ω̂+ t Ω̂− satisfying ((iβ′ , i
′
β), j) ∈ Λ̂,

there exists a pseudo Λ-decomposition Ω of some (α, j) ∈ Λ̂ such that (iβ′ , j) ∈ I
Ω̂

(i′β, j) ∈
I′

Ω̂
and Ω ⊆ Ω+ t Ω−;

(vii) ((i, i′), j) /∈ Λ̂ for each pair (i, j), (i′, j) ∈ IΩ+tΩ− ∪ I′Ω+tΩ− that do not lie in the same

Λ�-interval of Ω±;
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(viii) for each pair ψ in (5.3.3) and each element (i, jψ) ∈ IΩ+tΩ− ∪ I′Ω+tΩ− which does not lie in

a Λ�-interval containing Ωψ, there does not exist 1 ≤ s ≤ dψ and 1 ≤ e ≤ eψ,s such that

((is,eψ , i), jψ) ∈ Λ̂;

(ix) if there does not exist (α, j) ∈ Λ̂ such that both Ω+ and Ω− are pseudo Λ-decompositions of
(α, j), then for each pair of distinct Λ�-intervals Ω,Ω′ which are pseudo Λ-decompositions

of some (α, j), (α′, j′) ∈ Λ̂ respectively, there do not exist (i, j), (i′, j′) that satisfy the
following:

• ((iα, i), j), ((i, i
′
α), j), ((iα′ , i

′), j′), ((i′, i′α′), j
′) ∈ Λ̂;

• i, i′ ∈ [m]ξ for some 1 ≤ m ≤ rξ.
We say that Ω± is a constructible Λ-lift if it is a constructible Λ-lift of either type I, type II, or type

III. We write Ocon
ξ,Λ for the subgroup of O(Nξ,Λ)× generated by Oss

ξ,Λ and FΩ±
ξ for all constructible

Λ-lifts Ω±.
In the following, for example, we will write Condition I-(i) for the condition (i) in the definition

of constructible Λ-lifts of type I. For each δ ∈ NΛ�, we recall the group O<δξ,Λ from Definition 5.1.1.

Remark 5.3.4. The definition of constructible Λ-lifts above is directly motivated by constructions
of invariant functions in § 6 and § 7. In other words, given a constructible Λ-lift Ω±, we will

construct in § 6 an invariant function fΩ±
ξ whose restriction to Nξ,Λ (if defined) is closely related

to FΩ±
ξ (see § 7.1 for precise statements). The set of constructible Λ-lifts of type I, II and III are

clearly disjoint by Condition I-(i), II-(i) and III-(i). Among the list of conditions in Definition 5.3.1,
there are three families of conditions that stand out. The first family of conditions, notably I-(ii),
II-(ii) and III-(ii), all require certain Λ-decompositions to be Λ-exceptional or Λ-extremal (or even
maximal). The second family of conditions, notably I-(iii), I-(iv), II-(iii) to II-(v), III-(iii) to III-(v)
and III-(ix), all require that certain (wJ , 1)-orbits inside nJ to be disjoint. The third family of
conditions, notably I-(v) to I-(vii), II-(vi) to II-(viii), III-(vi), and III-(viii), all require that certain

elements ((i, i′), j) do not lie in Λ̂. The first and third family of conditions are related to controlling

relative position of the zero and pole divisor of fΩ±
ξ (as a rational function on F̃LJ ) with respect

to Nξ,Λ, while the second family ensures that the restriction fΩ±
ξ |Nξ,Λ (if defined) is closely related

to FΩ±
ξ . The rest of conditions, namely II-(ix) to II-(xi), will be used to reduce the number of

necessary cases to be discussed in § 7.5.

The rest of this section is devoted to proving Theorem 5.3.20, which says that the set of con-
structible Λ-lifts is sufficient to generate all Λ-lifts. We start with three simple lemmas which will
be frequently used in the rest of the section.

Recall that for a given Λ-decomposition Ω of (α, j) ∈ Λ̂∩Suppγξ,J , we construct Ωs,e in (5.2.10) for

each 1 ≤ s ≤ dψ and 1 ≤ e ≤ eψ,s, where ψ
def
= (Ω,Λ). (See also Lemma 5.2.11 for its properties.)

Hence, if ψ is a pair in (5.3.3), then we write Ωψ,s,e for the corresponding Λ-decomposition of
(αψ, jψ), and we further define

Ω+
ψ,s,e

def
=

{
Ωψ,s,e if Ωψ ⊆ Ω+;
Ωψ if Ωψ ⊆ Ω−

and Ω−ψ,s,e
def
=

{
Ωψ if Ωψ ⊆ Ω+;
Ωψ,s,e if Ωψ ⊆ Ω−.

It is clear that Ω+
ψ,s,e,Ω

−
ψ,s,e ∈ D(αψ ,jψ),Λ and so Ω±ψ,s,e forms a balanced pair.

Lemma 5.3.5. Let Ω± be a Λ-lift, and let ψ,ψ′ be two distinct pairs in (5.3.3) such that there
exists 1 ≤ m ≤ rξ satisfying

is,eψ , is
′,e′

ψ′ ∈ [m]ξ
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for some 1 ≤ s ≤ dψ and 1 ≤ e ≤ eψ,s and for some 1 ≤ s′ ≤ dψ′ and 1 ≤ e′ ≤ eψ′,s′. Then we have

FΩ±
ξ · F

Ω±ψ,s,e
ξ · F

Ω±
ψ′,s′,e′

ξ ∈ O<|Ω
±|

ξ,Λ .

Moreover, we have F
Ω±ψ,s,e
ξ ∈ O<|Ω

±|
ξ,Λ (resp. F

Ω±
ψ′,s′,e′

ξ ∈ O<|Ω
±|

ξ,Λ ) if Ωψ (resp. Ωψ′) is not Λ-exceptional

or γψ < |Ω±| (resp. γψ′ < |Ω±|).

Proof. We set

(5.3.6)

{
Ω+

1
def
= (Ω+ \ Ωψ) t Ω+

ψ,s,e;

Ω−1
def
= (Ω− \ Ωψ) t Ω−ψ,s,e.

Then Ω±1 is clearly a balanced pair of sets satisfying |Ω±1 | = |Ω±| and FΩ±
ξ F

Ω±ψ,s,e
ξ ∼ F

Ω±1
ξ . Note

that we have either Ωψ′ ⊆ Ω+
1 or Ωψ′ ⊆ Ω−1 . We also set{

Ω+
2

def
= (Ω+

1 \ Ωψ′) t Ω+
ψ′,s′,e′ ;

Ω−2
def
= (Ω−1 \ Ωψ′) t Ω−ψ′,s′,e′ .

Then Ω±2 is also a balanced pair such that |Ω±2 | = |Ω
±
1 | = |Ω±| and

(5.3.7) FΩ±
ξ F

Ω±ψ,s,e
ξ F

Ω±
ψ′,s′,e′

ξ ∼ FΩ±1
ξ F

Ω±
ψ′,s′,e′

ξ ∼ FΩ±2
ξ .

Now we observe that both (is,eψ , jψ) and (is
′,e′

ψ′ , jψ′) are interior points of Ω+
2 tΩ−2 by Lemma 5.2.11,

which implies that Ω±2 is not a Λ-lift, as a Λ-lift can not have two distinct interior points in the same

[m]ξ for some 1 ≤ m ≤ rξ. Hence, we deduce from Lemma 5.1.2 that F
Ω±2
ξ ∈ O<|Ω

±|
ξ,Λ , which together

with (5.3.7) implies FΩ±
ξ F

Ω±ψ,s,e
ξ F

Ω±
ψ′,s′,e′

ξ ∈ O<|Ω
±|

ξ,Λ . Finally, the last part is a direct consequence of

Lemma 5.2.11 together with Lemma 5.1.10. The proof is thus finished. �

Lemma 5.3.8. Let Ω± be a Λ-lift, and let ψ,ψ′ be two distinct pairs in (5.3.3) such that

(5.3.9)
{

(ujψ′ (iαψ′ ), jψ′), (ujψ′ (i
′
αψ′

), jψ′)
}
∩ ](ujψ(is,eψ ), jψ), (ujψ(is,eψ ), jψ)]wJ 6= ∅

for some 1 ≤ s ≤ dψ and 1 ≤ e ≤ eψ,s. Then we have

FΩ±
ξ · F

Ω±ψ,s,e
ξ ∈ O<|Ω

±|
ξ,Λ .

Moreover, we have F
Ω±ψ,s,e
ξ ∈ O<|Ω

±|
ξ,Λ if Ωψ is not Λ-exceptional or γψ < |Ω±|.

Proof. The proof is very similar to that of Lemma 5.3.5. We set Ω±1 as in (5.3.6). Then we have

|Ω±1 | = |Ω±| and FΩ±
ξ F

Ω±ψ,s,e
ξ ∼ F

Ω±1
ξ . Since Ωψ′ ⊆ Ω+

1 t Ω−1 and (is,eψ , jψ) is an interior point of

Ω+
1 t Ω−1 , Ω±1 is not a Λ-lift due to (5.3.9), so that we conclude the result by Lemma 5.1.2. The

last part is a direct consequence of Lemma 5.2.11 together with Lemma 5.1.10. �

Lemma 5.3.10. Let Ω± be a Λ-lift, and let ψ be a pair in (5.3.3). Assume that there exists an
element (i′, jψ) ∈ IΩ+tΩ− ∪ I′Ω+tΩ− such that

• (i′, jψ) does not lie in the Λ�-interval of Ω± containing Ωψ;
• there exist 1 ≤ s ≤ dψ and 1 ≤ e ≤ eψ,s satisfying either i′, is,eψ ∈ [m]ξ for some 1 ≤ m ≤ rξ

or ((is,eψ , i′), jψ) ∈ Λ̂.
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Then there exists a balanced pair of sets Ω±ψ,s,e such that

FΩ±
ξ · F

Ω±ψ,s,e
ξ ∈ O<|Ω

±|
ξ,Λ .

Moreover, F
Ω±ψ,s,e
ξ ∈ O<|Ω

±|
ξ,Λ if Ωψ is not Λ-exceptional or γψ < |Ω±|.

Proof. The proof is very similar to that of Lemma 5.3.5. We set Ω±1 as in (5.3.6). Then we have

|Ω±1 | = |Ω±| and FΩ±
ξ F

Ω±ψ,s,e
ξ ∼ FΩ±1

ξ . If Ω±1 is not a Λ-lift, then we deduce from Lemma 5.1.2 that

F
Ω±1
ξ ∈ O<|Ω

±|
ξ,Λ . Assume now that Ω±1 is a Λ-lift. Note that we have i′ 6= i′αψ , as (i′, jψ) does not lie

in a Λ�-interval of Ω± containing Ωψ, so that if i′, is,eψ ∈ [m]ξ for some 1 ≤ m ≤ rξ then Ω±1 is not

a Λ-lift any more. If ((is,eψ , i′), jψ) ∈ Λ̂, then F
Ω±1
ξ ∈ O<|Ω

±|
ξ,Λ by Lemma 5.1.8, as (i′, jψ), (is,eψ , jψ) do

not lie in the same Λ�-interval of Ω±1 . Finally, by Lemma 5.2.11 together with Lemma 5.1.10 it is

clear that F
Ω±ψ,s,e
ξ ∈ O<|Ω

±|
ξ,Λ if Ωψ is not Λ-exceptional. The proof is thus finished. �

The following is a road map which summarizes the logic of the proof of Theorem 5.3.20. The
source of each red arrow is used as an ingredient in the proof of the target. Taking Proposition 5.3.18
for example, the terms type I and < | · | in blue mean that all the balanced pairs Ω± treated in
Proposition 5.3.18 can be generated from balanced pairs Ω±0 satisfying one of the following

• |Ω±0 | < |Ω±|;
• Ω±0 is a constructible Λ-lift of type I;
• Ω±0 can be generated from the balanced pairs treated in the lemmas or propositions that

have red arrows towards Proposition 5.3.18.

Lemma 5.3.11. Let (α, j) be an element of Λ̂ ∩ Suppγξ,J , and let Ω± be a balanced pair such that

• Ω+ ∈ D(α,j),Λ is Λ-exceptional and Λ-ordinary;

• Ω+ 6= Ωmax
(α,j),Λ;

• Ω− is a pseudo Λ-decomposition of (α, j);

• ((iΩ−,1, i
′
α), j) ∈ Ω− ∩ Ω̂− and uj(iΩ−,1) < uj(iΩ+,1);
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• Ω− \ {((iΩ−,1, i′α), j)} is a pseudo Λ-decomposition of some ((iα, i]), j) ∈ Λ̂ with uj(i]) >
uj(iΩ+,1).

Then one of the following holds

• FΩ±
ξ ∈ O<γξ,Λ;

• there exists a pseudo Λ-decomposition Ω′ of (α, j) such that
– the balanced pair Ω+,Ω′ is a constructible Λ-lift of type II;

– F
Ω±0
ξ ∈ O<γξ,Λ for the balanced pair Ω±0 defined by Ω+

0
def
= Ω′ and Ω−0

def
= Ω−.

In particular, we have FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ.

Proof. We write ψ1 = (Ω+,Λ) for short. Upon replacing Ω−(α′,j) with (Ωmax
(α′,j),Λ)† (cf. (5.2.19)), we

may assume that Ω−(α′,j) = Ωmax
(α′,j),Λ is Λ-ordinary for each (α′, j) ∈ Ω̂− \ {((iΩ−,1, i′α), j)}.

If there exist 1 ≤ e1 ≤ eψ1,1 and i\ ∈ n such that

• i\, i1,e1ψ1
∈ [m\]ξ for some 1 ≤ m\ ≤ rξ;

• either i\ = i] or ((iα, i\), j), ((i\, i]), j) ∈ Λ̂,

we choose e1 to be minimal possible, and then set Ω+
\

def
= Ω+ and Ω−\

def
= Ω],\t{((i1,e1ψ1

, i′α), j)} where

Ω],\
def
= (Ωmax

((iα,i\),j),Λ
)†. Note that Ω],\ satisfies the condition that Ω],\,(α′,j) = Ωmax

(α′,j),Λ is Λ-ordinary

for each (α′, j) ∈ Ω̂],\. We consider the balanced pair Ω±1 defined by Ω+
1

def
= Ω−\ and Ω−1

def
= Ω−. If

i\ = i], then Ω±1 is not a Λ-lift and thus F
Ω±1
ξ ∈ O<γξ,Λ by Lemma 5.1.2. If ((i\, i]), j) ∈ Λ̂, then we

deduce F
Ω±1
ξ ∈ O<γξ,Λ from Lemma 5.1.8. Hence we always have F

Ω±1
ξ ∈ O<γξ,Λ and FΩ±

ξ = F
Ω±\
ξ F

Ω±1
ξ .

Consequently, by taking Ω′
def
= Ω−\ , it suffices to check the conditions in the definition of constructible

Λ-lifts of type II for the balanced pair Ω±\ . If Ω±\ is not a Λ-lift, then F
Ω±\
ξ ∈ O<γξ,Λ thanks to

Lemma 5.1.2. If Ω±\ is a Λ-lift, then Conditions II-(i), II-(ii), II-(iii), and II-(ix) are true by our

assumption on Ω±\ . Conditions II-(x) and II-(xi) hold for Ω±\ as uj(i\) ≥ uj(i]) > uj(iΩ+,1) and

uj(i
1,e1
ψ1

) < uj(iΩ+,1). If Ω±\ fails Condition II-(vi), then we deduce F
Ω±\
ξ ∈ O<γξ,Λ from Lemma 5.1.8.

If Ω±\ fails either Condition II-(iv) or Condition II-(v), there exist 1 ≤ e′1 ≤ e1 − 1 and i′\ ∈ n such

that

• i′\, i
1,e′1
ψ1
∈ [m′\]ξ for some 1 ≤ m′\ ≤ rξ;

• ((iα, i
′
\), j), ((i′\, i]), j) ∈ Λ̂,

which clearly contradicts the minimality of the choice of e1. Condition II-(vii) holds as we have

uj(i
1,e
ψ1

) ≤ uj(i1,1ψ1
) < uj(iΩ+,1) < uj(i]) ≤ uj(i\) ≤ uj(iΩ\,(α′,j),c)

for each 1 ≤ e ≤ eψ1,1, (α′, j) ∈ Ω̂\ \{((i1,e1ψ1
, i′α), j)} and 0 ≤ c ≤ #Ω\,(α′,j). If Ω±\ fails Condition II-

(viii), then we deduce F
Ω±\
ξ ∈ O<γξ,Λ from Lemma 5.3.10 (using the fact γψ < γ for each ψ ∈

{(Ω−(α′,j),Λ) | (α′, j) ∈ Ω̂−}). If Ω±\ satisfies all the conditions from Condition II-(i) to Condition II-

(viii), then it is clearly a constructible Λ-lift of type II.

If e1 does not exist but there exist 1 ≤ e[1 ≤ eψ1,1 and i[ ∈ n such that

• i[, i
1,e[1
ψ1
∈ [m[]ξ for some 1 ≤ m[ ≤ rξ;
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• ((iΩ−,1, i[), j), ((i[, i
′
α), j) ∈ Λ̂;

• uj(i
1,e[1
ψ1

) > uj(iΩ−,1),

we choose e[1 to be minimal possible, and then set Ω+
[

def
= Ω+ and

Ω−[
def
= Ω] t Ω[,\ t {((i

1,e[1
ψ1

, i′α), j)}

where Ω]
def
= Ω−\{((iΩ−,1, i′α), j)} and Ω[,\

def
= (Ωmax

((iΩ−,1,i[),j),Λ
)†. Note that Ω[,\ satisfies the condition

that Ω[,\,(α′,j) = Ωmax
(α′,j),Λ is Λ-ordinary for each (α′, j) ∈ Ω̂[,\. We consider the balanced pair Ω±2

defined by Ω+
2

def
= Ω−[ and Ω−2

def
= Ω−, then we clearly have FΩ±

ξ = F
Ω±
[

ξ F
Ω±2
ξ and F

Ω±1
ξ ∈ O<γξ,Λ (as

Ω] ⊆ Ω−∩Ω−[ ). Consequently, by taking Ω′
def
= Ω−[ , it suffices to check the conditions in the definition

of constructible Λ-lifts of type II for the balanced pair Ω±[ . If Ω±[ is not a Λ-lift, then F
Ω±
[

ξ ∈ O<γξ,Λ
thanks to Lemma 5.1.2. If Ω±[ is a Λ-lift, then Conditions II-(i), II-(ii), II-(iii), and II-(ix) are true

by our assumption on Ω±[ . Conditions II-(x) and II-(xi) hold for Ω±[ as uj(i]) > uj(iΩ+,1) and

uj(iΩ−,1) < uj(i
1,e[1
ψ1

) < uj(iΩ+,1). If Ω±[ fails Condition II-(vi), then we deduce F
Ω±
[

ξ ∈ O<γξ,Λ from

Lemma 5.1.8. If Ω±[ fails either Condition II-(iv) or Condition II-(v), there exist 1 ≤ e[,′1 ≤ e[1 − 1
and i′[ ∈ n such that

• i′[, i
1,e[,′1
ψ1

∈ [m′[]ξ for some 1 ≤ m′[ ≤ rξ;
• ((iΩ−,1, i

′
[), j), ((i′[, i[), j) ∈ Λ̂;

• uj(i
1,e[,′1
ψ1

) > uj(i
1,e[1
ψ1

) (as ((i
1,e[,′1
ψ1

, i
1,e[1
ψ1

), j) ∈ Λ̂),

which clearly contradicts the minimality of the choice of e[1. Condition II-(vii) holds for Ω±[ as we
have

uj(i
1,e
ψ1

) ≤ uj(i1,1ψ1
) < uj(iΩ+,1) < uj(i]) ≤ uj(iΩ−

[,(α′,j),c
)

and

uj(i
1,e
ψ1

) > uj(i
1,e[1
ψ1

) > uj(iΩ−,1) ≥ uj(iΩ−
[,(α′′,j),c

[)

for each 1 ≤ e ≤ e[1 − 1, (α′, j) ∈ Ω̂], 0 ≤ c ≤ #Ω],(α′,j), (α′′, j) ∈ Ω̂[,\ and 0 ≤ c[ ≤ #Ω[,\,(α′′,j). If

Ω±[ fails Condition II-(viii), then we deduce F
Ω±
[

ξ ∈ O<γξ,Λ from Lemma 5.3.10 (using the fact γψ < γ

for each ψ ∈ {(Ω−(α′,j),Λ) | (α′, j) ∈ Ω̂−[ }). If Ω±[ satisfies all the conditions from Condition II-(i) to

Condition II-(viii), then it is clearly a constructible Λ-lift of type II.

If neither e1 nor e[1 exists, we check the conditions in the definition of constructible Λ-lifts of

type II for the balanced pair Ω±. If Ω± is not a Λ-lift, then FΩ±
ξ ∈ O<γξ,Λ thanks to Lemma 5.1.2.

If Ω± is a Λ-lift, then Conditions II-(i), II-(ii), II-(iii), and II-(ix) are true by our assumption on
Ω±. Conditions II-(x) and II-(xi) hold for Ω± as uj(i]) > uj(iΩ+,1) and uj(iΩ−,1) < uj(iΩ+,1). If

Ω± fails Condition II-(vi), then we deduce FΩ±
ξ ∈ O<γξ,Λ from Lemma 5.1.8. Conditions II-(iv) and

II-(v) hold for Ω± thanks to the non-existence of e1 and e[1. Condition II-(vii) holds for Ω± as we
have

uj(i
1,e
ψ1

) ≤ uj(i1,1ψ1
) < uj(iΩ+,1) < uj(i]) ≤ uj(iΩ−

(α′,j),c
)
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for each 1 ≤ e ≤ eψ1,1, (α′, j) ∈ Ω̂] and 0 ≤ c ≤ #Ω−(α′,j). If Ω± fails Condition II-(viii), then we

deduce FΩ±
ξ ∈ O<γξ,Λ from Lemma 5.3.10 (using the fact γψ < γ for each ψ ∈ {(Ω−(α′,j),Λ) | (α′, j) ∈

Ω̂−}). Finally, if Ω± satisfies all the conditions from Condition II-(i) to Condition II-(viii), then it
is clearly a constructible Λ-lift of type II. The proof is thus finished. �

Lemma 5.3.12. Let (α, j) be an element of Λ̂ ∩ Suppγξ,J , and let Ω± be a balanced pair such that

• Ω+ ∈ D(α,j),Λ is Λ-exceptional and Λ-ordinary;

• Ω+ 6= Ωmax
(α,j),Λ;

• Ωmax
(α,j),Λ is not Λ-ordinary and Ω− = (Ωmax

(α,j),Λ)†;

• uj(iΩ−,1) > uj(iΩ+,1).

Then one of the following holds

• FΩ±
ξ ∈ O<γξ,Λ;

• there exists a pseudo Λ-decomposition Ω′ of (α, j) such that
– the balanced pair Ω+,Ω′ is a constructible Λ-lift of type II;

– F
Ω±0
ξ ∈ O<γξ,Λ for the balanced pair Ω±0 defined by Ω+

0
def
= Ω′ and Ω−0

def
= Ω−.

In particular, we have FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ.

Proof. We write ψ1 = (Ω+,Λ) for short. As Ωmax
(α,j),Λ is not Λ-ordinary and Ω− = (Ωmax

(α,j),Λ)†,

there exist a pseudo Λ-decomposition Ω] of some ((iα, i]), j) ∈ Λ̂ and Λ-decomposition Ω[ of some

((i[, i
′
α), j) ∈ Λ̂ such that

• uj(i]) > uj(i[);
• Ω− = Ω] t Ω[;

• Ω−(α′,j) = Ωmax
(α′,j),Λ is Λ-ordinary for each (α′, j) ∈ Ω̂−;

• uj(i[) ≥ uj(iΩ[,1) = uj(iΩ−,1) > uj(iΩ+,1).

If there exist 1 ≤ e1 ≤ eψ1,1 and i\ ∈ n such that

• i\, i1,e1ψ1
∈ [m\]ξ for some 1 ≤ m\ ≤ rξ;

• exactly one of the following holds
– i\ = i];

– ((iα, i\), j), ((i\, i]), j) ∈ Λ̂;

– ((i[, i\), j) ∈ Λ̂;
• uj(i\) > uj(iΩ+,1),

then we choose e1 to be minimal possible and set Ω+
\

def
= Ω+. If i\ = i], we set Ω−\

def
= Ω] t

{((i1,e1ψ1
, i′α), j)}. If ((iα, i\), j), ((i\, i]), j) ∈ Λ̂, we set Ω−\

def
= Ω],\ t {((i1,e1ψ1

, i′α), j)} where Ω],\
def
=

(Ωmax
((iα,i\),j),Λ

)†. If ((i[, i\), j) ∈ Λ̂, we set Ω−\
def
= Ω]tΩ[,\t{((i

1,e1
ψ1

, i′α), j)} where Ω[,\
def
= (Ωmax

((i[,i\),j),Λ
)†.

Note that Ω],\ satisfies the condition that Ω],\,(α′,j) = Ωmax
(α′,j),Λ is Λ-ordinary for each (α′, j) ∈ Ω̂],\,

and similarly for Ω[,\. It is not difficult to see that the balanced pair Ω±1 defined by Ω+
1

def
= Ω−\

and Ω−1
def
= Ω− satisfies F

Ω±1
ξ ∈ O<γξ,Λ and FΩ±

ξ = F
Ω±\
ξ F

Ω±1
ξ in all three cases above. Consequently,

by taking Ω′
def
= Ω−\ , it suffices to check the conditions in the definition of constructible Λ-lifts of

type II for the balanced pair Ω±\ . If Ω±\ is not a Λ-lift, then F
Ω±\
ξ ∈ O<γξ,Λ thanks to Lemma 5.1.2.
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If Ω±\ is a Λ-lift, then Conditions II-(i), II-(ii), II-(iii), and II-(ix) are true by our assumption on

Ω±\ . Conditions II-(x) and II-(xi) hold for Ω±\ as uj(i\) > uj(iΩ+,1) and uj(i
1,e1
ψ1

) < uj(iΩ+,1).

If Ω±\ fails Condition II-(vi), then we deduce F
Ω±\
ξ ∈ O<γξ,Λ from Lemma 5.1.8. If Ω±\ fails either

Condition II-(iv) or Condition II-(v), there exist 1 ≤ e′1 ≤ e1 − 1 and i′\ ∈ n such that

• i′\, i
1,e′1
ψ1
∈ [m′\]ξ for some 1 ≤ m′\ ≤ rξ;

• one of the following holds
– i′\ = i];

– ((iα, i
′
\), j), ((i′\, i]), j) ∈ Λ̂;

– ((i[, i
′
\), j) ∈ Λ̂;

• uj(i′\) > uj(iΩ+,1),

which clearly contradicts the minimality of the choice of e1. Condition II-(vii) holds as we have

uj(i
1,e
ψ1

) ≤ uj(i1,1ψ1
) < uj(iΩ+,1) < uj(i\) ≤ uj(iΩ\,(α′,j),c)

for each 1 ≤ e ≤ eψ1,1, (α′, j) ∈ Ω̂\ \{((i1,e1ψ1
, i′α), j)} and 0 ≤ c ≤ #Ω\,(α′,j). If Ω±\ fails Condition II-

(viii), then we deduce F
Ω±\
ξ ∈ O<γξ,Λ from Lemma 5.3.10 (using the fact γψ < γ for each ψ ∈

{(Ω−(α′,j),Λ) | (α′, j) ∈ Ω̂−}). If Ω±\ satisfies all the conditions from Condition II-(i) to Condition II-

(viii), then it is clearly a constructible Λ-lift of type II.
If such e1 does not exist (for example if eψ1,1 = 0), we check the conditions in the definition of

constructible Λ-lifts of type II for the balanced pair Ω±. If Ω± is not a Λ-lift, then FΩ±
ξ ∈ O<γξ,Λ

thanks to Lemma 5.1.2. If Ω± is a Λ-lift, then Conditions II-(i), II-(ii), II-(iii), and II-(ix) are true
by our assumption on Ω±. Conditions II-(x) and II-(xi) hold for Ω± as uj(i]) > uj(i[) > uj(iΩ+,1),

((i[, i
′
α), j) ∈ Ω̂− and uj(iΩ−,1) = uj(iΩ[,1) > uj(iΩ+,1). If Ω± fails Condition II-(vi), then we deduce

FΩ±
ξ ∈ O<γξ,Λ from Lemma 5.1.8. Conditions II-(iv) and II-(v) hold for Ω± due to the non-existence

of e1. Condition II-(vii) holds as we have

uj(i
1,e
ψ1

) ≤ uj(i1,1ψ1
) < uj(iΩ+,1) < uj(i]) ≤ uj(iΩ−

(α′,j),c
)

for each 1 ≤ e ≤ eψ1,1, (α′, j) ∈ Ω̂] and 0 ≤ c ≤ #Ω−(α′,j). If Ω± fails Condition II-(viii), then we

deduce FΩ±
ξ ∈ O<γξ,Λ from Lemma 5.3.10 (using the fact γψ < γ for each ψ ∈ {(Ω−(α′,j),Λ) | (α′, j) ∈

Ω̂−}). Finally, if Ω± satisfies all the conditions from Condition II-(i) to Condition II-(viii), then it
is clearly a constructible Λ-lift of type II. The proof is thus finished. �

Proposition 5.3.13. Let (α, j) be an element of Λ̂∩ Suppγξ,J and Ω± be a balanced pair such that

• Ω+ ∈ D(α,j),Λ is Λ-exceptional and Λ-ordinary;

• Ωmax
(α,j),Λ is not Λ-ordinary and Ω− = (Ωmax

(α,j),Λ)†.

Then one of the following holds

• FΩ±
ξ ∈ O<γξ,Λ;

• there exists a pseudo Λ-decomposition Ω′ of (α, j) such that
– the balanced pair Ω+,Ω′ is a constructible Λ-lift of type II;

– F
Ω±0
ξ ∈ O<γξ,Λ for the balanced pair Ω±0 defined by Ω+

0
def
= Ω′ and Ω−0

def
= Ω−.

In particular, we have FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ.
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Proof. It is harmless to assume that uj(iΩ+,1) < uj(iΩmax
(α,j),Λ

,1) (and thus Ω+ 6= Ωmax
(α,j),Λ), otherwise

neither the balanced pair Ω+,Ωmax
(α,j),Λ nor the balanced pair Ω−,Ωmax

(α,j),Λ is a Λ-lift, which implies

FΩ±
ξ ∈ O<γξ,Λ by Lemma 5.1.2.

It follows from the definition of Ω− = (Ωmax
(α,j),Λ)† (cf. (5.2.19)) that exactly one of the following

holds:

• uj(iΩ−,1) > uj(iΩ+,1);
• iΩ−,1 = iΩ+,1;

• uj(iΩ−,1) < uj(iΩ+,1) and ((iΩ−,1, i
′
α), j) ∈ Ω− ∩ Ω̂−.

If uj(iΩ−,1) > uj(iΩ+,1), we conclude by applying Lemma 5.3.12 to the balanced pair Ω±. If

iΩ−,1 = iΩ+,1, then the balanced pair Ω± is not a Λ-lift, which implies FΩ±
ξ ∈ O<γξ,Λ by Lemma 5.1.2.

If uj(iΩ−,1) < uj(iΩ+,1) and ((iΩ−,1, i
′
α), j) ∈ Ω−∩ Ω̂−, then we conclude by applying Lemma 5.3.11

to the balanced pair Ω±. The proof is thus finished. �

Lemma 5.3.14. Let (α, j) be an element of Λ̂ ∩ Suppγξ,J and Ω ∈ D(α,j),Λ. Assume that Ω is not

Λ-ordinary. Then there exists a pseudo Λ-decomposition Ω′ of (α, j) such that

• Ω′ is Λ-equivalent to Ω with level < γ;

• Ω̂′ 6= {(α, j)} and Ω′(α′,j) = Ωmax
(α′,j),Λ is Λ-ordinary for each (α′, j) ∈ Ω̂′;

• uj(iΩ′,1) ≥ uj(iΩ,1).

Proof. We argue by induction on the block γ. As Ω is not Λ-ordinary, we consider 1 ≤ c† ≤ #Ω−1,

1 ≤ s† ≤ dψ (with ψ = (Ω,Λ)) and 1 ≤ e†
def
= eψ,s† as defined at (5.2.19) (with s† maximal possible

and e† minimal possible for the fixed s†). We set β
def
= (iΩ,c† , i

′
α) and

Ω1
def
= Ωmax

(β,j),Λ ∈ D(β,j),Λ.

Note that we must have uj(iΩmax
(α,j),Λ

,1) ≥ uj(iΩ1,1) ≥ uj(iΩ,1). We write γ1 < γ for the image of

(β, j) under Λ̂� Λ̂�.

Note that Ω1 is either Λ-exceptional or Λ-extremal. If Ω1 is Λ-ordinary, we set Ω′1
def
= Ω1. If Ω1

is not Λ-ordinary, we may apply our inductive assumption to Ω1 (as γ1 < γ) and obtain a pseudo
Λ decomposition Ω′1 of (β, j) that satisfies

• Ω′1 is Λ-equivalent to Ω1 with level < γ1;

• Ω̂′1 6= {(β, j)} and Ω′(α′,j) = Ωmax
(α′,j),Λ is Λ-ordinary for each (α′, j) ∈ Ω̂′1;

• uj(iΩ′1,1) ≥ uj(iΩ1,1).

Then we define

Ω′
def
= (Ωmax

((iα,i
s†,e†
ψ1

),j),Λ
)† t Ω′1

We can clearly deduce from uj(iΩ1,1) ≥ uj(iΩ,1), iΩ′,1 = iΩ′1,1 and uj(iΩ′1,1) ≥ uj(iΩ1,1) that

uj(iΩ′,1) ≥ uj(iΩ,1), which implies that Ω′ satisfies the desired conditions. In all, the proof is
finished by an induction on γ. �

Lemma 5.3.15. Let (α, j) be an element of Λ̂ ∩ Suppγξ,J , and let Ω± be a balanced pair such that

• Ω− = Ωmax
(α,j),Λ is Λ-exceptional and Λ-ordinary with eψ2,1 ≥ 1, where ψ2 = (Ω−,Λ);

• Ω+ ∈ D(α,j),Λ and iΩ+,1 = i1,e
+

ψ2
for some 1 ≤ e+ ≤ eψ2,1.

Then one of the following holds
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• FΩ±
ξ ∈ O<γξ,Λ;

• there exists Ω′ ∈ D(α,j),Λ which is Λ-equivalent to Ω+ with level < γ such that iΩ′,1 = i1,1ψ2

and the balanced pair Ω′,Ω− is a constructible Λ-lift of type I;
• there exists a pseudo Λ-decomposition Ω′ of (α, j) which is Λ-equivalent to Ω+ with level

< γ such that iΩ′,1 = i1,1ψ2
and the balanced pair Ω−,Ω′ is a constructible Λ-lift of type II.

In particular, we always have FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ.

Proof. Note that eψ2,1 ≥ 1 is the same as saying #D(α,j),Λ ≥ 2 in this case. Replacing Ω+ with

Ωmax
((iα,iΩ+,1),j),Λ t {((iΩ+,1, i

′
α), j)}

if necessary, it is harmless to assume from now on that Ωmax
((iα,iΩ+,1),j),Λ ⊆ Ω+. If we consider a

balanced pair Ω±0 with both Ω+
0 and Ω−0 being Λ-decomposition of (α, j) satisfying iΩ+

0 ,1
= i1,1ψ2

and

iΩ−0 ,1
= i1,e

+

ψ2
, then we deduce F

Ω±0
ξ ∈ O<γξ,Λ from Lemma 5.1.8 and the fact ((i1,1ψ2

, i1,e
+

ψ2
), j) ∈ Λ̂.

Consequently, we may assume in the rest of the proof that e+ = 1.
If Ω+ is neither Λ-exceptional nor Λ-extremal, then it follows from Lemma 5.2.12 that there

exists Ω? ∈ D(α,j),Λ such that

• Ω? is Λ-equivalent to Ω+ with level < γ;
• Ω+ < Ω?;
• Ω? is either Λ-exceptional or Λ-extremal.

It follows from iΩ+,1 = i1,1ψ2
, Ω− = Ωmax

(α,j),Λ, Ωmax
((iα,iΩ+,1),j),Λ ⊆ Ω+ and Ω+ < Ω? that we must have

iΩ?,1 = iΩ−,1 = iΩmax
(α,j),Λ

,1. Hence Ω− is Λ-equivalent to Ω? (and thus Ω+ as well) with level < γ,

which implies FΩ±
ξ ∈ O<γξ,Λ.

We may assume that Ω+ is either Λ-exceptional or Λ-extremal in the rest of the proof.
If Ω+ is Λ-ordinary, then we check the conditions in the definition of constructible Λ-lifts of

type I for the balanced pair Ω±. We write ψ1 = (Ω+,Λ) for short. If Ω± is not a Λ-lift, then

FΩ±
ξ ∈ O<γξ,Λ thanks to Lemma 5.1.2. If Ω± is a Λ-lift, then Conditions I-(i), I-(ii), and I-(iii)

are true by our assumption on Ω±. We can also deduce Conditions I-(iv) and I-(vii) from the

fact uj(i
1,e
ψ2

) ≤ uj(i
1,1
ψ2

) = uj(iΩ+,1) < uj(iΩ−,1) for each 1 ≤ e ≤ eψ2,1. If Ω+ is Λ-exceptional,

Condition I-(vi) holds for Ω± as we have

uj(i
1,e
ψ1

) < uj(iΩ+,1) < uj(iΩ−,1) ≤ uj(iΩ−,c)

for each 1 ≤ e ≤ eψ1,1 and 1 ≤ c ≤ #Ω− − 1. If Ω+ is not Λ-exceptional (and thus Λ-extremal by

previous assumption) and fails Condition I-((vi), then we deduce FΩ±
ξ ∈ O<γξ,Λ from Lemma 5.3.10. If

Ω± fails Condition I-(v), then FΩ±
ξ ∈ O<γξ,Λ thanks to Lemma 5.1.8. If Ω± satisfies all the conditions

from I-(i)to I-(vii), then it is a constructible Λ-lift of type I.
If Ω+ is not Λ-ordinary, we apply Lemma 5.3.14 to Ω+ and define Ω−1 as the pseudo Λ-

decomposition of (α, j) associated with Ω+ as in Lemma 5.3.14. In particular, Ω−1 satisfies the
following conditions

• Ω−1 is Λ-equivalent to Ω+ with level < γ;

• Ω̂−1 6= {(α, j)} and Ω−1,(α′,j) = Ωmax
(α′,j),Λ is Λ-ordinary for each (α′, j) ∈ Ω̂−1 ;

• uj(iΩ−1 ,1) ≥ uj(iΩ+,1).
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If uj(iΩ−1 ,1
) > uj(iΩ+,1), then we must have iΩ−1 ,1

= iΩ−,1, and thus the balanced pair Ω−1 ,Ω
− is not

a Λ-lift, which implies FΩ±
ξ ∈ O<γξ,Λ. Hence, we may assume from now on that iΩ−1

= iΩ+,1 = i1,1ψ2

and check the conditions in the definition of constructible Λ-lifts of type II for the balanced pair

Ω±1 defined by Ω+
1

def
= Ω− and Ω−1 . If Ω±1 is not a Λ-lift, then F

Ω±1
ξ ∈ O<γξ,Λ thanks to Lemma 5.1.2.

If Ω±1 is a Λ-lift, then Conditions II-(i), II-(ii), II-(iii), II-(ix), II-(x), and II-(xi) are true by our

assumption on Ω±1 . If Ω±1 fails Condition II-(vi), then we deduce F
Ω±1
ξ ∈ O<γξ,Λ from Lemma 5.1.8.

Conditions II-(iv), II-(v) and II-(vii) hold for Ω±1 as we have

uj(i
1,e
ψ2

) ≤ uj(i1,1ψ2
) = uj(iΩ+,1) = uj(iΩ−1 ,1

) < uj(iΩ−,1) = uj(iΩ+
1 ,1

)

for each 1 ≤ e ≤ eψ2,1 (modulo difference on notation between Definition 5.3.1 and this proof).

If Ω±1 fails Condition II-(viii), then we deduce F
Ω±1
ξ ∈ O<γξ,Λ from Lemma 5.3.10 (using the fact

γψ < γ for each ψ ∈ {(Ω−1,(α′,j),Λ) | (α′, j) ∈ Ω̂−1 }). Finally, if Ω±1 satisfies all the conditions from

Condition II-(i) to Condition II-(viii), then it is clearly a constructible Λ-lift of type II. The proof
is thus finished. �

Proposition 5.3.16. Let (α, j) be an element of Λ̂∩ Suppγξ,J and Ω± be a balanced pair such that

both Ω+ and Ω− are pseudo Λ-decompositions of (α, j) satisfying Ω̂+ 6= {(α, j)} 6= Ω̂−. Then one
of the following holds

• FΩ±
ξ ∈ O<γξ,Λ;

• there exists a constructible Λ-lift Ω±0 of type III such that
– both Ω+

0 and Ω−0 are pseudo Λ-decompositions of (α, j);

– F
Ω±0
ξ (FΩ±

ξ )−1 ∈ O<γξ,Λ.

In particular, we have FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ.

Proof. First of all, as Ω̂+ 6= {(α, j)} 6= Ω̂−, we observe that Ω+ (resp. Ω−) is clearly Λ-equivalent to

Ω+
0

def
=

⊔
(α′,j)∈Ω̂+

(Ωmax
(α′,j),Λ)† (resp. Ω−0

def
=

⊔
(α′,j)∈Ω̂+

(Ωmax
(α′,j),Λ)†) with level < γ (using Lemma 5.2.20).

Hence Ω+
0,(α′,j) = Ωmax

(α′,j),Λ (resp. Ω−0,(α′,j) = Ωmax
(α′,j),Λ) is Λ-ordinary for each (α′, j) ∈ Ω̂+

0 (resp. for

each (α′, j) ∈ Ω̂−0 ).
We check the definition of constructible Λ-lifts of type III for the balanced pair Ω±0 . If Ω±0 is

not a Λ-lift, then F
Ω±0
ξ ∈ O<γξ,Λ thanks to Lemma 5.1.2. If Ω±0 is a Λ-lift, then Conditions III-

(i), III-(ii), III-(iii) III-(vi) and III-(ix) clearly hold. If Ω±0 fails Condition III-(iv), then we deduce

F
Ω±0
ξ ∈ O<γξ,Λ by Lemma 5.3.5, as γψ < γ and γψ′ < γ in this case. If Ω±0 fails Condition III-(v) for

some choice of ψ,ψ′ in (5.3.3), then we deduce F
Ω±0
ξ ∈ O<γξ,Λ by Lemma 5.3.8. Similarly, if Ω±0 fails

Condition III-(viii), we deduce F
Ω±0
ξ ∈ O<γξ,Λ from Lemma 5.3.10. If Ω±0 fails Condition III-(vii), we

deduce F
Ω±0
ξ ∈ O<γξ,Λ from Lemma 5.1.8.

Finally, if Ω±0 satisfies all the conditions from Condition III-(i) to Condition III-(ix), then it is
clearly a constructible Λ-lift of type III. The proof is thus finished. �

Proposition 5.3.17. Let (α, j) be an element of Λ̂∩ Suppγξ,J and Ω± be a balanced pair such that

• Ω− is a pseudo Λ-decomposition of (α, j) satisfying Ω̂− 6= {(α, j)};
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• Ω+ ∈ D(α,j),Λ is Λ-ordinary

• either Ω+ = Ωmax
(α,j),Λ or Ω+ is Λ-extremal.

Then there exists a pseudo Λ-decomposition Ω′ of (α, j) with Ω̂′ 6= {(α, j)} such that the balanced

pair Ω±0 defined by Ω+
0

def
= Ω+ and Ω−0

def
= Ω′ satisfies one of the following

• FΩ±0
ξ ∈ O<γξ,Λ;

• Ω±0 is a constructible Λ-lift of type II;
• there exists Ω′′ ∈ D(α,j),Λ such that

– the balanced pair Ω′′,Ω+ satisfies the conditions in Lemma 5.3.15;

– F
Ω±1
ξ ∈ O<γξ,Λ for the balanced pair defined by Ω+

1
def
= Ω′′ and Ω−1

def
= Ω−0 .

In particular, we have FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ.

Proof. Let (β, j), (β′, j) ∈ Ω̂− be the elements satisfying iβ = iα and i′β, iβ′ ∈ [m]ξ for some 1 ≤ m ≤
rξ. We define two integers i], i[ by uj(i]) = max{uj(i′β), uj(iβ′)}, uj(i[) = min{uj(i′β), uj(iβ′)},
and then set

Ω′
def
= (Ωmax

((iα,i]),j),Λ
)† t (Ωmax

((i[,i
′
α),j),Λ)†.

Note that uj(i
′
β) > uj(iβ′′) ≥ uj(iΩ−,1) for the elements (β, j), (β′′, j) ∈ Ω̂′ characterized by iβ =

iα and i′β′′ = i′α. We also note that Ω′(α′,j) = Ωmax
(α′,j),Λ is Λ-ordinary for each (α′, j) ∈ Ω̂′ (cf.

Lemma 5.2.20).
Now we check the conditions in the definition of constructible Λ-lifts of type II for the balanced

pair Ω±0 defined by Ω+
0

def
= Ω+ and Ω−0

def
= Ω′. If Ω±0 is not a Λ-lift, then F

Ω±0
ξ ∈ O<γξ,Λ thanks to

Lemma 5.1.2. If Ω±0 is a Λ-lift, then Conditions II-(i), II-(ii), II-(iii), II-(ix), II-(x), and II-(xi) are

true by our assumption on Ω±0 . If Ω±0 fails Condition II-(vi), then we deduce F
Ω±0
ξ ∈ O<γξ,Λ from

Lemma 5.1.8. If Ω± fails Condition II-(viii), then we deduce F
Ω±0
ξ ∈ O<γξ,Λ from Lemma 5.3.10 (using

the fact γψ < γ for each ψ ∈ {(Ω−(α′,j),Λ) | (α′, j) ∈ Ω̂−}). If Ω+
0 is not Λ-exceptional and Ω±0 fails

Condition II-(iv) (resp. Condition II-(v), resp. Condition II-(vii)), then we deduce F
Ω±0
ξ ∈ O<γξ,Λ by

Lemma 5.3.5 (resp. by Lemma 5.3.8, resp. by Lemma 5.3.10).
We now treat Condition II-(iv), Condition II-(v), and Condition II-(vii), when Ω+

0 is Λ-exceptional
and in particular Ω+

0 = Ωmax
(α,j),Λ by our assumption.

If Ω±0 fails Condition II-(v) and Ω+
0 = Ωmax

(α,j),Λ is Λ-exceptional, then there exists 1 ≤ e ≤ eψ1,1,

(α′, j) ∈ Ω̂− and 1 ≤ m ≤ rξ such that i′α′ , i
1,e
ψ1
∈ [m]ξ. We set Ω′′

def
= Ωψ1,1,e ∈ D(α,j),Λ with

iΩ′′,1 = i1,eψ1
(cf. the paragraph before Lemma 5.3.5) and note that the balanced pair Ω′′,Ω+

0

satisfies the conditions of Lemma 5.3.15. We set Ω+
1

def
= Ω′′ and Ω−1

def
= Ω−0 , and then observe that

the balanced pair Ω±1 is not a Λ-lift, so that we deduce F
Ω±1
ξ ∈ O<γξ,Λ by Lemma 5.1.2.

If Ω±0 fails Condition II-(vii) and Ω+
0 = Ωmax

(α,j),Λ is Λ-exceptional, then there exists 1 ≤ e ≤ eψ1,1,

(α′, j) ∈ Ω̂−0 and 1 ≤ c ≤ #Ω−0,(α′,j) − 1 such that iΩ−
0,(α′,j),c

6= i′α and i1,eψ1
satisfies either i1,eψ1

=

iΩ−
0,(α′,j),c

or ((i1,eψ1
, iΩ−

0,(α′,j),c
), j) ∈ Λ̂. We define Ω′′ and Ω±1 the same way as in the last paragraph

and note that the balanced pair Ω′′,Ω+
0 satisfies the conditions of Lemma 5.3.15. If i1,eψ1

= iΩ−
0,(α′,j),c
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then Ω±1 is not a Λ-lift so that we have F
Ω±1
ξ ∈ O<γξ,Λ by Lemma 5.1.2, and if ((i1,eψ1

, iΩ−
0,(α′,j),c

), j) ∈ Λ̂

then we have F
Ω±1
ξ ∈ O<γξ,Λ by Lemma 5.1.8 as iΩ−

0,(α′,j),c
6= i′α.

If Ω±0 fails Condition II-(iv) and Ω+
0 = Ωmax

(α,j),Λ is Λ-exceptional, then there exists (α′, j) ∈ Ω̂−0
(with ψ = (Ω−0,(α′,j),Λ)), 1 ≤ s ≤ dψ, 1 ≤ e ≤ eψ1,1, 1 ≤ e′ ≤ eψ,s and 1 ≤ m ≤ rξ such that

is,e
′

ψ , i1,eψ1
∈ [m]ξ. We define Ω′′ and Ω±1 the same way as before and note that the balanced pair

Ω′′,Ω+
0 satisfies the conditions of Lemma 5.3.15. Then we deduce F

Ω±1
ξ ∈ O<γξ,Λ by Lemma 5.3.10

Finally, if Ω± satisfies all the conditions from Condition II-(i) to Condition II-(viii), then it is
clearly a constructible Λ-lift of type II. The proof is thus finished. �

Proposition 5.3.18. Let (α, j) be an element of Λ̂∩ Suppγξ,J and Ω± be a balanced pair such that

• Ω+ ∈ D(α,j),Λ is Λ-exceptional and Λ-ordinary;

• Ω− = Ωmax
(α,j),Λ is Λ-ordinary.

Then one of the following holds

• FΩ±
ξ ∈ O<γξ,Λ;

• Ω± is a constructible Λ-lift of type I;
• there exists a pseudo Λ-decomposition Ω′ of (α, j) such that

– the balanced pair Ω+,Ω′ satisfies the conditions of Lemma 5.3.11;
– the balanced pair Ω−,Ω′ satisfies the conditions of Proposition 5.3.17;

• there exists Ω′ ∈ D(α,j),Λ such that

– the balanced pair Ω′,Ω− satisfies the conditions of Lemma 5.3.15;

– F
Ω±0
ξ ∈ O<γξ,Λ for the balanced pair Ω±0 defined by Ω+

0
def
= Ω′ and Ω−0

def
= Ω+.

In particular, we have FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ.

Proof. We write ψ1
def
= (Ω+,Λ) and ψ2

def
= (Ω−,Λ) for short. It is harmless to assume that uj(iΩ+,1) <

uj(iΩ−,1) = uj(iΩmax
(α,j),Λ

,1), since the result is clear otherwise.

We check the definition of constructible Λ-lifts of type I for the balanced pair Ω±. If Ω± is not a

Λ-lift, then FΩ±
ξ ∈ O<γξ,Λ thanks to Lemma 5.1.2. If Ω± is a Λ-lift, then Conditions I-(i), I-(ii), and

I-(iii) are true by our assumption on Ω±.
If Ω± fails Condition I-(iv), then there exist 1 ≤ s ≤ dψ2 , 1 ≤ e2 ≤ eψ2,s, and 1 ≤ e1 ≤ eψ1,1 such

that

• i1,e1ψ1
, is,e2ψ2

∈ [m]ξ for some 1 ≤ m ≤ rξ;
• uj(is,e2ψ2

) > uj(iΩ+,1) > uj(i
1,e1
ψ1

).

We set Ω′
def
= (Ωmax

((iα,i
s,e2
ψ2

),j),Λ
)† t {((i1,e1ψ1

, i′α), j)}. Then we note that the balanced pair Ω+,Ω′

satisfies the conditions in Lemma 5.3.11, and the balanced pair Ω−,Ω′ satisfies the conditions in
Lemma 5.3.17.

Condition I-(vi) holds for Ω± as we have

uj(i
1,e
ψ1

) < uj(iΩ+,1) < uj(iΩ−,1) ≤ uj(iΩ−,c)

for each 1 ≤ e ≤ eψ1,1 and 1 ≤ c ≤ #Ω− − 1. If Ω± fails Condition I-(v), then FΩ±
ξ ∈ O<γξ,Λ thanks

to Lemma 5.1.8. If Ω± fails Condition I-(vii) and if Ω− is not Λ-exceptional, then we deduce
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FΩ±
ξ ∈ O<γξ,Λ by Lemma 5.3.10. If Ω± fails Condition I-(vii) and if Ω− is Λ-exceptional, then there

exists 1 ≤ e ≤ eψ2,1 such that either i1,eψ2
= iΩ+,c or ((i1,eψ2

, iΩ+,c), j) ∈ Λ̂ for some 1 ≤ c ≤ #Ω+ − 1.

We set Ω+
1

def
= Ω+ and Ω−1

def
= Ωψ2,1,e ∈ D(α,j),Λ (see the paragraph before Lemma 5.3.5) with

iΩ−0 ,1
= i1,eψ2

, and note that the balanced pair Ω−1 ,Ω
− satisfies the conditions in Lemma 5.3.15. It

remains to check that F
Ω±1
ξ ∈ O<γξ,Λ. If i1,eψ2

= iΩ+,c then Ω±1 is not a Λ-lift so that we have F
Ω±1
ξ ∈ O<γξ,Λ

by Lemma 5.1.2, and if ((i1,eψ2
, iΩ+,c), j) ∈ Λ̂ then we have F

Ω±1
ξ ∈ O<γξ,Λ by Lemma 5.1.8.

Finally, if Ω± satisfies all the conditions from I-(i) to I-(vii), then it is clearly a constructible
Λ-lift of type I. The last claim follows from Lemma 5.3.11, Lemma 5.3.15 and Proposition 5.3.17.
The proof is thus finished. �

Theorem 5.3.19. Let (α, j) be an element of Λ̂ ∩ Suppγξ,J , and Ω± be a balanced pair. Assume

that both Ω+ and Ω− are pseudo Λ-decompositions of (α, j). Then we have FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ.

Proof. We may start with defining two balanced pairs Ω±1 , Ω±2 by Ω+
1

def
= Ω+, Ω−1

def
= Ωmax

(α,j),Λ,

Ω+
2

def
= Ωmax

(α,j),Λ, Ω−2
def
= Ω−, and then observe that FΩ±

ξ ∼ F
Ω±1
ξ F

Ω±2
ξ . Hence it suffices to prove

FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ for all balanced pairs Ω± with a pseudo Λ-decomposition Ω+ of (α, j) and

Ω− = Ωmax
(α,j),Λ.

If Ω̂+ 6= {(α, j)} and Ω− = Ωmax
(α,j),Λ is Λ-ordinary, we deduce FΩ±

ξ ∈ Ocon
ξ,Λ · O

<γ
ξ,Λ by applying

Proposition 5.3.17 to the balanced pair Ω−,Ω+ (inverse of Ω±). If Ω̂+ 6= {(α, j)} and Ω− = Ωmax
(α,j),Λ

is not Λ-ordinary, we deduce FΩ±
ξ ∈ Ocon

ξ,Λ ·O
<γ
ξ,Λ by applying Proposition 5.3.16 to the balanced pair

Ω+,Ω−† . Hence we assume in the rest of the proof that Ω+ is a Λ-decomposition of (α, j). According

to Lemma 5.2.12, it is harmless to assume that Ω+ is either Λ-exceptional or Λ-extremal. If Ω+

is not Λ-ordinary, then we consider the balanced pair Ω+
† ,Ω

− and deduce FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ from

previous discussion. If Ω+ is Λ-exceptional and Λ-ordinary, then we deduce FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ

from Proposition 5.3.13 and Proposition 5.3.18. Hence, it remains to treat the case when Ω+ is
Λ-extremal and Λ-ordinary and Ω− = Ωmax

(α,j),Λ. We may also assume that Ω+ 6= Ωmax
(α,j),Λ, since the

statement is trivial otherwise. If Ω− = Ωmax
(α,j),Λ is not Λ-ordinary, then we may deduce FΩ±

ξ ∈
Ocon
ξ,Λ · O

<γ
ξ,Λ by applying Proposition 5.3.17 to the balanced pair Ω+,Ω−† .

Therefore we can assume from now on that Ω+ is Λ-extremal and Λ-ordinary and Ω− = Ωmax
(α,j),Λ

is Λ-ordinary. In this case, we prove FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ by checking the definition of constructible

Λ-lifts of type I. If Ω± is not a Λ-lift, then FΩ±
ξ ∈ O<γξ,Λ thanks to Lemma 5.1.2. If Ω± is a

Λ-lift, then Conditions I-(i), I-(ii), and I-(iii) are true by our assumption on Ω±. If Ω± fails

Condition I-(v), then FΩ±
ξ ∈ O<γξ,Λ thanks to Lemma 5.1.8. If Ω± fails Condition I-(vi), then we

deduce FΩ±
ξ ∈ O<γξ,Λ from Lemma 5.3.10, as Ω+ is not Λ-exceptional. If Ω± fails Condition I-

((vii), then we deduce FΩ±
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ, by the same argument as at the end of the proof of

Proposition 5.3.18(see the construction of Ω±1 there). If Ω± fails Condition I-(iv) and Ω− is not

Λ-exceptional, then we deduce FΩ±
ξ ∈ O<γξ,Λ from Lemma 5.3.5. If Ω± fails Condition I-(iv) and Ω−

is Λ-exceptional, then we may choose Ω−0 ∈ D(α,j),Λ such that iΩ−0 ,1
= i1,eψ2

for some 1 ≤ e ≤ eψ2,1

where i1,eψ2
∈](uj(i

s,e1
ψ1

), j), (uj(i
s,e1
ψ1

), j)]wJ for some 1 ≤ s ≤ dψ1 and 1 ≤ e1 ≤ eψ1,s, so that letting
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Ω+
0

def
= Ω+ it is enough to check that F

Ω±0
ξ ∈ Ocon

ξ,Λ · O
<γ
ξ,Λ by Lemma 5.3.15. But this follows

immediately from Lemma 5.3.10 as Ω+ is not Λ-exceptional.
Finally, if Ω± satisfies all the conditions from I-(i) to I-(vii), then it is a constructible Λ-lift of

type I and thus FΩ±
ξ ∈ Ocon

ξ,Λ . The proof is thus finished. �

Theorem 5.3.20. For each Λ-lift Ω±, we have FΩ±
ξ ∈ Ocon

ξ,Λ .

Proof. As usual, we can associate with Ω± the sets Ω̂+, Ω̂− and then Ω+
(α,j) (resp. Ω−(α,j)) for each

(α, j) ∈ Ω̂+ (resp. for each (α, j) ∈ Ω̂−). We argue by induction on the norm |Ω±| (cf. Defini-
tion 5.1.1). In other words, we only need to prove that

(5.3.21) FΩ±
ξ ∈ Ocon

ξ,Λ · O
<|Ω±|
ξ,Λ ⊆ O(Nξ,Λ)×

for each Λ-lift Ω±. It follows from the first half of Lemma 5.1.8 that it suffices to prove (5.3.21)

when Ω+ t Ω− is Λ-separated. If Ω̂+ = Ω̂−, then the result is covered by Theorem 5.3.19. Hence

we assume from now on that Ω± is a Λ-lift such that Ω̂+ ∩ Ω̂− = ∅ and Ω+ t Ω− is Λ-separated.

For each (α, j) ∈ Ω̂+tΩ̂−, we consider the following pseudo Λ-decomposition Ω(α,j),\
def
= (Ωmax

(α,j),Λ)†
of (α, j). Then we define

Ω+
(α,j),\

def
=

{
Ω(α,j),\ if (α, j) ∈ Ω̂+;

Ω−(α,j) if (α, j) ∈ Ω̂−
and Ω−(α,j),\

def
=

{
Ω+

(α,j) if (α, j) ∈ Ω̂+;

Ω(α,j),\ if (α, j) ∈ Ω̂−.

We also define
Ω+
\

def
=

⊔
(α,j)∈Ω̂+

Ω(α,j),\ and Ω−\
def
=

⊔
(α,j)∈Ω̂−

Ω(α,j),\.

Then it follows from Theorem 5.3.19 that

F
Ω±

(α,j),\

ξ ∈ Ocon
ξ,Λ · O

<|Ω±|
ξ,Λ

for each (α, j) ∈ Ω̂+ t Ω̂−, and therefore

(5.3.22) F
Ω±\
ξ (FΩ±

ξ )−1 ∼
∏

(α,j)∈Ω̂+tΩ̂−

F
Ω±

(α,j),\

ξ ∈ Ocon
ξ,Λ · O

<|Ω±|
ξ,Λ .

Hence it suffices to prove that F
Ω±\
ξ ∈ Ocon

ξ,Λ ·O
<|Ω±|
ξ,Λ by checking the definition of constructible Λ-lifts

of type III. If both Ω+
\ and Ω−\ are pseudo Λ-decompositions of some (α, j) ∈ Λ̂, then we clearly

have F
Ω±\
ξ ∈ Ocon

ξ,Λ ·O
<|Ω±|
ξ,Λ by Theorem 5.3.19, and thus we may assume from now on that such (α, j)

does not exist. If Ω±\ is not a Λ-lift, then we clearly have F
Ω±\
ξ ∈ O<|Ω

±|
ξ,Λ by Lemma 5.1.2. If Ω±\

is a Λ-lift, then Conditions III-(i), III-(ii), and III-(iii) clearly hold. If Ω±\ fails Condition III-(iv),

then we deduce from Lemma 5.3.5, Lemma 5.3.10, and Theorem 5.3.19 that F
Ω±\
ξ ∈ Ocon

ξ,Λ · O
<|Ω±|
ξ,Λ .

If Ω±\ fails Condition III-(v), then we deduce from Lemma 5.3.8 and Theorem 5.3.19 that F
Ω±\
ξ ∈

Ocon
ξ,Λ · O

<|Ω±|
ξ,Λ . If Ω±\ fails Condition III-(vii), then we deduce F

Ω±\
ξ ∈ O<|Ω

±|
ξ,Λ from Lemma 5.1.8. If

Ω±\ fails Condition III-(viii), then we deduce from Lemma 5.3.10 and Theorem 5.3.19 that F
Ω±\
ξ ∈

Ocon
ξ,Λ ·O

<|Ω±|
ξ,Λ . If Ω±\ fails Condition III-(ix) for some Ω, Ω′, (α, j), (α′, j′), (i, j), (i′, j′) and m there,
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then we choose an arbitrary Ω? ∈ D(α,j),Λ (resp. Ω′? ∈ D(α′,j′),Λ) which has (i, j) (resp. (i′, j′)) as

an interior point and construct a new balanced pair Ω±? by replacing the Λ�-intervals Ω,Ω′ with

Ω?,Ω
′
? respectively. On the one hand, it is clear that F

Ω±\
ξ (FΩ±?

ξ )−1 ∈ Ocon
ξ,Λ · O

<|Ω±|
ξ,Λ by applying

Theorem 5.3.19 to the pair Ω,Ω? and the pair Ω′,Ω′?. On the other hand, the balanced pair Ω±? is
not a Λ-lift as (i, j), (i′, j′) ∈ [m]ξ (and Ω,Ω′ are distinct Λ�-intervals of Ω±\ ), which implies that

FΩ±?
ξ ∈ O<|Ω

±|
ξ,Λ by Lemma 5.1.2, and thus F

Ω±\
ξ ∈ Ocon

ξ,Λ · O
<|Ω±|
ξ,Λ .

Now we assume that Ω±\ fails Condition III-(vi) for some (β, j), (β′, j) ∈ Ω̂+
\ t Ω̂−\ satisfying

((iβ′ , i
′
β), j) ∈ Λ̂. If (iβ′ , j) and (i′β, j) do not lie in the same Λ�-interval of Ω±\ , then we deduce

F
Ω±\
ξ ∈ O<|Ω

±|
ξ,Λ from Lemma 5.1.8. Otherwise there exists a Λ�-interval Ω\ of Ω±\ in which both

(iβ′ , j) and (i′β, j) lie. According to our construction of Ω±\ , there is a natural bijection between Λ�-

intervals of Ω± and Λ�-intervals of Ω±\ , and therefore the Λ�-interval Ω\ of Ω±\ uniquely determines

a Λ�-interval Ω of Ω±. Let (α, j) ∈ Ω̂+ t Ω̂− (resp. (α′, j) ∈ Ω̂+ t Ω̂−) with (β, j) ∈ Ω̂(α,j),\ (resp.

(β′, j) ∈ Ω̂(α′,j),\), and note that we have

((iα′ , iβ′), j), ((iβ′ , i
′
α′), j), ((iα, i

′
β), j), ((i′β, i

′
α), j) ∈ Λ̂ t ({0} × {j}).

If (α, j) = (α′, j), then due to the construction of Ω±\ there is necessarily a pseudo Λ-decomposition

of ((iβ′ , i
′
β), j) which is a subset of (Ωmax

(α,j),Λ)† = Ω(α,j),\ (using Lemma 5.2.20), and thus contradicts

our assumption. Hence, we may assume that (α, j) 6= (α′, j) and ((iβ′ , i
′
β), j) ∈ Λ̂. As (β, j) is an

element of Ω̂(α,j),\ (with Ω(α,j),\ = (Ωmax
(α,j),Λ)†), we have either i′β = i′α or ((i′β, i

′
α), j) ∈ Λ̂. Similarly,

we have either iα′ = iβ′ or ((iα′ , iβ′), j) ∈ Λ̂. Consequently, we deduce that ((iα′ , i
′
α), j) ∈ Λ̂, which

necessarily implies that ((iα′ , i
′
α), j) ∈ Ω̂+tΩ̂− as Ω+tΩ− is Λ-separated. (Be careful that Ω+

\ tΩ−\
is not Λ-separated in general, as a pseudo Λ-decomposition is Λ-separated if and only if it is a Λ-
decomposition.) We write Ω′ for an arbitrary Λ-decomposition of ((iβ′ , i

′
β), j). We may assume

without loss of generality that (α, j), (α′, j) ∈ Ω̂− and ((iα′ , i
′
α), j) ∈ Ω̂+. If iβ′ = iα′ and i′β = i′α,

then Ω((iα′ ,i
′
α),j),\ ⊆ Ω+

\ t Ω−\ is clearly a pseudo Λ-decomposition of ((iβ′ , i
′
β), j) = ((iα′ , i

′
α), j)

which again contradicts our assumption. Hence, we have either iβ′ 6= iα′ or i′β 6= i′α. Then Ω±\
has exactly two Λ�-intervals given by Ω−\ and Ω+

\ (with Ω+
\ being a pseudo Λ-decomposition of

((iα′ , i
′
α), j) and Ω̂+ = {((iα′ , i′α), j)}) and there exist two balanced pairs Ω±] and Ω±[ such that

• Ω+
] = Ω+

\ , Ω+
[ = Ω′ ⊆ Ω−] and (Ω−] \ Ω′) t Ω−[ = Ω−\ ;

• both Ω+
] and Ω−] are pseudo Λ-decompositions of ((iα′ , i

′
α), j);

• |Ω±[ | < |Ω
±
\ | = |Ω

±
] | = |Ω

±|.

As we clearly have F
Ω±
[

ξ ∈ O<|Ω
±|

ξ,Λ and F
Ω±]
ξ ∈ Ocon

ξ,Λ · O
<|Ω±|
ξ,Λ by Theorem 5.3.19, we deduce that

F
Ω±\
ξ = F

Ω±
[

ξ · F
Ω±]
ξ ∈ Ocon

ξ,Λ · O
<|Ω±|
ξ,Λ .

Finally, if Ω± satisfies all the conditions from III-(i) to III-(ix), then it is a constructible Λ-lift of

type III and thus FΩ±
ξ ∈ Ocon

ξ,Λ . In all, we have shown that F
Ω±\
ξ ∈ Ocon

ξ,Λ · O
<|Ω±|
ξ,Λ in all cases, which

together with (5.3.22) implies (5.3.21). The proof is thus finished by an induction on |Ω±|. �
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6. Construction of invariant functions

We fix a choice of wJ ∈ W , ξ = (wJ , uJ ) ∈ ΞwJ and a subset Λ ⊆ Suppξ,J whose image in

Supp�ξ is Λ�. In this section, we construct an invariant function fΩ±
ξ ∈ Inv for each constructible Λ-

lift Ω±. The construction when Ω± is of type I, II or III is done in § 6.1, § 6.2 and § 6.3 respectively.

More precisely, for each constructible Λ-lift, we will construct an element vΩ±
J = (vΩ±

j )j∈J ∈ W
and a subset IΩ±

J ⊆ nJ and prove in Lemma 6.4.1 that

IΩ±
J · (vΩ±

J , 1) = IΩ±
J .

The invariant function fΩ±
ξ is simply defined by (cf. (4.1.4))

fΩ±
ξ

def
= f

vΩ±
J ,IΩ±

J
.

The relation between fΩ±
ξ and FΩ±

ξ will be further explored in § 7.

We recall Λ̂ from the beginning of § 5 and write Λ̂� for its image in Supp�ξ . We recall the set

nJ from (4.1.1) and the notation [m]ξ from (3.3.1). We also recall from (4.1.2) the right action
of W o Z/f on nJ . For each pair of elements (k1, j1), (k2, j2) ∈ nJ lying in the same orbit of
〈(wJ , 1)〉 ⊆W o Z/f , we recall (see § 4.2.2) the definition of ](k1, j1), (k2, j2)]wJ ⊆ nJ .

We fix some notation which will be frequently used throughout the rest of § 6 as well as § 7. We

fix a Λ-lift Ω± and attach the sets Ω̂+, Ω̂− and the partitions

Ω+ =
⊔

(α,j)∈Ω̂+

Ω+
(α,j) and Ω− =

⊔
(α,j)∈Ω̂−

Ω−(α,j)

as in Definition 5.1.7. We start with giving the sets Ω̂+ and Ω̂− a numbering. We write Z/t for

the cyclic group of order t for each t ≥ 2. If #Ω̂+ = #Ω̂− = 1, then we write Ω̂+ = {(α1, j1)},
Ω̂− = {(α2, j2)} ((α1, j1) and (α2, j2) might be equal) and then set t

def
= 2, m2

def
= hα2 = hα1 and

m1
def
= `α2 = `α1 . Otherwise, Ω̂± is a Λ̂-lift of some directed loop Γ̂ inside G

ξ,Λ̂
that satisfies

E(Γ̂)+ ∩ E(Γ̂)− = ∅. We set t
def
= #E(Γ̂)+ + #E(Γ̂)− ≥ 3 and there exists a set of integers

{ma | a ∈ Z/t} ⊆ {1, . . . , rξ} such that either (ma−1,ma) ∈ E(Γ̂)+ or (ma,ma−1) ∈ E(Γ̂)− for each
a ∈ Z/t. It is clear that {ma | a ∈ Z/t} is uniquely determined up to a cyclic permutation on the
index set Z/t. We fix a choice of {ma | a ∈ Z/t} from now on. We write (Z/t)+ (resp. (Z/t)−)
for the subset of Z/t characterized by a ∈ (Z/t)+ (resp. a ∈ (Z/t)−) if and only if (ma−1,ma) ∈
E(Γ̂)+ (resp. (ma,ma−1) ∈ E(Γ̂)−). Hence we have a decomposition Z/t = (Z/t)+ t (Z/t)−. We

write (αa, ja) for the unique element of Ω̂+ (resp. Ω̂−) whose image in Supp�ξ is (ma−1,ma) (resp.

(ma,ma−1)). Then we set{
Ωa

def
= Ω+

(αa,ja) and ψa
def
= (Ω+

(αa,ja),Λ) for each a ∈ (Z/t)+;

Ωa
def
= Ω−(αa,ja) and ψa

def
= (Ω−(αa,ja),Λ) for each a ∈ (Z/t)−.

For each a ∈ Z/t, we set

ca
def
= #Ωa and da

def
= dψa .

For each 1 ≤ s ≤ da and each 1 ≤ e ≤ ea,s
def
= eψa,s, we set

csa
def
= ca − csψa , i

s,e
a

def
= is,eψa , and ks,ea

def
= uja(is,ea ).
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For each 0 ≤ c ≤ ca, we set

ia,c
def
= iΩψa ,ca−c and ka,c

def
= uja(ia,c),

so that we have

(6.0.1) ka,0 > ka,1 > · · · > ka,ca−1 > ka,ca .

and

(6.0.2) ka,csa−1 > ks,1a > · · · > k
s,ea,s
a > ka,csa

for each 1 ≤ s ≤ da (satisfying ea,s ≥ 1).

6.1. Construction of type I. In this section, we fix a constructible Λ-lift Ω± of type I as in

Definition 5.3.1 and construct an element vΩ±
J = (vΩ±

j )j∈J ∈W as well as a subset IΩ±
J ⊆ nJ .

Following the notation at the beginning of § 6, we have Ω̂+ = {(α1, j1)} = {(α2, j2)} = Ω̂−,
Ω− = Ω2 = Ωmax

(α1,j1),Λ, and Ω+ = Ω1 is a Λ-decomposition of (α1, j1) which is either Λ-exceptional

or Λ-extremal. In particular, we have t = 2, k2,0 = k1,0 and k2,c2 = k1,c1 . As Ω+ 6= Ω− and
we clearly have #D(α1,j1),Λ ≥ 2, we deduce that d1, d2 ≥ 1. It follows from Ω− = Ωmax

(α1,j1),Λ that

k2,c2−1 > k1,c1−1, e2,1 ≥ 1 (namely k1,1
2 is defined) and k1,1

2 ≥ k1,c1−1. We set

e],2
def
= max{e | 1 ≤ e ≤ e2,d2 and kd2,e

2 > k1,c1−1},

and if such a e],2 does not exist (i.e. kd2,e
2 ≤ k1,c1−1 for all 1 ≤ e ≤ e2,d2) then we set e],2

def
= 0.

Hence, the following set (which is empty if d2 = 1 and e],2 = 0)

{k1,1
2 , . . . , k

1,e2,1
2 , · · · , kd2−1,1

2 , · · · , kd2−1,e2,d2−1

2 , kd2,1
2 , . . . , k

d2,e],2
2 }

exhausts all possible ks,e2 between k1,0 and k1,c1−1. Thanks to (5.2.14), we define

IΩ±,]
J

def
=

e],2⊔
e=1

](kd2,e
2 , j1), (kd2,e

2 , j1)]wJ t
d2−1⊔
s=1

e2,s⊔
e=1

](ks,e2 , j1), (ks,e2 , j1)]wJ .

Note that we understand IΩ±,]
J to be ∅ if e],2 = 0.

We are now ready to define vΩ±
J and IΩ±

J . Our definition of vΩ±
J = (vΩ±

j )j∈J is always of the
form

vΩ±
j

def
=

{
vΩ±,]
j vΩ±,[

j wj if j = j1;

wj otherwise

with vΩ±,]
j1

and vΩ±,[
j1

to be defined below. The construction of vΩ±,]
j1

and vΩ±,[
j1

can be visualized in
Figure 2.

If Ω+ is Λ-exceptional (and thus d1 = 1 and c1
1 = c1, as d1 ≥ 1), then we have either e1,1 = 0

(namely k1,1
1 is not defined) or e1,1 ≥ 1 and k1,1

2 ≥ k1,c1−1 > k1,1
1 . If Ω+ is Λ-extremal (and thus

d1 ≥ 1 and c1
1 < c1), then we have e1,s ≥ 1 for each 1 ≤ s ≤ d1 and k1,1

1 > k1,c11
≥ k1,c1−1, and

moreover k1,1
2 6= k1,1

1 thanks to Condition I-(iv). Consequently, if k1,1
1 is defined (e1,1 ≥ 1), we

always have k1,1
1 6= k1,1

2 . If e1,1 ≥ 1 and k1,1
2 < k1,1

1 , we define

vΩ±,]
j1

def
= (k2,c2 , k2,c2−1, . . . , k2,1, k

1,1
1 , . . . , k

1,e1,1
1 , . . . , kd1,1

1 , . . . , k
d1,e1,d1
1 ),

vΩ±,[
j1

def
= (k1,c1−1, . . . , k1,1, k1,0, k

1,1
2 , . . . , k

1,e2,1
2 , . . . , k

d2−1,e2,d2−1

2 , kd2,1
2 , . . . , k

d2,e],2
2 )
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and

IΩ±
J

def
=](k1,0, j1), (k1,0, j1)]wJ ∪ I

Ω±,]
J ∪ Iψ1,+

J .

If either e1,1 = 0 or k1,1
2 > k1,1

1 , we define

vΩ±,]
j1

def
= (k2,c2 , k2,c2−1, . . . , k2,1, k1,0, k

1,1
1 , . . . , k

1,e1,1
1 , . . . , kd1,1

1 , . . . , k
d1,e1,d1
1 ),

vΩ±,[
j1

def
= (k1,c1−1, . . . , k1,1, k

1,1
2 , . . . , k

1,e2,1
2 , . . . , k

d2−1,e2,d2−1

2 , kd2,1
2 , . . . , k

d2,e],2
2 )

and

IΩ±
J

def
= IΩ±,]

J ∪ Iψ1,+
J .

It is easy to see that vΩ±,]
j1

(resp. vΩ±,[
j1

) is well-defined in W due to the Condition I-(vi) (resp.

Condition I-(vii) and the definition of e],2). In particular, we have vΩ±,]
j1

= (k2,c2 , . . . , k2,1, k1,0) if
e1,1 = 0.

6.2. Construction of type II. In this section, we fix a constructible Λ-lift Ω± of type II as in

Definition 5.3.1 and construct an element vΩ±
J = (vΩ±

j )j∈J ∈W as well as a subset IΩ±
J ⊆ nJ .

Following the notation at the beginning of § 6, we have Ω̂+ = {(α1, j1)}, Ω̂− = {(αa, ja) | 2 ≤ a ≤
t} with ja = j1 for each 2 ≤ a ≤ t. Moreover, we have Ωa = Ωmax

(αa,ja),Λ for each 2 ≤ a ≤ t, and that

Ω+ is a Λ-decomposition of (α1, j1) which is either Λ-exceptional or Λ-extremal. As Ω̂+ ∩ Ω̂− = ∅
and Ω− is a pseudo Λ-decomposition of (α1, j1), we have t ≥ 3, k1,0 = kt,0, k1,c1 = k2,c2 . As we
clearly have #D(α1,j1),Λ ≥ 2 (namely d1 ≥ 1), we deduce that Ω+ is Λ-exceptional if and only if

d1 = 1 and c1
1 = c1.

If k2,c2−1 < k1,c1−1 (which implies e1,1 ≥ 1), we set

e],1
def
= max{e | 1 ≤ e ≤ e1,d1 and kd1,e

1 > k2,c2−1},

and if such a e],1 does not exist (i.e. kd1,e
1 ≤ k2,c2−1 for all 1 ≤ e ≤ e1,d1) then we set e],1

def
= 0.

Hence the following set (which is empty if d1 = 1 and e],1 = 0)

{k1,1
1 , . . . , k

1,e1,1
1 , · · · , kd1−1,1

1 , · · · , kd1−1,e1,d1−1

1 , kd1,1
1 , . . . , k

d1,e],1
1 },

exhausts all possible ks,e1 between k1,0 and k2,c2−1.
If k2,c2−1 > k1,c1−1, we set

e],2
def
= max{e | 1 ≤ e ≤ e2,d2 and kd2,e

2 > k1,c1−1},

and if such a e],2 does not exist (i.e. kd2,e
2 ≤ k1,c1−1 for all 1 ≤ e ≤ e2,d2) then we set e],2

def
= 0.

Hence the following set (which is empty if d2 = 1 and e],2 = 0)

{k1,1
2 , . . . , k

1,e2,1
2 , · · · , kd2−1,1

2 , · · · , kd2−1,e2,d2−1

2 , kd2,1
2 , . . . , k

d2,e],2
2 },

exhausts all possible ks,e2 between k2,0 and k1,c1−1. Thanks to (5.2.14), we define

IΩ±,],2
J

def
=

e],2⊔
e=1

](kd2,e
2 , j1), (kd2,e

2 , j1)]wJ t
d2−1⊔
s=1

e2,s⊔
e=1

](ks,e2 , j1), (ks,e2 , j1)]wJ .

We are now ready to define vΩ±
J and IΩ±

J . Our definition of vΩ±
J = (vΩ±

j )j∈J is always of the
form

vΩ±
j

def
=

{
vΩ±,]
j vΩ±,[

j wj if j = j1;

wj otherwise
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with vΩ±,]
j1

and vΩ±,[
j1

to be defined below. The construction of vΩ±,]
j1

can be visualized in Figure 3.
For each 3 ≤ a ≤ t− 1, we set

vΩ±,a
j1

def
= (ka,ca , ka,ca−1, . . . , ka,1, ka,0, k

1,1
a , · · · , kda,ea,daa )

if da ≥ 1 (this is well defined as Ωa = Ωmax
(αa,ja),Λ is Λ-ordinary) and

vΩ±,a
j1

def
= (ka,ca , ka,ca−1, . . . , ka,1, ka,0)

if da = 0. Then we observe that, since Ω− is a pseudo Λ-decomposition of (α, j), vΩ±,a
j1

clearly
commutes with each other for different 3 ≤ a ≤ t− 1, and thus we can define

vΩ±,[
j1

def
=

t−1∏
a=3

vΩ±,a
j1

.

We also define

IΩ±,[
J

def
=

t−1⊔
a=2

](ka,0, j1), (ka+1,ca+1 , j1)]wJ

and note that the sets in the union are disjoint as Ω− is a pseudo Λ-decomposition of (α, j).
As Ω± is a Λ-lift, we always have k2,c2−1 6= k1,c1−1. We define

k′t
def
=

{
kt,ct if dt = 0;

k1,1
t if dt ≥ 1.

Note that if e1,1 ≥ 1 and k2,c2−1 < k1,c1−1, then we have k2,c2−1 ≤ k1,1
1 . Now we claim that if

e1,1 ≥ 1, then k′t 6= k1,1
1 . Indeed, if k2,c2−1 > k1,c1−1, then Ω+ 6= Ωmax

(α1,j1),Λ and we deduce k′t > k2,c2−1

from Condition II-(x) and k′t 6= k1,1
1 from Condition II-(iv) and II-(vii). If k2,c2−1 < k1,c1−1 and

k2,c2−1 < k1,1
1 , then we deduce k′t 6= k1,1

1 from Condition II-(iv) and II-(vii). If k2,c2−1 < k1,c1−1 and

k2,c2−1 = k1,1
1 , then we deduce k′t 6= k1,1

1 = k2,c2−1 from the fact that Ω− is a pseudo Λ-decomposition

of (α1, j1) satisfying #Ω̂− ≥ 2.

Now we are ready to define vΩ±,]
j1

and IΩ±
J . If k2,c2−1 < k1,c1−1 and k′t > k1,1

1 , we define

vΩ±,]
j1

def
= (k2,c2−1, . . . , k2,1, k2,0, k

1,1
2 , . . . , k

d2,e2,d2
2 , k1,c1 , k1,c1−1, . . . , k1,1,

k1,1
t , . . . , k

dt,et,dt
t , kt,ct , kt,ct−1, . . . , kt,1, k1,0, k

1,1
1 , . . . , k

d1,e],1
1 )

and

IΩ±
J

def
= Iψ1,+

J ∪
t⋃

a=2

Iψa,−J ∪ IΩ±,[
J ∪](k1,c1 , j1), (k1,c1 , j1)]wJ .

If k2,c2−1 < k1,c1−1 and k′t < k1,1
1 , we define

vΩ±,]
j1

def
= (k2,c2−1, . . . , k2,1, k2,0, k

1,1
2 , . . . , k

d2,e2,d2
2 , k1,c1 , k1,c1−1, . . . , k1,1, k1,0,

k1,1
t , . . . , k

dt,et,dt
t , kt,ct , kt,ct−1, . . . , kt,1, k

1,1
1 , . . . , k

d1,e],1
1 )

and

IΩ±
J

def
= Iψ1,+

J ∪
t⋃

a=2

Iψa,−J ∪ IΩ±,[
J ∪](k1,c1 , j1), (k1,c1 , j1)]wJ∪](k1,0, j1), (k1,0, j1)]wJ .
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If k2,c2−1 > k1,c1−1 and either e1,1 = 0 or k′t > k1,1
1 , we define

vΩ±,]
j1

def
= (k1,c1 , k2,c2−1, . . . , k2,1, k2,0, k

1,1
2 , . . . , k

d2,e],2
2 , k1,c1−1, . . . , k1,1,

k1,1
t , . . . , k

dt,et,dt
t , kt,ct , kt,ct−1, . . . , kt,1, k1,0, k

1,1
1 , . . . , k

d1,e1,d1
1 )

and

IΩ±
J

def
= Iψ1,+

J ∪ IΩ±,],2
J ∪

t⋃
a=3

Iψa,−J ∪ IΩ±,[
J .

If k2,c2−1 > k1,c1−1, e1,1 ≥ 1 and k′t < k1,1
1 , we define

vΩ±,]
j1

def
= (k1,c1 , k2,c2−1, . . . , k2,1, k2,0, k

1,1
2 , . . . , k

d2,e],2
2 , k1,c1−1, . . . , k1,1, k1,0,

k1,1
t , . . . , k

dt,et,dt
t , kt,ct , kt,ct−1, . . . , kt,1, k

1,1
1 , . . . , k

d1,e1,d1
1 ).

and

IΩ±
J

def
= Iψ1,+

J ∪ IΩ±,],2
J ∪

t⋃
a=3

Iψa,−J ∪ IΩ±,[
J ∪](k1,0, j1), (k1,0, j1)]wJ .

Note that in each case above, the permutation vΩ±,]
j1

is well defined as the integers appearing in vΩ±,]
j1

are all distinct thanks to Condition II-(iv), II-(v), II-(vi), II-(vii) and II-(viii) in Definition 5.3.1.

6.3. Construction of type III. In this section, we fix a constructible Λ-lift Ω± of type III as in

Definition 5.3.1 and construct an element vΩ±
J = (vΩ±

j )j∈J ∈W as well as a subset IΩ±
J ⊆ nJ .

Let a, a′ ∈ Z/t be two distinct elements and ε ∈ {1,−1}. We say that a′ is ε-adjacent to a if
a′ = a+ ε and either ka,0 = ka′,0 or ka,ca = ka′,ca′ . We say that a′ is ε-connected to a if there exist
an integer t′ ≥ 1 and a sequence of elements a = a0, . . . , at′ = a′ in Z/t such that at′′ is ε-adjacent
to at′′−1 for each 1 ≤ t′′ ≤ t′. It is obvious by definition that a′ is ε-adjacent (resp. ε-connected) to
a if and only if a is −ε-adjacent (resp. −ε-connected) to a′. We say that a subset Σ ⊆ Ω+tΩ− is a
connected component of Ω+tΩ− if it is a maximal subset (under inclusion) satisfying the condition
that, for each pair of distinct elements a, a′ inside, a′ is ε-connected to a for some ε ∈ {1,−1}.
In other words, if we consider the graph whose vertices are indexed by nJ and whose edges are
indexed by Ω+ tΩ−, then Σ is a connected component of Ω+ tΩ− if and only if Σ corresponds to
the set of edges of a connected component of this graph. We write π0(Ω±) for the set of connected
components of Ω+ t Ω− and it is clear that we have

Ω+ t Ω− =
⊔

Σ∈π0(Ω±)

Σ.

As Ωa is clearly a subset of one connected component for each a ∈ Z/t, we have a natural decom-
position

Z/t =
⊔

Σ∈π0(Ω±)

(Z/t)Σ

where a ∈ (Z/t)Σ if and only if Ωa ⊆ Σ, for each Σ ∈ π0(Ω±). For each Σ ∈ π0(Ω±), we define

(Z/t)+
Σ

def
= (Z/t)Σ ∩ (Z/t)+, (Z/t)−Σ

def
= (Z/t)Σ ∩ (Z/t)−, and bΣ

def
= #(Z/t)Σ, and we write jΣ ∈ J

for the embedding determined by Σ ∈ π0(Ω±). As Ω± is a constructible Λ-lift of type III and so
Ωa = Ωmax

(αa,ja),Λ for each a ∈ Z/t, we have Ωa is Λ-extremal (resp. Ωa is Λ-exceptional) if and only

if da ≥ 1 and k1,1
a > ka,ca−1 (resp. if and only if either da = 0 or da = 1 and k1,1

a < ka,ca−1).
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We fix a connected component Σ ∈ π0(Ω±) for the moment. For each a ∈ (Z/t)Σ, we set

na,+
def
= {ka,c | 1 ≤ c ≤ ca}

and
na,−

def
= {ka,0} t {ks,ea | 1 ≤ s ≤ da, 1 ≤ e ≤ ea,s}.

We define

k′a
def
=

{
k1,1
a if da ≥ 1;
ka,ca if da = 0.

By conditions III-(iii), III-(iv) and III-(v) and the definition of Σ we observe that ka′,1 /∈ na,− and
k′a 6= ka′,ca′−1 for each pair of (possibly equal) elements a, a′ ∈ (Z/t)Σ. We also define

nΣ
def
=

⋃
a∈(Z/t)Σ

(na,+ t na,−).

We start with defining vΩ±
J and IΩ±

J for a constructible Λ-lift Ω± of type III satisfying t = 2.

We firstly consider the case t = #π0(Ω±) = 2. For each a = 1, 2, we define vΩ±,a
j

def
= 1 for each

j 6= ja and

vΩ±,a
ja

def
= (ka,ca , . . . , ka,1, ka,0, k

1,1
a , . . . , k

da,ea,da
a ).

Then we define vΩ±
j

def
= vΩ±,1

j vΩ±,2
j wj for each j ∈ J and

IΩ±
J

def
= Iψ1,+

J ∪ Iψ2,−
J ∪](k1,c1 , j1), (k2,c2 , j2)]wJ∪](k2,0, j2), (k1,0, j1)]wJ .

Now we consider the case t = 2 and #π0(Ω±) = 1, and in particular Ω+ t Ω− is a connected
component which is not circular (as Ω± is constructible Λ-lift of type III). We have either k1,0 = k2,0

or k1,c1 = k2,c2 and exactly one of them holds. If k1,0 = k2,0 and k′1 > k′2, we define

vΩ±,]
j1

def
= (k1,1

2 , . . . , k
d2,e2,d2
2 , k2,c2 , k2,c2−1, . . . , k2,1, k

1,1
1 , . . . , k

d1,e1,d1
1 , k1,c1 , k1,c1−1, . . . , k1,1, k1,0).

and
IΩ±
J

def
= Iψ1,+

J ∪ Iψ2,−
J ∪](k1,c1 , j1), (k2,c2 , j1)]wJ∪](k1,0, j1), (k1,0, j1)]wJ .

If k1,0 = k2,0 and k′1 < k′2, we define

vΩ±,]
j1

def
= (k1,1

2 , . . . , k
d2,e2,d2
2 , k2,c2 , k2,c2−1, . . . , k2,1, k1,0, k

1,1
1 , . . . , k

d1,e1,d1
1 , k1,c1 , k1,c1−1, . . . , k1,1).

and
IΩ±
J

def
= Iψ1,+

J ∪ Iψ2,−
J ∪](k1,c1 , j1), (k2,c2 , j1)]wJ .

If k1,c1 = k2,c2 and k1,c1−1 > k2,c2−1, we define

vΩ±,]
j1

def
= (k2,c2−1, . . . , k2,1, k2,0, k

1,1
2 , . . . , k

d2,e2,d2
2 , k1,c1 , k1,c1−1, . . . , k1,1, k1,0, k

1,1
1 , . . . , k

d1,e],1
1 ).

and
IΩ±
J

def
= Iψ1,+

J ∪ Iψ2,−
J ∪](k1,c1 , j1), (k1,c1 , j1)]wJ∪](k2,0, j1), (k1,0, j1)]wJ .

If k1,c1 = k2,c2 and k1,c1−1 < k2,c2−1, we define

vΩ±,]
j1

def
= (k1,c1 , k2,c2−1, . . . , k2,1, k2,0, k

1,1
2 , . . . , k

d2,e],2
2 , k1,c1−1, . . . , k1,1, k1,0, k

1,1
1 , . . . , k

d1,e1,d1
1 ).

and
IΩ±
J

def
= Iψ1,+

J ∪ IΩ±,],2
J ∪](k2,0, j1), (k1,0, j1)]wJ .

Here the definitions of e],1, e],2 and IΩ±,],2
J are parallel to the ones that have already appeared in

§ 6.2. Finally we define vΩ±
j

def
= wj for each j 6= j1 and vΩ±

j1

def
= vΩ±,]

j1
wj1 for all four cases above.
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We devote the rest of this section to the cases when Ω± is constructible Λ-lift of type III with
t ≥ 3. We say that k ∈ nΣ is a 1-end (resp. −1-end) of Σ if there exist a unique a ∈ (Z/t)Σ and
k′ ∈ {ka+1,0, ka+1,ca+1} (resp. k′ ∈ {ka−1,0, ka−1,ca−1}) such that k ∈ {ka,0, ka,ca} and the elements
(k, ja), (k

′, ja+1) (resp. (k, ja), (k
′, ja−1)) are different elements in the same (wJ , 1)-orbit. We say

that Σ is circular if it has neither 1-end nor −1-end. It is clear that exactly one of the following
holds:

• each Σ ∈ π0(Ω±) has exactly one 1-end and exactly one −1-end;
• π0(Ω±) = {Ω+ t Ω−} and Ω+ t Ω− is circular.

We will use the term direction for an element ε ∈ {1,−1}. The (Z/t)+
Σ and (Z/t)−Σ can be visualized

in Figure 4.

Definition 6.3.1. Let Σ ∈ π0(Ω±) be a connected component and k, k′ ∈ nΣ be two elements. If k
is not a 1-end of Σ, then we say that k′ is the 1-successor of k if exactly one of the following holds

• k ∈ na,+ \ {ka,ca} for some a ∈ (Z/t)+
Σ and k′ = max{k′′ ∈ na,+ | k′′ < k};

• k ∈ na,− \ {ka,0} for some a ∈ (Z/t)−Σ and k′ = min{k′′ ∈ na,− | k′′ > k};
• k = ka,ca for some a ∈ (Z/t)−Σ and k′ = min na,−;

• k = ka,0 for some a ∈ (Z/t)+
Σ and k′ = max na,+.

If k is not a −1-end of Σ, then we say that k′ is the −1-successor of k if exactly one of the following
holds

• k ∈ na,+ \ {ka,ca} for some a ∈ (Z/t)−Σ and k′ = max{k′′ ∈ na,+ | k′′ < k};
• k ∈ na,− \ {ka,0} for some a ∈ (Z/t)+

Σ and k′ = min{k′′ ∈ na,− | k′′ > k};
• k = ka,ca for some a ∈ (Z/t)+

Σ and k′ = min na,−;

• k = ka,0 for some a ∈ (Z/t)−Σ and k′ = max na,+.

Let ϕ : nϕ → nΣ be an injective map with nϕ ⊆ nΣ a non-empty subset. For each ε ∈ {1,−1},
we say that ϕ has a ε-crawl from k to k′ if there exist an integer s ≥ 1 and a sequence of elements
k = k0, . . . , ks = k′ in nΣ such that ϕ(ks′−1) = ks′ is the ε-successor of ks′−1 for each 1 ≤ s′ ≤ s.
The set {ks′ | 0 ≤ s′ ≤ s− 1} is called the orbit of the ε-crawl above. See Figure 6 for an example
of ε-crawl.

For each a ∈ (Z/t)Σ and ε ∈ {1,−1}, we write

k[ε]
a

def
=


ka,ca−1 if a ∈ (Z/t)+

Σ and ε = 1;
ka,ca−1 if a ∈ (Z/t)−Σ and ε = −1;
k′a if a ∈ (Z/t)−Σ and ε = 1;
k′a if a ∈ (Z/t)+

Σ and ε = −1.

It is clear that k
[ε]
a is the unique element in na,+ t na,− with a unique ε-successor of the form ka,ca

or ka,0.

Definition 6.3.2. Let Σ ∈ π0(Ω±) be a connected component and ϕ : nϕ → nΣ be an injective
map for some non-empty subset nϕ ⊆ nΣ. For k ∈ nϕ, we say that ϕ has a ε-jump at k for some
ε ∈ {1,−1} if there exist an element a ∈ (Z/t)Σ and an integer 1 ≤ b ≤ bΣ such that

ka+b′ε,ca+b′ε−1 > k > k′a+b′ε

(and thus Ωa+b′ε is Λ-exceptional) for each 1 ≤ b′ ≤ b− 1 and exactly one of the following holds:

• k = k
[ε]
a > k′a+bε, ϕ(k) = ka+bε,1 and ϕ has a −ε-crawl from ka+bε,0 to the ε-successor of k

[ε]
a ;

• k = k
[ε]
a < ka+bε,ca+bε−1, ϕ(k) = min{k′ ∈ na+bε,− | k′ > k} and ϕ has a −ε-crawl from

ka+bε,ca+bε
to the ε-successor of k

[ε]
a .
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We note from the injectivity of ϕ that ka+bε,1 is the ε-successor of ka+bε,0 in the first case, and

min na+bε,− is the ε-successor of ka+bε,ca+bε
in the second case. We say that the ε-jump at k covers

ka+bε,0 in the first case, and the ε-jump at k covers ka+bε,ca+bε
in the second case. We also say that

the ε-jump at k covers k′ for each k′ ∈
⋃

1≤b′≤b−1

{ka+b′ε,0, ka+b′ε,ca+b′ε
}. We understand {k} to be

the orbit of a ε-jump at k. See Figure 7 for typical examples of ε-jumps.

Definition 6.3.3. Let Σ ∈ π0(Ω±) be a connected component and ϕ : nϕ → nΣ be an injective
map for some non-empty subset nϕ ⊆ nΣ. For each ε ∈ {1,−1} and each pair of (possibly equal)
elements k, k′ ∈ nΣ, we say that ϕ has a ε-tour from k to k′ if there exists s ≥ 1 and a sequence of
elements k = k0, . . . , ks = k′ such that, for each 1 ≤ s′ ≤ s, we have ϕ(ks′−1) = ks′ and exactly one
of the following holds

• ks′ is the ε-successor of ks′−1;
• ϕ has a ε-jump at ks′−1.

We call the set {ks′ | 0 ≤ s′ ≤ s − 1} the orbit of the ε-tour. We can say that a ε-tour contains a
ε-crawl, a ε-jump or another ε-tour by checking their orbits.

A permutation ϕ : nΣ → nΣ is called oriented if ϕ has a 1-tour and a −1-tour satisfying the
following

(i) the orbit of 1-tour is disjoint from that of −1-tour, and ϕ fixes each element of nΣ that
appears in neither orbit;

(ii) • if Σ is not circular, then the fixed ε-tour goes from the −ε-end to ε-end for each
ε ∈ {1,−1};
• if Σ is circular, then the orbit of the fixed ε-tour is a single orbit of the permutation
ϕ, for each ε ∈ {1,−1};

(iii) for each k ∈
⋃

a∈(Z/t)Σ

{ka,0, ka,ca} covered by some ε-jump contained in the fixed ε-tour, k

lies in the orbit of the fixed −ε-tour;
(iv) if there exist a ∈ (Z/t)Σ, k, k′ ∈ nΣ and ε ∈ {1,−1} such that

• ϕ(k) = ka,0 and the fix ε-tour of ϕ contains a ε-jump at k that covers ka,ca ;
• ϕ(k′) = ka,1 and the fix −ε-tour of ϕ contains a −ε-jump at k′ that covers ka,0,

then we have k′ > k;
(v) if there exists ε ∈ {1,−1} and a ∈ (Z/t)Σ such that the fixed ε-tour contains a ε-jump at

k
[ε]
a which satisfies either ϕ(k

[ε]
a ) = k

[ε]
a or ϕ(k

[ε]
a ) ∈ (na,+ t na,−) \ (na−ε,+ t na−ε,−), then

Σ is circular, ca ≥ 2, k
[ε]
a = ka,ca−1 = min{ka′,ca′−1 | a′ ∈ Z/t} and ϕ(ka,ca−1) = ka,1;

(vi) for each k ∈
⋃

a∈(Z/t)Σ

{ka,0, ka,ca} which is neither the 1-end or −1-end of Σ, there exists a

unique ε ∈ {1,−1} such that
• k lies in the orbit of the fixed ε-tour of ϕ;
• the fixed −ε-tour of ϕ contains a unique −ε-jump that covers k.

For each oriented permutation ϕ and each ε ∈ {1,−1}, we always fix a choice of ε-tour as above,
and say that ϕ has direction ε at some k ∈ nΣ if k belongs to the orbit of the fixed ε-tour. Two
examples of oriented permutation (when na,+ = {ka,ca} and na,− = {ka,0} for each a ∈ (Z/t)Σ) can
be visualized in Figure 9. Item (iv) can be visualized in Figure 10.

Assuming that there exists an oriented permutation of nΣ for each Σ ∈ π0(Ω±), we define vΩ±
J

and IΩ±
J for a constructible Λ-lift Ω± of type III with t ≥ 3. For each Σ ∈ π0(Ω±), we define

(vΩ±
Σ )−1 ∈ W to be an arbitrary element of W which fixes n \ nΣ and restricts to an oriented



MODULI OF FONTAINE–LAFFAILLE MODULES AND MOD-p LOCAL-GLOBAL COMPATIBILITY 87

permutation of nΣ. It follows from Condition III-(iv) of Definition 5.3.1 that, for each a, a′ ∈ Z/t
lying in different connected components, we have either ja 6= ja′ or (na,+tna,−)∩(na

′,+tna
′,−) = ∅.

This implies that vΩ±
Σ commutes with each other for different choices of Σ ∈ π0(Ω±). Hence we can

define vΩ±
J = (vΩ±

j )j∈J by

vΩ±
j

def
=

 ∏
Σ∈π0(Ω±)
jΣ=j

vΩ±
Σ

wj

for each j ∈ J . If π0(Ω±) = {Ω+ t Ω−} and Ω+ t Ω− is circular, then we write nΩ+tΩ−,1 for the

orbit of the fixed 1-tour of the oriented permutation (vΩ±

Ω+tΩ−)−1|nΩ+tΩ−
, and set

IΩ±
J

def
=

⋃
k∈nΩ+tΩ−,1

](k, jΩ+tΩ−), (k, jΩ+tΩ−)]wJ .

If Ω± does not have a circular connected component, then we write kΣ (resp. k′Σ) for the −1-end
(resp. 1-end) of Σ and write nΣ,1 for the orbit of the fixed 1-tour for the oriented permutation

(vΩ±
Σ )−1|nΣ , for each Σ ∈ π0(Ω±). We write h

def
= #π0(Ω±) and order π0(Ω±) as {Σh′}h′∈Z/h in a

way that (k′Σh′
, jΣh′ ) and (kΣh′+1

, jΣh′+1
) lie in the same (wJ , 1)-orbit, for each h′ ∈ Z/h. Then we

define

IΩ±
J

def
=

⋃
h′∈Z/h

](k′Σh′ , jΣh′ ), (kΣh′+1
, jΣh′+1

)]wJ ∪
⋃

k∈nΣh′ ,1
\{kΣh′

}

](k, jΣh′ ), (k, jΣh′ )]wJ

 .

The rest of this section is devoted to the construction of an oriented permutation of nΣ for each
Σ ∈ π0(Ω±) when t ≥ 3.

Lemma 6.3.4. Let Σ ∈ π0(Ω±) be a connected component. Fix a ∈ (Z/t)Σ and 1 ≤ b ≤ bΣ such
that a+ b is 1-connected to a. Assume that

(6.3.5)

{
ka+b′,ca+b′−1 < ka+b′−1,ca+b′−1−1 for each 1 ≤ b′ ≤ b with a+ b′ ∈ (Z/t)−Σ;

k′a+b′ > k′a+b′−1 for each 1 ≤ b′ ≤ b with a+ b′ ∈ (Z/t)+
Σ.

Then there exists a sequence 0 ≤ b0 < b1 < · · · < bs = b for some s ≥ 0 such that

ka+b′,ca+b′−1 > k
[−1]
a+b0

> k′a+b′

for each 0 ≤ b′ < b0 and the following hold: for each 1 ≤ s′ ≤ s
• ka+b′,ca+b′−1 > k

[−1]
a+bs′

> k′a+b′ for each bs′−1 < b′ < bs′;

• if a+ bs′−1 ∈ (Z/t)−Σ, then k
[−1]
a+bs′

> max{ka+bs′−1,ca+bs′−1
−1, k

′
a+bs′−1

};

• if a+ bs′−1 ∈ (Z/t)+
Σ, then k

[−1]
a+bs′

< min{ka+bs′−1,ca+bs′−1
−1, k

′
a+bs′−1

}.

Proof. We argue by increasing induction on b ≥ 1. First of all, it is clear that either ka+b′,ca+b′−1 >

k
[−1]
a+b > k′a+b′ for each 0 ≤ b′ < b, or there exists an integer 0 ≤ b[ < b such that

• ka+b′,ca+b′−1 > k
[−1]
a+b > k′a+b′ for each b[ < b′ < b;

• either k
[−1]
a+b > ka+b[,ca+b[

−1 or k
[−1]
a+b < k′a+b[

.
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We may assume without loss of generality that b[ exists, otherwise we simple take s
def
= 0 and b0

def
= b.

If b[ = b− 1 and k
[−1]
a+b > ka+(b−1),ca+(b−1)−1, then we must have a+ b ∈ (Z/t)+

Σ and k
[−1]
a+b > k′a+(b−1).

If b[ = b− 1 and k
[−1]
a+b < k′a+(b−1), then we must have a+ b ∈ (Z/t)−Σ and k

[−1]
a+b < ka+(b−1),ca+(b−1)−1.

If b[ ≤ b − 2 and k
[−1]
a+b > ka+b[,ca+b[

−1, then we have ka+(b[+1),ca+(b[+1)−1 > k
[−1]
a+b > ka+b[,ca+b[

−1

which forces a+ b[ ∈ (Z/t)−Σ , and so k
[−1]
a+b > k′a+(b[+1) > k′a+b[

. If b[ ≤ b− 2 and k
[−1]
a+b < k′a+b[

, then

we have k′a+b[
> k

[−1]
a+b > k′a+(b[+1) which forces a+b[ ∈ (Z/t)+

Σ , and so k
[−1]
a+b < ka+(b[+1),ca+(b[+1)−1 <

ka+b[,ca+b[
−1. Up to this stage, we have just shown that

• ka+b′,ca+b′−1 > k
[−1]
a+b > k′a+b′ for each b[ < b′ < b;

• if a+ b[ ∈ (Z/t)−Σ , then k
[−1]
a+b > max{ka+b[,ca+b[

−1, k
′
a+b[
};

• if a+ b[ ∈ (Z/t)+
Σ , then k

[−1]
a+b < min{ka+b[,ca+b[

−1, k
′
a+b[
}.

Using our inductive assumption, we obtain a sequence 0 ≤ b0 < b1 < · · · < bs[ = b[. We set

s
def
= s[ + 1 and bs

def
= b and it is not difficult to check that the so obtained sequence 0 ≤ b0 < b1 <

· · · < bs = b satisfies all the desired properties. The proof is thus finished. �

Proposition 6.3.6. Let Σ ∈ π0(Ω±) be a connected component which is not circular. Then there
exists an oriented permutation of nΣ.

Proof. It is clear that Σ has exactly one −1-end and one 1-end. The proof is divided into two steps.
We firstly construct a certain injective map ϕ0 : nϕ0 → nΣ which has a 1-tour from the −1-end

of Σ to the 1-end of Σ and with nϕ0 minimal possible. We construct ϕ0 by the following inductive
procedure. Let ϕ : nϕ → nΣ a injective map constructed from the previous step, we want to
construct another ϕ′ : nϕ′ → nΣ that satisfies nϕ ( nϕ′ and ϕ′|nϕ = ϕ. If ϕ already has a 1-tour

from the −1-end of Σ to the 1-end of Σ, then we set ϕ0
def
= ϕ. Otherwise (by inductive construction)

ϕ has a 1-tour from the −1-end of Σ to some k ∈ nΣ \ nϕ. We write a0 for the unique element of
(Z/t)Σ such that the 1-end of Σ has the form ka0,0 or ka0,ca0

.

If either k 6= k
[1]
a for any a ∈ (Z/t)Σ or the 1-successor of k is the 1-end, we define nϕ′

def
= nϕt{k}

and ϕ′(k) to be the 1-successor of k.

If k = k
[1]
a for some a ∈ (Z/t)Σ, then we define b ≥ 1 to be the unique integer such that

ka+b′,ca+b′−1 > k > k′a+b′ for each 1 ≤ b′ ≤ b− 1, and either k > ka+b,ca+b−1 or k < k′a+b.

If b does not exist, then we define ϕ′ as the unique injective map such that ϕ′ has a 1-jump at k
with ϕ′(k) ∈ (na0,+ t na0,−) \ (na0−1,+ t na0−1,−), and nϕ′ ⊇ nϕ t {k} is minimal possible.

If b = 1 and either k = ka,ca−1 > ka+1,ca+1−1 or k = k′a < k′a+1, we define nϕ′
def
= nϕ t {k} and

ϕ′(k) to be the 1-successor of k. We may assume in the rest of the construction of ϕ′ that b exists
and

• if k = ka,ca−1, then ka,ca−1 < ka+1,ca+1−1;
• if k = k′a, then k′a > k′a+1.

If a + b ∈ (Z/t)+
Σ and k < k′a+b, then we define ϕ′ as the unique injective map such that ϕ′ has

a 1-jump at k with ϕ′(k) = ka+b,0 ∈ na+b−1,−, and nϕ′ ⊇ nϕ t {k} is minimal possible.

If a+ b ∈ (Z/t)+
Σ and k > max{ka+b,ca+b−1, k

′
a+b}, then we define ϕ′ as the unique injective map

such that ϕ′ has a 1-jump at k with ϕ′(k) = ka+b,1 ∈ na+b,+, and nϕ′ ⊇ nϕ t {k} is minimal
possible.
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If a + b ∈ (Z/t)−Σ and k > ka+b,ca+b−1, then we define ϕ′ as the unique injective map such that

ϕ′ has a 1-jump at k with ϕ′(k) = ka+b−1,1 ∈ na+b−1,+, and nϕ′ ⊇ nϕ t {k} is minimal possible.

If a+ b ∈ (Z/t)−Σ and k < min{ka+b,ca+b−1, k
′
a+b}, then we define ϕ′ as the unique injective map

such that ϕ′ has a 1-jump at k with ϕ′(k) = min{k′ ∈ na+b,− | k′ > k}, and nϕ′ ⊇ nϕ t {k} is
minimal possible.

Our definition of b and division of cases ensures that ϕ′ is always well-defined (mainly checking
Definition 6.3.2), and in fact the cases above exhaust all possibilities. Up to this stage, we finish
the construction of our desired ϕ0. An example of ϕ0 can be visualized in Figure 11.

Now we extend ϕ0 to an oriented permutation of Σ. It suffices to extend ϕ0 to another injective
map which also has a −1-tour from the 1-end of Σ to −1-end of Σ and such that nϕ1 is minimal
possible. In fact, if ϕ1 exists, then we can trivially extend ϕ1 to an oriented permutation ϕ2 of nΣ

by setting ϕ2(k)
def
= k for each k ∈ nΣ \nϕ1 . Roughly speaking, each 1-jump in ϕ0 already produces

some −1-crawl in ϕ0, and thus our construction of ϕ1 reduces to construct the desired −1-tour
from the 1-end of Σ to −1-end of Σ by connecting the −1-crawls in ϕ0 together.

We choose two elements k[1], k
′
[1] ∈ (Z/t)′Σ

def
=

⋃
a∈(Z/t)Σ

{ka,0, ka,ca} such that exactly one of the

following holds

• k[1] = k′[1] is in the orbit of the 1-tour of ϕ0 from the −1-end to the 1-end, and ϕ0 has no

1-crawl either from an element in (Z/t)′Σ to k[1] or from k[1] to an element in (Z/t)′Σ;
• k[1] 6= k′[1], ϕ0 has a 1-crawl from k[1] to k′[1], and the orbit of this 1-crawl is maximal (under

inclusion of subsets of nΣ) among all possible such choices.

We can uniquely determine a1 ∈ (Z/t)Σ and k′[−1] ∈ {ka1,0, ka1,ca1
} such that exactly one of the two

possibilities holds

• k[1] = k′[−1] is the −1-end of Σ;

• – {ka1,0, ka1,ca1
} = {k[1], k

′
[−1]};

– ϕ0 has a 1-tour from the −1-end to k[1] which contains a 1-jump that covers k′[−1].

Similarly, we can uniquely determine a′1 ∈ (Z/t)Σ and k[−1] ∈ {ka′1,0, ka′1,ca′1
} such that exactly one

of the two possibilities holds

• k′[1] = k[−1] is the 1-end of Σ;

• – {ka′1,0, ka′1,ca′1
} = {k′[1], k[−1]};

– ϕ0 has a 1-tour from k′[1] to the 1-end which contains a 1-jump that covers k[−1].

Then we apply Lemma 6.3.4 by replacing a and a+ b there with a1 and a′1 respectively, and obtain
a sequence of integers 0 ≤ b0 < · · · < bs for some s ≥ 0 as stated there. Then we require that ϕ1

has a −1-tour from k[−1] to k′[−1] which satisfies

• for each 1 ≤ s′ ≤ s, ϕ1 has a −1-jump at k
[−1]
a1+bs′

with ϕ1(k
[−1]
a1+bs′

) ∈ (na1+bs′−1,+ t
na1+bs′−1,−) \ {ka1+bs′−1,0

, ka1+bs′−1,ca1+bs′−1
};

• if b0 > 0, then ϕ1 has a −1-jump at k
[−1]
a1+b0

with ϕ1(k
[−1]
a1+b0

) ∈ (na1,+ t na1,−) \ (na1+1,+ t
na1+1,−).

Note that this −1-tour from k[−1] to k′[−1] is uniquely determined by the conditions above. Once

we run through all possible choices of the pair k[1], k
′
[1] as above, we complete the construction of
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ϕ1. An example of the −1-tour from k[−1] to k′[−1] can be visualized in Figure 12. The construction

of an orientation permutation ϕ2 which extends ϕ1 is immediate by letting ϕ2 fix nΣ \ nϕ1 .
The proofs of item (i), (ii), (iii) and (vi) of Definition 6.3.3 are clear from the construction above.

Item (v) also trivially holds as such ε-jump never exist if Σ is not circular. It remains to check
item (iv) in Definition 6.3.3. Given a, k, k′, ε as in item (iv), we want to show that k′ > k. If
ε = 1, then the construction of ϕ0 (especially the 1-jump at k) forces k < k′a+1, which together
with k′ ≥ k′a+1 (using the fact that ϕ2 has a −1-jump at k′ which covers ka,0) implies k′ > k. If
ε = −1 and ca = 1, then the construction of ϕ0 (especially the 1-jump at k′) forces k′ > ka+1,ca+1−1,
which together with k ≤ ka+1,ca+1−1 (using the fact that ϕ2 has a −1-jump at k which covers ka,ca)
implies k′ > k. If ε = −1 and ca ≥ 2, then the construction of ϕ0 (especially the 1-jump at k′)
forces k′ > ka,ca−1, which together with k ≤ ka,ca−1 (using the fact that ϕ2 has a −1-jump at k
which covers ka,ca) implies k′ > k. The proof is thus finished. �

Proposition 6.3.7. Let π0(Ω±) = {Ω+ t Ω−} and Ω+ t Ω− is circular. Then there exists an
oriented permutation of nΩ+tΩ−.

Proof. Note that Ω± is a constructible Λ-lift of type III if and only if its inverse is (see Defini-
tion 5.1.7 for inverse). By replacing Ω± with its inverse, we are simply exchanging Ω+ and Ω−, and
thus exchanging (Z/t)+ and (Z/t)−. Also, the fact that Ω+ tΩ− is circular clearly remains correct
if we exchange Ω+ and Ω−. Upon replacing Ω± with its inverse, there exists a unique a0 ∈ (Z/t)−
such that ka0,ca0−1 = min{ka,ca−1 | a ∈ Z/t} and exactly one of the following holds

• ka0,0 = ka0+1,0, k′a0
< k′a0+1 and ca0 ≥ 2;

• ka0,0 = ka0+1,0 and k′a0
> k′a0+1.

The rest of the proof is similar to that of Proposition 6.3.6 and is divided into two steps. We
firstly construct a certain injective map ϕ0 : nϕ0 → nΣ which has a 1-tour from ka0,ca0

to itself and
with nϕ0 minimal possible. We construct ϕ0 by the following inductive procedure. Let ϕ : nϕ → nΣ

a injective map constructed from the previous step, we want to construct another ϕ′ : nϕ′ → nΣ

that satisfies nϕ ( nϕ′ and ϕ′|nϕ = ϕ. If ϕ already has a 1-tour from ka0,ca0
to itself, then we set

ϕ0
def
= ϕ. Otherwise (by inductive construction) ϕ has a 1-tour from ka0,ca0

to some k ∈ nΣ \ nϕ.

The construction of ϕ′ is parallel to the one in the proof of Proposition 6.3.6 and we can define b
similarly. The construction for each case remain the same except the following two cases

• ka0,ca0
is the 1-successor of k, and we define ϕ′ by nϕ′ t {k} and ϕ′(k) = ka0,ca0

;

• k = k
[1]
a for some a ∈ (Z/t)Σ, k does not have ka0,ca0

as 1-successor and b does not exist, in

which case we define ϕ′ as the unique injective map such that ϕ′ has a 1-jump at k with
ϕ′(k) = ka0−1,1 ∈ na0−1,+, and nϕ′ ⊇ nϕ t {k} is minimal possible.

We fix the 1-tour of ϕ0 from ka0,ca0
to itself in the rest of the proof.

Now that ϕ0 has been defined, we extend ϕ0 to an oriented permutation of Σ again by extending
ϕ0 to some injective map ϕ1 which also has a −1-tour from ka0,ca0−1 to itself, and with nϕ1 minimal
possible among all such choices of ϕ1. We can run the same argument as in Proposition 6.3.6, namely
choosing a pair k[1], k

′
[1], attach with it a1, a

′
1, k[−1], k

′
[−1] and then apply Lemma 6.3.4 to construct a

−1-tour of ϕ1 from k[−1] to k′[−1]. However, the definition of a1, a
′
1, k[−1], k

′
[−1] is slightly different as

Σ has neither 1-end or −1-end. In fact, k[1], a1 and k′[−1] satisfy exactly one of the two possibilities

• a1 = a0, k[1] = ka0,0 and k′[−1] = ka0,ca0−1 6= k[1];

• – {ka1,0, ka1,ca1
} = {k[1], k

′
[−1]} and a1 6= a0;
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– the fixed 1-tour of ϕ0 contains a 1-tour from the ka0,ca0
to k[1] which contains a 1-jump

that covers k′[−1].

Similarly, k′[1], a
′
1 and k[−1] satisfy exactly one of the two possibilities

• a′1 = a0, k′[1] = ka0,ca0
and k[−1] = ka0,ca0−1;

• – {ka′1,0, ka′1,ca′1
} = {k′[1], k[−1]} and a′1 6= a0;

– the fixed 1-tour of ϕ0 contains a 1-tour from k′[1] to the ka0,ca0
which contains a 1-jump

that covers k[−1].

Finally, ϕ1 has a −1-tour from k[−1] to k′[−1] characterized by

• for each 1 ≤ s′ ≤ s, ϕ1 has a −1-jump at k
[−1]
a1+bs′

with ϕ1(k
[−1]
a1+bs′

) ∈ (na1+bs′−1,+ t
na1+bs′−1,−) \ {ka1+bs′−1,0

, ka1+bs′−1,ca1+bs′−1
};

• if b0 > 0 and a1 6= a0, then ϕ1 has a −1-jump at k
[−1]
a1+b0

with ϕ1(k
[−1]
a1+b0

) ∈ (na1,+ t na1,−) \
(na1−1,+ t na1−1,−);

• if b0 > 0 and a1 = a0, then ϕ1 has a −1-jump at k
[−1]
a1+b0

with ϕ1(k
[−1]
a1+b0

) = ka0,ca0−1 6= ka0,0.

The construction of ϕ1 is finished by running through all possible choices of the pair k[1], k
′
[1]. We

extend ϕ1 to an oriented permutation ϕ2 of nΣ by setting ϕ2(k)
def
= k for each k ∈ nΣ \ nϕ1 . The

proofs of item (i), (ii), (iii) and (vi) of Definition 6.3.3 are clear from the construction above. The
same argument as in Proposition 6.3.6 proves that ϕ2 satisfies item (iv) of Definition 6.3.3.

It remains to check item (v) of Definition 6.3.3 and we borrow the notation ε ∈ {1,−1} and
a ∈ (Z/t)Σ = Z/t from there. If ε = 1, then the construction of ϕ0 forces a = a0, ca0−1 = 1 and

ϕ0(k
[1]
a0 ) = k

[1]
a0 = ka0,ca0

= ka0−1,1, which is impossible as ka0,ca0
= ka0−1,ca0−1 ≤ k′a0−1 contradicts

the definition of a 1-jump at ka0,ca0
. If ε = −1 and ca0 = 1, then the construction of ϕ1 forces

a = a0 (and thus k
[ε]
a = ka0,0) and we must have ca0+1 = 1, k′a0+1 < k′a0

and

ka0+2,ca0+2−1 > ka0,ca0−1 = ka0+1,ca0+1−1 = ka0,0 > k′a0

by our choice of a0. This implies that the fixed 1-tour of ϕ2 contains a 1-jump at k′a0
that covers

ka0,0 and ka0+1,ca0+1 , and thus ϕ2(ka0,0) /∈ {ka0,0, ka0,1} by the construction of ϕ1. Hence we deduce

that ε = −1 and ca0 ≥ 2 which together with the construction of ϕ1 force a = a0, k
[ε]
a = ka0,ca0−1

and ϕ(k
[ε]
a ) = ka0,1. The proof is thus finished. �

6.4. Invariance condition. In this section, we show that the element vΩ±
J = (vΩ±

j )j∈J ∈ W

and the subset IΩ±
J ⊆ nJ actually gives an invariant function in the sense of (4.1.4), for each

constructible Λ-lift Ω± of either type I, type II, or type III.

Lemma 6.4.1. Let Ω± be a constructible Λ-lift of either type I, type II, or type III. Then we have

(6.4.2) IΩ±
J · (vΩ±

J , 1) = IΩ±
J .

Proof. We only prove (6.4.2) when Ω± is constructible of type III as the other cases are similar.
We firstly treat the case when π0(Ω±) = {Ω+ t Ω−} and Ω+ t Ω− is circular. It follows from

Condition III-(iii) and III-(iv) of Definition 5.3.1 that

(k′, j) · (vΩ±
J , 1) = (k′, j) · (wJ , 1) ∈ IΩ±

J
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for each (k′, j) ∈ IΩ±
J \ (nΩ+tΩ−,1 × {jΩ+tΩ−}). On the other hand, and we have

(k, jΩ+tΩ−) · (vΩ±
J , 1) = ((vΩ±

Ω+tΩ−)−1(k), jΩ+tΩ−) · (wJ , 1)

∈]((vΩ±

Ω+tΩ−)−1(k), jΩ+tΩ−), ((vΩ±

Ω+tΩ−)−1(k), jΩ+tΩ−)]wJ ⊆ I
Ω±
J

for each k ∈ nΩ+tΩ−,1. Hence we finish the proof of (6.4.2) in this case.

Now we treat the case when π0(Ω±) = {Σh′}h′∈Z/h and Ω± does not have circular connected
component. It still follows from Condition III-(iii) and III-(iv) of Definition 5.3.1 that

(k′, j) · (vΩ±
J , 1) = (k′, j) · (wJ , 1) ∈ IΩ±

J

for each

(k′, j) ∈ IΩ±
J \

 ⋃
Σ∈π0(Ω±)

nΣ,1 × {jΣ}

 .

If k ∈ nΣ,1 \ {vΩ±
Σ (k′Σ)} for some Σ ∈ π0(Ω±), then we have

(k, jΣ) · (vΩ±
J , 1) = ((vΩ±

Σ )−1(k), jΣ) · (wJ , 1) ∈]((vΩ±
Σ )−1(k), jΣ), ((vΩ±

Σ )−1(k), jΣ)]wJ ⊆ I
Ω±
J .

If Σ = Σh′ for some h′ ∈ Z/h and k = vΩ±
Σh′

(k′Σh′
), then we have

(vΩ±
Σh′

(k′Σh′ ), jΣh′ ) · (v
Ω±
J , 1) = (k′Σh′ , jΣh′ ) · (wJ , 1) ∈](k′Σh′ , jΣh′ ), (kΣh′+1

, jΣh′+1
)]wJ ⊆ I

Ω±
J .

Up to this stage, we have shown that

(k′, j)]wJ · (v
Ω±
J , 1) ∈ IΩ±

J

for each (k′, j) ∈ IΩ±
J . The proof of (6.4.2) is thus finished. �
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7. Invariant functions and constructible Λ-lifts

We fix a choice of wJ ∈W , ξ ∈ ΞwJ and a subset Λ ⊆ Suppξ,J throughout this section. In this

section, we use invariant functions fΩ±
ξ ∈ Inv constructed in § 6 to prove a list of results stated in

§ 7.1. The proof of these results are given in § 7.4, § 7.5 and § 7.6 when Ω± is a constructible Λ-lift
of type I, II and III respectively. Finally, we combine results in § 7.1 with that of § 5.3 to complete
the proof of Statement 4.3.2 in Theorem 7.7.8 and Corollary 7.7.9.

7.1. Explicit invariant functions: statements. We fix an element C ∈ PJ satisfying C ⊆ Nξ,Λ
and recall the subring OC ⊆ O(C) from Definition 4.3.1. We state here a list of crucial ingredients
for the proof of Theorem 7.7.8 and Corollary 7.7.9. The proofs of these results will occupy § 7.4,
§ 7.5 and § 7.6. Some rough idea behind these results is summarized in Remark 7.1.6.

Proposition 7.1.1. Let Ω± be a constructible Λ-lift of type I, and assume that Ω+ is Λ-exceptional.
Then we have FΩ±

ξ +
∑
Ω±0

ε(Ω±0 )F
Ω±0
ξ

 |C ∈ OC
where Ω±0 runs through balanced pairs satisfying Ω+ < Ω+

0 and Ω− = Ω−0 with ε(Ω±0 ) ∈ {−1, 1} a
sign determined by Ω± and Ω±0 .

Proposition 7.1.2. Let Ω± be a constructible Λ-lift of type I, and assume that Ω+ is Λ-extremal.
Then we have

FΩ±
ξ |C ∈ OC .

Proposition 7.1.3. Let Ω± be a constructible Λ-lift of type II, and assume that Ω+ is Λ-exceptional.
Then we have FΩ±

ξ +
∑
Ω±0

ε(Ω±0 )F
Ω±0
ξ

 |C ∈ OC
where Ω±0 runs through balanced pairs satisfying Ω+ < Ω+

0 and Ω− = Ω−0 with ε(Ω±0 ) ∈ {−1, 1} a
sign determined by Ω± and Ω±0 .

Proposition 7.1.4. Let Ω± be a constructible Λ-lift of type II, and assume that Ω+ is Λ-extremal.
Then we have

FΩ±
ξ |C ∈ OC

We define Ops
ξ,Λ as the subgroup of O(Nξ,Λ)× generated by Oss

ξ,Λ and FΩ±
ξ for all balanced pairs

with both Ω+ and Ω− being pseudo Λ-decompositions of some (α, j) ∈ Λ̂. We write Ops
C , O<δC for

the restriction of Ops
ξ,Λ, O<δξ,Λ to C respectively (for each δ ∈ NΛ�). We write 〈Ops

C · OC〉′ for the

subring of O(C) generated by Ops
C and OC , and write 〈Ops

C · OC〉 for the localization of 〈Ops
C · OC〉′

with respect to 〈Ops
C · OC〉′ ∩ O(C)×.

Proposition 7.1.5. Let Ω± be a constructible Λ-lift of type III. If both Ω+ and Ω− are pseudo

Λ-decomposition of some (α, j) ∈ Λ̂, then we have

FΩ±
ξ |C ∈ OC .

Otherwise, we have

FΩ±
ξ |C ∈ 〈O

ps
C · O

<|Ω±|
C · OC〉.
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Remark 7.1.6. The main idea behind Proposition 7.1.1, Proposition 7.1.2, Proposition 7.1.3, Propo-

sition 7.1.4 and Proposition 7.1.5 is to compute the restriction fΩ±
ξ |C explicitly for each constructible

Λ-lift and each C ∈ PJ satisfying C ⊆ Nξ,Λ. However, the subtlety is that we do not always have

fΩ±
ξ ∈ Inv(C) and the restriction fΩ±

ξ |C might not make sense. In the proof of the results above,

we actually know exactly when fΩ±
ξ ∈ Inv(C) holds, and even if fΩ±

ξ /∈ Inv(C), we can still prove
the same technical results stated as above, which is sufficient for our application in § 7.7.

7.2. Explicit determinants. Before starting the proof of Propositions 7.1.1, Proposition 7.1.2,
Proposition 7.1.3, Proposition 7.1.4 and Proposition 7.1.5, we need an elementary result (see
Lemma 7.2.5) on explicit formula for determinants of various submatrices of an upper-triangular
matrix.

Given a pair of subsets

(7.2.1) I = {i1 < · · · < ih} and I′ = {i′1 < · · · < i′h} ⊆ n,

we associate the element

αI,I′
def
=

h∑
s=1

(is, i
′
s)

in the root lattice, where (is, i
′
s) is understood to be the zero element in the root lattice if is = i′s.

Note that we have an identity αI,I′ =
∑h

s=1(is, σ(is)) for any bijection σ : I → I′. We write
σI,I′ : I → I′ for the bijection that sends is to i′s for each 1 ≤ s ≤ h. We say that I is lower than
I′, written as I ≤ I′, if is ≤ i′s for all 1 ≤ s ≤ h. We notice that αI,I′ lies in the submonoid of the
root lattice generated by Φ+, if I ≤ I′.

Definition 7.2.2. Let I, I′ ⊆ n a pair of subsets (7.2.1) with associated element αI,I′ in the root
lattice. A subset Ω ⊂ Φ+ is called an (I, I′)-indexed decomposition of αI,I′ , or an (I, I′)-indexed
decomposition for short, if the following holds:

• iα ∈ I and i′α ∈ I′ for each α = (iα, i
′
α) ∈ Ω;

• αI,I′ =
∑

α∈Ω α.

For an arbitrary subset Θ ⊆ Φ+, an (I, I′)-indexed decomposition Ω of αI,I′ is said to be supported
in Θ if Ω ⊆ Θ. Roughly speaking, an (I, I′)-indexed decomposition supported in Θ is simply one
way to decompose αI,I′ into a sum of certain elements in Θ. We use the convention that ∅ is an
(I, I)-indexed decomposition, for each I ⊆ n.

Note that an (I, I′)-indexed decomposition does not always exist (cf. Lemma 7.2.3). For each
(I, I′)-indexed decomposition Ω, we consider the subset IΩ ⊆ n uniquely determined by the property

I = IΩ t {iα | α ∈ Ω} and I′ = IΩ t {i′α | α ∈ Ω}.
There exists a bijection σΩ : I→ I′ that sends iα to i′α for each α ∈ Ω and restricts to the identity
on IΩ. Hence, σI,I′σ

−1
Ω is a permutation of I′ and we write εI,I′(Ω) ∈ {1,−1} for its sign.

Lemma 7.2.3. We have I ≤ I′ if and only if there exists an (I, I′)-indexed decomposition.

Proof. If I ≤ I′, then we can choose an obvious (I, I′)-indexed decomposition to be

{(is, i′s) | is < i′s}.
Conversely, assume that there exists an (I, I′)-indexed decomposition, called Ω, from which we
obtain a map σΩ : I→ I′ as above. The choice of Ω is equivalent to the choice of

(7.2.4) {(i, σΩ(i)) | i ∈ I} ⊆ I× I′.
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If there exists i < i′ ∈ I such that i < i′ ≤ σΩ(i′) < σΩ(i), then we replace the elements (i, σΩ(i)),
(i′, σΣ(i′)) in (7.2.4) with (i, σΩ(i′)), (i′, σΣ(i)), and hence obtain another subset of I × I′ which
corresponds to a new (I, I′)-indexed decomposition. We can repeat this procedure until we have
σΩ(i) < σΩ(i′) for each i < i′, which exactly means I ≤ I′. �

For each A ∈ B(R), we have a unique decomposition A = A′A′′ with A′ ∈ T (R) and A′′ ∈ U(R).
We write Di(A) for the i-th diagonal entry of A′ (hence of A as well) and uα(A) for the α-
entry of A′′ (hence the α-entry of A is Diα(A)uα(A)). For each pair of subsets (7.2.1), we write

detI,I′(A)
def
= det(AI,I′) where AI,I′ is the submatrix of A given by I-th rows and I′-th columns.

Hence, we obtain the elements Di, uα and detI,I′ in the ring of global sections of B. For Θ ⊆ Φ+,
let UΘ ⊆ U be the closed subscheme characterized by vanishing of uα for each α ∈ Φ+ \Θ.

We have the following formula of determinant.

Lemma 7.2.5. If I ≤ I′, then we have

(7.2.6) detI,I′ =

(∏
i∈I

Di

)∑
Ω

εI,I′(Ω)

(∏
α∈Ω

uα

)
where Ω runs through all (I, I′)-indexed decompositions.

Proof. For each A ∈ B(R), we write A = A′A′′ with A′ ∈ T (R) and A′′ ∈ U(R). We firstly observe
that

detI,I′(A) =

(∏
i∈I

Di(A)

)
detI,I′(A

′′).

Then the formula (7.2.6) reduces to the formula of detI,I′(A
′′), which follows directly from definition

of determinant and the fact that the only possibly non-zero entries of A′′ are 1 on the diagonal and
uα(A′′) = uα(A) for some α ∈ Φ+. The proof is thus finished. �

7.3. Data associated with a constructible Λ-lift. In this section, we apply Lemma 7.2.5 to

prove Lemma 7.3.2 which gives a criterion for fΩ±
ξ to be regular over Nξ,Λ, as well as an explicit

formula for fΩ±
ξ |Nξ,Λ in terms of DΩ±

k,j for various (k, j) ∈ nJ . We recall the definitions of D
(j)
ξ,` and

u
(α,j)
ξ from § 3.3.

Let Ω± be a constructible Λ-lift of either type I, type II, or type III (cf. Definition 5.3.1). We

have associated with Ω± an element vΩ±
J = (vΩ±

j )j∈J ∈ W and a subset IΩ±
J ⊆ nJ in § 6.1, § 6.2,

and § 6.3. We write Sj,Ω
±

• be the sequence corresponding to vΩ±
j for each j ∈ J via (3.1.2). We

recall from (3.3.2) that
∏
j∈J TN

−
ξ,Λ,jwj is a standard lift of Nξ,Λ into G. We write A = (A(j))j∈J

for an arbitrary matrix in
∏
j∈J TN

−
ξ,jwj(R). We define

IΩ±
k,j

def
= u−1

j ({k, · · · , n}) and IΩ±,′
k,j

def
= u−1

j wj(v
Ω±
j )−1 ({k, · · · , n})

and write αΩ±
k,j

def
= α

IΩ±
k,j ,I

Ω±,′
k,j

∈ ZΦ+ for the element associate with the pair of subsets IΩ±
k,j , IΩ±,′

k,j ⊆ n.

In particular, we have αΩ±
k,j = αΩ±

k+1,j if (vΩ±
j )−1(k) = w−1

j (k), and

(7.3.1) αΩ±
k,j = αΩ±

k+1,j + (u−1
j (k), u−1

j wj(v
Ω±
j )−1(k))

otherwise. For each (k, j) ∈ nJ , we define

DΩ±
k,j

def
=
{

(IΩ±
k,j , I

Ω±,′
k,j )-indexed decompositions supported in {β ∈ Φ+ | (β, j) ∈ Λ}

}
× {j}.
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We also define

IΩ±,?
J

def
=
{

(k, j) ∈ IΩ±
J | DΩ±

k,j 6= DΩ±
k+1,j

}
⊆ IΩ±
J .

For each subset Ω ⊆ Λ, we use the shortened notation

FΩ
ξ

def
=

∏
(β,j)∈Ω

u
(β,j)
ξ .

Lemma 7.3.2. Let Ω± be a constructible Λ-lift, C ∈ PJ be an element satisfying C ⊆ Nξ,Λ and

(k?, j?) ∈ IΩ±,?
J . Assume moreover that

• for each (k, j) ∈ nJ , we have f
Sj,Ω

±
k ,j

|C 6= 0;

• for each (k, j) ∈ IΩ±,?
J , we have DΩ±

k+1,j = {Ωk+1,j} for some Ωk+1,j ⊆ Λ ∩ Suppξ,j;

• for each (k, j) ∈ IΩ±,?
J \ {(k?, j?)}, we have DΩ±

k,j = {Ωk,j} for some Ωk,j ⊆ Λ ∩ Suppξ,j.

Then we have fΩ±
ξ ∈ Inv(C) and

(7.3.3) fΩ±
ξ |C ∼


∏

(k,j)∈IΩ±,?
J \{(k?,j?)}

F
Ωk,j
ξ

∏
(k,j)∈IΩ±,?

J

F
Ωk+1,j

ξ

 |C
 ∑

Ω∈DΩ±
k?,j?

ε(Ω)FΩ
ξ

 |C
where ε(Ω) ∈ {1,−1} is a sign determined by Ω for each Ω ∈ DΩ±

k?,j?
.

Proof. As f
Sj,Ω

±
k ,j

|C 6= 0 for each (k, j) ∈ nJ , it is clear that fΩ±
ξ ∈ Inv(C). It follows directly from

our assumption and Lemma 7.2.5 that

• for each (k, j) ∈ IΩ±
J \ IΩ±,?

J , f
Sj,Ω

±
k ,j

|Nξ,Λ ∼ fSj,Ω±k+1 ,j
|Nξ,Λ ;

• for each (k, j) ∈ IΩ±,?
J , f

Sj,Ω
±

k+1 ,j
|Nξ,Λ ∼ F

Ωk+1,j

ξ ;

• for each (k, j) ∈ IΩ±,?
J \ {(k?, j?)}, f

Sj,Ω
±

k ,j
|Nξ,Λ ∼ F

Ωk,j
ξ ;

• the global section f
Sj,Ω

±
k?

,j?
∈ O(F̃LJ ) satisfies

f
Sj,Ω

±
k?

,j?
|Nξ,Λ ∼

∑
Ω∈DΩ±

k?,j?

ε(Ω)FΩ
ξ

where ε(Ω) ∈ {1,−1} is a sign determined by Ω, for each Ω ∈ DΩ±
k?,j?

.

The equation (7.3.3) follows directly from the above formulas by further restriction to C. The proof
is thus finished. �

Thanks to Lemma 7.3.2, the proof of Propositions 7.1.1, Proposition 7.1.2, Proposition 7.1.3,

Proposition 7.1.4, and Proposition 7.1.5 can be completely reduced to the study of the set DΩ±
k,j for

each (k, j) ∈ IΩ±
J , which will be done in § 7.4, § 7.5 and § 7.6 respectively.

7.4. Explicit formula: type I. In this section, we explicitly write down the set DΩ±
k,j for each

(k, j) ∈ nJ when the Ω± is a constructible Λ-lift of type I. Consequently, we apply Lemma 7.3.2
and finish the proof of Proposition 7.1.1 at the end of this section. We will use frequently all the
notation from § 6.1, § 7.3 and the beginning of § 6.
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7.4.1. Proof of Proposition 7.1.1. Given a Λ-lift Ω± which is constructible of type I with Ω+ being

Λ-exceptional. We define Ω2,k,j
def
= ∅ if j 6= j1, and then define Ω2,k,j1 as{

Ωψ2,k if k > k1,c1−1;
∅ if k ≤ k1,c1−1.

Similarly, we define Ω1,k,j
def
= ∅ if j 6= j1, and then define Ω1,k,j1 as{

Ωψ1,k \ {((i1,0, i1,1), j1)} if k > k1,1
2 ;

Ωψ1,k if k ≤ k1,1
2 .

Lemma 7.4.1. Let Ω± be a constructible Λ-lift of type I with Ω+ tΩ− ⊆ Suppξ,j for some j ∈ J .

Assume that there exists a pair of elements (β1, j), (β2, j) ∈ Λ̂ together with (k, j) ∈ nJ such that

• iβ1 6= iβ2, i′β1
6= i′β2

;

• αΩ±
k,j = β1 + β2;

• for each Ω′′ ∈ D((iβ1
,i′β2

),j),Λ satisfying uj(iΩ′′,1) ≥ k, (β2, j) ∈ Ω′′.

Then for each Ω′ ∈ DΩ±
k,j , there exists a partition Ω′ = Ω′1 t Ω′2 such that∑

(β,j)∈Ω′1

β = β1 and
∑

(β,j)∈Ω′2

β = β2.

Proof. Let Ω′ ∈ DΩ±
k,j be an arbitrary element. As we have αΩ±

k,j =
∑

(β,j)∈Ω′ β, we must have

IΩ′ \ I′Ω′ = {iβ1 , iβ2} and I′Ω′ \ IΩ′ = {i′β1
, i′β2
}.

Hence if Ω′ does not admit the desired partition, then there must exist a partition Ω′ = Ω′′1 t Ω′′2
such that Ω′′1 ∈ D((iβ1

,i′β2
),j),Λ and Ω′′2 ∈ D((iβ2

,i′β1
),j),Λ. Moreover, as Ω′ ∈ DΩ±

k,j , we necessarily have

uj(iΩ′′1 ,1), uj(iΩ′′2 ,1) ≥ k, so that we have (β2, j) ∈ Ω′′1. Hence, if we set Ω′1
def
= (Ω′′1 \ {(β2, j)}) t Ω′′2,

Ω′2
def
= {(β2, j)}, then it is immediate that the partition Ω′ = Ω′1tΩ′2 satisfies the desired properties.

The proof is thus finished. �

For each (k, j) ∈ nJ , we write αΩ±
1,k,j

def
=
∑

(β,j1)∈Ω1,k,j
β and αΩ±

2,k,j
def
=
∑

(β,j1)∈Ω2,k,j
β. It follows

from the definition of Ω1,k,j and Ω2,k,j above that αΩ±
1,k,j , α

Ω±
2,k,j ∈ Φ+ t {0}. Hence we can write

αΩ±
a,k,j = (ia,k,j , i

′
a,k,j) for each a = 1, 2 and (k, j) ∈ nJ such that αΩ±

a,k,j 6= 0.

Lemma 7.4.2. Let Ω± be a Λ-lift which is constructible of type I with Ω+ being Λ-exceptional.
Then we have Ω1,k,j ∩ Ω2,k,j = ∅ for each (k, j) ∈ nJ . Moreover, we have

DΩ±
k,j1 = {Ω+} t {Ω ⊆ D(α1,j1),Λ | Ω+ < Ω}

for each k ∈ n satisfying αΩ±
k,j1

= α1 = (i1,0, i1,c1), and DΩ±
k,j = {Ω1,k,j t Ω2,k,j} for other choices of

(k, j) ∈ nJ .

Proof. Assume that there exists an element (β, j) ∈ Ω1,k,j∩Ω2,k,j for some (k, j) ∈ nJ . According to
the definition of Ω1,k,j and Ω2,k,j above, we necessarily have j = j1 and there exist 1 ≤ c′1 ≤ c1 and
1 ≤ c′2 ≤ c2 such that i′β = i1,c′1 = i2,c′2 , which implies that i′β = i1,c1 = i2,c2 as Ω± is a Λ-lift. Then

we observe that (i1,c1 , j1) ∈ I′Ω1,k,j1
implies k ≤ k1,c1−1, but on the other hand (i1,c1 , j1) ∈ I′Ω2,k,j1

implies k > k1,c1−1. This contradicts the existence of (β, j1). Hence Ω1,k,j ∩ Ω2,k,j = ∅ for each
(k, j) ∈ nJ .
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As we clearly have αΩ±
k,j = 0 and thus DΩ±

k,j = {∅} if j 6= j1, it suffices to study the root αΩ±
k,j1

and the set DΩ±
k,j1

for each (k, j1) ∈ nJ . We claim that αΩ±
k,j1

= αΩ±
1,k,j1

+ αΩ±
2,k,j1

which quickly

implies that Ω1,k,j1 t Ω2,k,j1 ∈ DΩ±
k,j1

, for each (k, j1) ∈ nJ . We set αΩ±
n+1,j

def
= 0, αΩ±

1,n+1,j
def
= 0 and

αΩ±
2,n+1,j

def
= 0 for convenience and check by decreasing induction on k. The claim is clear by the

following observations

• if αΩ±
a,k,j1

= αΩ±
a,k+1,j1

for each a = 1, 2, then we clearly have vΩ±
j1

(k) = w−1
j1

(k) and αΩ±
k,j1

=

αΩ±
k+1,j1

;

• otherwise, there exists a unique a ∈ {1, 2} determined by k such that αΩ±
a,k,j1

6= αΩ±
a,k+1,j1

,

and moreover αΩ±
k,j1
− αΩ±

k+1,j1
= αΩ±

a,k,j1
− αΩ±

a,k+1,j1
.

Let (k, j1) ∈ nJ be a pair and Ω\
k,j1

be an arbitrary element of DΩ±
k,j1

, and we want to show that

there exists a partition

(7.4.3) Ω\
k,j1

= Ω\
1,k,j1

t Ω\
2,k,j1

such that
∑

β∈Ω\a,k,j1
β = αΩ±

a,k,j1
for each a = 1, 2. If αΩ±

1,k,j1
= 0 (resp. αΩ±

2,k,j1
= 0), then we can

clearly set Ω\
1,k,j1

def
= ∅ and Ω\

2,k,j1

def
= Ω\

k,j1
(resp. Ω\

2,k,j1

def
= ∅ and Ω\

1,k,j1

def
= Ω\

k,j1
). Hence it is

harmless to assume that αΩ±
1,k,j1

6= 0 6= αΩ±
2,k,j1

. This condition implies that k1,1 ≥ k > k1,c1−1.
We now produce the desired partition by checking the hypotheses of Lemma 7.4.1 in each of the
following cases (which exhausts all possible cases):

• k1,1 ≥ k > max{k1,1
2 , k2,c2−1}: then i1,k,j1 = i1,1 and i′2,k,j1 = i2,c for some 1 ≤ c ≤ c2 − 1,

which implies that ((i1,k,j1 , i
′
2,k,j1

), j1) /∈ Λ̂ thanks to Condition I-(v). Hence Lemma 7.4.1
applies.
• k1,1

2 ≥ k > k1,c1−1: then we have i′1,k,j1 = i1,c for some 1 ≤ c ≤ c1 − 1, and i2,k,j1 = is,e2

for some 1 ≤ s ≤ d2 and 1 ≤ e ≤ e2,s satisfying ks,e2 > k1,c1−1. Hence we deduce from

Condition I-(vii) that ((i2,k,j1 , i
′
1,k,j1

), j) /∈ Λ̂. Hence Lemma 7.4.1 applies.

• min{k1,1, k2,c2−1} ≥ k > k1,1
2 (in particular d2 = 1, c1

2 = c2): then αΩ±
2,k,j1

= (i2,0, i2,c2) =

(i1,0, i1,c1) and αΩ±
1,k,j1

= (i1,1, i1,c) for some 2 ≤ c ≤ c1 − 1. Let Ω′ ∈ D((i1,1,i1,c1 ),j1) be an

arbitrary element, and Ω′0
def
= Ω′ t {((i1,0, i1,1), j1)} ∈ D(α1,j1). According to the definition

of k1,1
2 (and the fact that Ω− = Ωmax

(α1,j1),Λ), if there exists Ω′ ∈ D((i1,1,i1,c1 ),j1) such that

uj(iΩ′,1) ≥ k, we must have k1,0 > k1,1 > uj(iΩ′,1) = uj(iΩ′0,1) = k2,c2−1 (and thus c2 ≥ 2).

This implies (i1,1, i2,c2−1) ∈ Λ̂ which contradicts Condition I-(v). Hence Lemma 7.4.1
applies.

We consider a pair (k, j1) ∈ nJ satisfying αΩ±
1,k,j1

= (i1,0, i1,c1), which implies αΩ±
2,k,j1

= 0. We

observe that αΩ±
1,k,j1

= α1 = (i1,0, i1,c1) if and only if exactly one of the following holds

• e1,1 = 0 and k1,c1−1 ≥ k > k1,c1 ;

• e1,1 ≥ 1 and k1,c1−1 ≥ k > k1,1
1 .

In particular, we have Ω2,k,j1 = ∅ for such k. For any Ω ∈ DΩ±
k,j1
⊆ D(α1,j1),Λ we have uj1(iΩ,1) ≥ k.

By the definition of e1,1 and k1,1
1 (if it exists), any such Ω satisfies k1,c1−1 ≤ uj1(iΩ,1). Furthermore,

if equality happens, then Ω = Ω+ since Ω+ is Λ-exceptional. Thus

DΩ±
k,j1 = {Ω+} t {Ω ∈ D(α1,j1),Λ | uj1(iΩ′,1) > k1,c1−1}.
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It remains to show that Ω\
a,k,j1

= Ωa,k,j1 for each a = 1, 2 and each (k, j1) ∈ nJ satisfying

αΩ±
1,k,j1

6= α1 = (i1,0, i1,c1). This implies either k > k1,c1−1 or k1,1 ≥ k. In the first case, the equality

Ω\
1,k,j1

= Ω1,k,j1 follows from the fact that Ω+ is Λ-exceptional (which implies that #D((i1,0,i1,c),j1) =

1 for each 1 ≤ c ≤ c1 − 1). In the second case, this equality follows from Lemma 5.2.8.

Finally, we check the equality Ω\
2,k,j1

= Ω2,k,j1 . If αΩ±
2,k,j1

6= α1, this follows from Lemma 5.2.8.

Othewise, we must have k > k1,1
2 , Ω2,k,j1 is Λ-exceptional and equals Ωmax

(αΩ±
2,k,j1

,j1),Λ
. But the maxi-

mality and construction of k1,1
2 forces any Ω′ ∈ D

(αΩ±
2,k,j1

,j1),Λ
must have iΩ2,k,j1

,1 = iΩ′,1, and hence

equals Ω2,k,j1 by Λ-exceptionality. �

Proof of Proposition 7.1.1. Note that we fix a C ∈ PJ satisfying C ⊆ Nξ,Λ. We recall that IΩ±,?
J ⊆

IΩ±
J is the subset consisting of those (k, j) satisfying DΩ±

k,j 6= DΩ±
k+1,j , and it is clear that IΩ±,?

J ⊆
n× {j1} ⊆ nJ in our case. It follows from Condition I-(iv) that

](ks,e2 , j1), (ks,e2 , j1)]wJ∩](k1,e′

1 , j1), (k1,e′

1 , j1)]wJ

for each 1 ≤ s ≤ d2, 1 ≤ e ≤ e2,s and each 1 ≤ e′ ≤ e1,1 satisfying ks,e2 > k1,c1−1 > k1,e′

1 . This
together with Condition I-(iii) implies that

IΩ±,?
J = {(k1,c, j1) | 1 ≤ c ≤ c1 − 1} t {(ks,e2 , j1) | 1 ≤ s ≤ d2, 1 ≤ e ≤ e2,s, k

s,e
2 > k1,c1−1}.

It follows from Lemma 7.4.2 that

f
Sj,Ω

±
k ,j

|Nξ,Λ ∼ F
Ω+,?
ξ

def
= FΩ+

ξ +
∑

Ω′∈D(α1,j1)

Ω+<Ω′

ε(Ω′)FΩ′
ξ

for each (k, j) satisfying α1,k,j = α1, and

f
Sj,Ω

±
k ,j

|Nξ,Λ ∼ F
Ω1,k,j1
ξ F

Ω2,k,j1
ξ

otherwise. If FΩ+,?
ξ |C = 0, then Proposition 7.1.1 clearly follows as FΩ+,?

ξ (FΩ−
ξ )−1|C = 0 ∈ OC . If

FΩ+,?
ξ |C 6= 0, then we take (k?, j?)

def
= (k1,c1−1, j1) and deduce from Lemma 7.3.2 and Lemma 7.4.2

that fΩ±
ξ ∈ Inv(C) and

(7.4.4) fΩ±
ξ |C ∼

(
FΩ±,1
ξ FΩ±,2

ξ FΩ+,?
ξ

)
|C

where

FΩ±,a
ξ

def
= (F

Ωa,k?+1,j1
ξ )−1

∏
(k,j1)∈IΩ±,?

J \{(k?,j1)}

F
Ωa,k,j1
ξ (F

Ωa,k+1,j1
ξ )−1

for each a = 1, 2. We write na ⊆ n\{k?} for the subset consisting of those k satisfying (k, j1) ∈ IΩ±,?
J

and Ωa,k,j1 6= Ωa,k+1,j1 , for each a = 1, 2. Then it follows from our definition of Ω1,k,j1 and Ω2,k,j1

that

n1 =

{
{k1,c | 1 ≤ c ≤ c1 − 2} if k1,1

2 = k1,c1−1;

{k1,1
2 } t {k1,c | 1 ≤ c ≤ c1 − 2} if k1,1

2 > k1,c1−1,

and

n2 = {ks,e2 | 1 ≤ s ≤ d2, 1 ≤ e ≤ e2,s, k
s,e
2 > k1,c1−1}.
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Then we observe that

FΩ±,a
ξ = (F

Ωa,k?+1,j1
ξ )−1

∏
k∈na

F
Ωa,k,j1
ξ (F

Ωa,k+1,j1
ξ )−1

for each a = 1, 2. If k1,1
2 = k1,c1−1, then we have

F
Ω1,k?+1,j1
ξ =

∏
1≤c≤c1−2

u
((i1,c,i1,c+1),j1)
ξ

and F
Ω1,k1,c,j1

ξ = u
((i1,c,i1,c+1),j1)
ξ F

Ω1,k1,c+1,j1

ξ for each 1 ≤ c ≤ c1 − 2, which imply that

(7.4.5) FΩ±,1
ξ = 1.

If k1,1
2 > k1,c1−1, then we have

F
Ω1,k?+1,j1
ξ =

∏
0≤c≤c1−2

u
((i1,c,i1,c+1),j1)
ξ ,

F
Ω

1,k
1,1
2 ,j1

ξ = u
((i1,c,i1,c+1),j1)
ξ F

Ω
1,k

1,1
2 +1,j1

ξ and F
Ω1,k1,c,j1

ξ = u
((i1,c,i1,c+1),j1)
ξ F

Ω1,k1,c+1,j1

ξ for each 1 ≤ c ≤
c1 − 2, which again implies (7.4.5). Similarly, by checking the definition of Ω2,k?+1,j1 as well as the
definition of Ω2,k,j1 and Ω2,k+1,j1 for each k ∈ n2, we deduce that

(7.4.6) FΩ±,2
ξ =

 ∏
0≤c≤c2−1

u
((i2,c,i2,c+1),j1)
ξ

−1

= (FΩ−
ξ )−1.

We can clearly combine (7.4.5) and (7.4.6) with (7.4.4) and deduce thatFΩ±
ξ +

∑
Ω±0

ε(Ω±0 )F
Ω±0
ξ

 |C =
(

(FΩ−
ξ )−1FΩ+,?

ξ

)
|C ∼ fΩ±

ξ |C ∈ OC

where Ω±0 runs through balanced pair satisfying Ω+ < Ω+
0 and Ω− = Ω−0 with ε(Ω±0 )

def
= ε(Ω′). The

proof is thus finished. �

7.4.2. Proof of Proposition 7.1.2. In this section, we explicitly write down the set DΩ±
k,j for each

(k, j) ∈ nJ when the Λ-lift Ω± is constructible of type I. Consequently, we apply Lemma 7.3.2
and finish the proof of Proposition 7.1.2 at the end of this section. We will use frequently all the
notation from § 7.3 and the beginning of § 6.

Given a Λ-lift Ω± which is constructible of type I with Ω+ being Λ-extremal (and thus k1,1
1 >

k1,c1−1), we are going to define a subset Ωk,j ⊆ Λj for each pair (k, j) ∈ nJ . We always define

Ω2,k,j
def
= ∅ if j 6= j1. If k1,1

2 > k1,1
1 , we define Ω2,k,j1 as{

Ωψ2,k if k > k1,c1−1;
∅ if k ≤ k1,c1−1.

If k1,1
2 < k1,1

1 , we define Ω2,k,j1 as Ωψ2,k \ {((i1,0, i2,1), j1)} if k > k1,1
1 ;

Ωψ2,k if k1,1
1 ≥ k > k1,c1−1;

∅ if k ≤ k1,c1−1.
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Similarly, we define Ω1,k,j
def
= ∅ if j 6= j1. If k1,1

2 > k1,1
1 , we define Ω1,k,j1 as{

Ωψ1,k \ {((i1,0, i1,1), j1)} if k > k1,1
2 ;

Ωψ1,k if k ≤ k1,1
2 .

If k1,1
2 < k1,1

1 , we define Ω1,k,j1
def
= Ωψ1,k for each k ∈ n.

For each (k, j) ∈ nJ , we write αΩ±
1,k,j

def
=
∑

(β,j1)∈Ω1,k,j
β and αΩ±

2,k,j
def
=
∑

(β,j1)∈Ω2,k,j
β. It follows

from the definition of Ω1,k,j and Ω2,k,j above that αΩ±
1,k,j , α

Ω±
2,k,j ∈ Φ+ t {0}. Hence we can write

αΩ±
a,k,j = (ia,k,j , i

′
a,k,j) for each a = 1, 2 and (k, j) ∈ nJ such that αΩ±

a,k,j 6= 0.

Lemma 7.4.7. Let Ω± be a Λ-lift which is constructible of type I with Ω+ being Λ-extremal. Then

we have Ω1,k,j ∩ Ω2,k,j = ∅ and DΩ±
k,j = {Ω1,k,j t Ω2,k,j} for each (k, j) ∈ nJ .

Proof. A similar argument as in the proof of Lemma 7.4.2 and a case by case check shows that

Ω1,k,j∩Ω2,k,j = ∅, αΩ±
k,j = αΩ±

1,k,j+αΩ±
2,k,j and Ω1,k,jtΩ2,k,j ∈ DΩ±

k,j for each (k, j) ∈ nJ . As we clearly

have αΩ±
k,j = 0 and thus DΩ±

k,j = {∅} if j 6= j1, it suffices to study the set DΩ±
k,j1

for each (k, j1) ∈ nJ .

Now we consider a pair (k, j1) ∈ nJ and let Ω\
k,j1

be an arbitrary element of DΩ±
k,j1

. We want to

show that there exists a partition

(7.4.8) Ω\
k,j1

= Ω\
1,k,j1

t Ω\
2,k,j1

such that
∑

β∈Ω\a,k,j1
β = αΩ±

a,k,j1
for each a = 1, 2. It is harmless to assume that αΩ±

1,k,j1
6= 0 6=

αΩ±
2,k,j1

(in particular we have k > k1,c1−1). If i1,k,j1 6= i1,0 and i′2,k,j1 6= i1,c1 , then we have

((i1,k,j1 , i
′
2,k,j1

), j1) /∈ Λ̂ (see Condition I-(v) and I-(vi)) and can deduce the partition (7.4.8) from

Lemma 7.4.1. Similarly, if i2,k,j1 6= i1,0 and i′1,k,j1 6= i1,c1 , then we have ((i2,k,j1 , i
′
1,k,j1

), j1) /∈ Λ̂ (see

Condition I-(v) and I-(vii)) and can deduce the partition (7.4.8) from Lemma 7.4.1. Thus, we just
need to consider the following two cases:

• i1,k,j1 = i1,0 and i′1,k,j1 = i1,c1 ; this forces k ≤ k1,c1−1 and so can not happen under the

assumption αΩ±
2,k,j1

6= 0.

• i2,k,j1 = i1,0 and i′2,k,j1 = i1,c1 ; this forces min{k2,c2−1, k1,1} ≥ k > k1,1
2 , in particular d2 = 1,

c1
2 = c2, αΩ±

2,k,j1
= α1 = (i1,0, i1,c1) and αΩ±

1,k,j1
= (i1,1, i1,c) for some 2 ≤ c ≤ c1−1. The same

argument as in the proof of Lemma 7.4.2 gives the desired partition.

Now it remains to show that Ω\
a,k,j1

= Ωa,k,j1 for each a = 1, 2 and each (k, j1) ∈ nJ . After

applying Lemma 5.2.8 the only cases we have to consider are:

• Ω1,k,j1 = Ωψ1,k \ {((i1,0, i1,1), j1)}; this forces k > k1,1
2 > k1,1

1 . Lemma 5.2.8 implies Ω\
1,k,j1

t
{((i1,0, i1,1), j1)} = Ωψ1,k and we are done.

• Ω2,k,j1 = Ωψ2,k \ {((i1,0, i2,1), j1)}; this forces k > k1,1
1 > k1,1

2 . We conclude by the same
argument as in the previous case.

• Ω1,k,j1 = Ωψ1,k and αΩ±
1,k,j1

= (i1,0, i1,c1) = α1; this forces k1,1
1 < k ≤ k1,c1−1. This implies

Ω+ is Λ-exceptional, thus this case does not occur.

• Ω2,k,j1 = Ωψ2,k and αΩ±
2,k,j1

= (i1,0, i1,c1) = α1; this forces k2,c2−1 ≥ k > k1,1
2 . In particular,

Ω2,k,j1 is Λ-exceptional and equals Ωmax

(αΩ±
2,k,j1

,j1),Λ
. We conclude by the same argument at the

end of the proof of Lemma 7.4.2.

The proof is thus finished. �
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Proof of Proposition 7.1.2. Note that we fix a C ∈ PJ satisfying C ⊆ Nξ,Λ. We recall that IΩ±,?
J ⊆

IΩ±
J is the subset consisting of those (k, j) satisfying DΩ±

k,j 6= DΩ±
k+1,j , and it is clear that IΩ±,?

J ⊆
n× {j1} ⊆ nJ in our case. It follows from Conditions I-(iii) and I-(iv) that

IΩ±,?
J {(k1,c, j1) | 0 ≤ c ≤ c1 − 1} t {(ks,e2 , j1) | 1 ≤ s ≤ d2, 1 ≤ e ≤ e2,s, k

s,e
2 > k1,c1−1}

if k1,1
2 < k1,1

1 , and

IΩ±,?
J = {(k1,c, j1) | 1 ≤ c ≤ c1 − 1} t {(ks,e2 , j1) | 1 ≤ s ≤ d2, 1 ≤ e ≤ e2,s, k

s,e
2 > k1,c1−1}

if k1,1
2 > k1,1

1 . Hence it follows from Lemma 7.3.2 and Lemma 7.4.7 that fΩ±
ξ ∈ Inv(C) and

(7.4.9) fΩ±
ξ |C ∼

(
FΩ±,1
ξ FΩ±,2

ξ

)
|C

where

FΩ±,a
ξ

def
=

∏
(k,j1)∈IΩ±,?

J

F
Ωa,k,j1
ξ (F

Ωa,k+1,j1
ξ )−1

for each a = 1, 2. We write na ⊆ n for the subset consisting of those k satisfying (k, j1) ∈ IΩ±,?
J

and Ωa,k,j1 6= Ωa,k+1,j1 , for each a = 1, 2. Then it follows from our definition of Ω1,k,j1 and Ω2,k,j1

that

n1 =

{
{k1,1

2 } t {k1,c | 1 ≤ c ≤ c1 − 2} if k1,1
2 > k1,1

1 ;

{k1,c | 0 ≤ c ≤ c1 − 2} if k1,1
2 < k1,1

1 .

and

n2 = {k1,c1−1} t {ks,e2 | 1 ≤ s ≤ d2, 1 ≤ e ≤ e2,s, k
s,e
2 > k1,c1−1}.

Then we observe that

FΩ±,a
ξ =

∏
k∈na

F
Ωa,k,j1
ξ (F

Ωa,k+1,j1
ξ )−1

for each a = 1, 2. By carefully checking our definition of Ω1,k,j and Ω2,k,j for various (k, j) ∈ nJ ,
we observe that

(7.4.10) FΩ±,1
ξ =

∏
0≤c≤c1−1

u
((i1,c,i1,c+1),j1)
ξ = FΩ+

ξ

and

(7.4.11) FΩ±,2
ξ =

 ∏
0≤c≤c2−1

u
((i2,c,i2,c+1),j1)
ξ

−1

= (FΩ−
ξ )−1.

We can clearly combine (7.4.10) and (7.4.11) with (7.4.9) and deduce that

FΩ±
ξ |C =

(
FΩ+

ξ (FΩ−
ξ )−1

)
|C ∼ fΩ±

ξ |C ∈ OC .

The proof is thus finished. �
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7.5. Explicit formula: type II. In this section, we explicitly write down the set DΩ±
k,j for each

(k, j) ∈ nJ when the Ω± is a constructible Λ-lift of type II. Consequently, we apply Lemma 7.3.2
and finish the proof of Proposition 7.1.3 and Proposition 7.1.4 at the end of this section. We will
use frequently all the notation from § 6.2, § 7.3 and the beginning of § 6.

We want to define a set Ωa,k,j for each 1 ≤ a ≤ t and each (k, j) ∈ nJ . Recall that k′t = kt,ct

if dt = 0, and k′t = k1,1
t if dt ≥ 1. For each 1 ≤ a ≤ t, we set Ωa,k,j

def
= ∅ if j 6= j1. For each

3 ≤ a ≤ t− 1, we define Ωa,k,j1
def
= Ωψa,k for each k ∈ n.

If k2,c2−1 < k1,c1−1, we define Ω2,k,j1
def
= Ωψ2,k for each k ∈ n. If k2,c2−1 > k1,c1−1, we define

Ω2,k,j1 as {
Ωψ2,k if k > k1,c1−1;
∅ if k ≤ k1,c1−1.

If either e1,1 = 0 or k′t > k1,1
1 , we define Ωt,k,j1

def
= Ωψt,k for each k ∈ n. If e1,1 ≥ 1 and k′t < k1,1

1 ,
we define Ωt,k,j1 as {

Ωψt,k \ {((i1,0, it,1), j1)} if k > k1,1
1 ;

Ωψt,k if k ≤ k1,1
1 .

Note that if k2,c2−1 < k1,c1−1, then we automatically have e1,1 ≥ 1 and k2,c2−1 ≤ k1,1
1 . If

k2,c2−1 < k1,c1−1 and k′t > k1,1
1 , then we define Ω1,k,j1 as Ωψ1,k \ {((i1,0, i1,1), j1)} if k > k′t;

Ωψ1,k if k′t ≥ k > k2,c2−1;
∅ if k ≤ k2,c2−1.

If k2,c2−1 < k1,c1−1 and k′t < k1,1
1 , then we define Ω1,k,j1 as{

Ωψ1,k if k > k2,c2−1;
∅ if k ≤ k2,c2−1.

If k2,c2−1 > k1,c1−1 and either e1,1 = 0 or k′t > k1,1
1 , then we define Ω1,k,j1 as{

Ωψ1,k \ {((i1,0, i1,1), j1)} if k > k′t;
Ωψ1,k if k ≤ k′t.

If k2,c2−1 > k1,c1−1, e1,1 ≥ 1 and k′t < k1,1
1 , then we define Ω1,k,j1

def
= Ωψ1,k for each k ∈ n.

For each (k, j) ∈ nJ and each 1 ≤ a ≤ t, we write αΩ±
a,k,j

def
=
∑

(β,j1)∈Ωa,k,j
β. It follows from the

definition of Ωa,k,j above that αΩ±
a,k,j ∈ Φ+ t {0}, and thus we write αΩ±

a,k,j = (ia,k,j , i
′
a,k,j) for each

(k, j) ∈ nJ and each 1 ≤ a ≤ t satisfying αΩ±
a,k,j 6= 0.

Lemma 7.5.1. Let Ω± be a Λ-lift which is constructible of type II with Ω+ being Λ-exceptional.
Then we have Ωa,k,j ∩Ωa′,k,j = ∅ for each 1 ≤ a < a′ ≤ t and each (k, j) ∈ nJ . Moreover, we have

DΩ±
k,j1 = {Ω+ t

t⊔
a=2

Ωa,k,j1} t {Ω′ t
t⊔

a=2

Ωa,k,j1 | Ω+ < Ω′ ∈ D((i1,0,i1,c1 ),j1),Λ}

for each k ∈ n satisfying αΩ±
1,k,j1

= α1 = (i1,0, i1,c1), and DΩ±
k,j = {

⊔
a∈Z/t

Ωa,k,j} for other choices of

(k, j) ∈ nJ .
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Proof. A similar argument as in the proof of Lemma 7.4.2 and a case by case check show that

Ωa,k,j ∩ Ωa′,k,j = ∅ for each 1 ≤ a < a′ ≤ t and αΩ±
k,j =

∑t
a=1 α

Ω±
a,k,j as well as

⊔
a∈Z/t

Ωa,k,j ∈ DΩ±
k,j for

each (k, j) ∈ nJ . As we clearly have αΩ±
k,j = 0 and thus DΩ±

k,j = {∅} if j 6= j1, it suffices to study

the set DΩ±
k,j1

for each (k, j1) ∈ nJ .

Let (k, j1) ∈ nJ be a pair and Ω\
k,j1

be an arbitrary element of DΩ±
k,j1

. We first show the following

Claim 7.5.2. there exists a partition

Ω\
k,j1

=
⊔
a∈Z/t

Ω\
a,k,j1

such that
∑

β∈Ω\a,k,j1
β = αΩ±

a,k,j1
for each a ∈ Z/t.

Proof. We fix a choice of (k, j1) ∈ nJ such that Ωa,k,j1 6= ∅ for at least two different choices of
a ∈ Z/t (otherwise the claim is trivial). Then we choose two non-empty subsets

Ω] ⊆
⊔
a∈Z/t

Ωa,k,j1 and Ω[ ⊆ Ω\
k,j1

such that ∑
β∈Ω]

β =
∑
β∈Ω[

β

and there does not exist proper non-empty subsets of Ω] and Ω[ satisfying the similar equality.

According to our assumption on Ω] and Ω[, there exist s ≥ 1 and an ordering Ω̂] = {(α],s′ , j1)}s′∈Z/s
and an ordering Ω̂[ = {(α[,s′ , j1)}s′∈Z/s such that i′α],s′ = i′α[,s′ and iα[,s′ = iα],s′+1

for each s′ ∈ Z/s.
In particular, we observe that

((iα],s′+1
, i′α],s′ ), j1) ∈ Λ̂

for each s′ ∈ Z/s. It follows from Ω] ⊆
⊔

a∈Z/t
Ωa,k,j1 that, for each s′ ∈ Z/s, there exists a unique

a ∈ Z/t such that Ω],s′ ⊆ Ωa,k,j1 6= ∅, and thus we have a well defined map φ : Z/s → Z/t. We
prove that we always have s = 1 by dividing into several cases.

We firstly treat the case when Ω] ∩ Ω1,k,j1 = ∅. We choose s′ ∈ Z/s such that 2 ≤ φ(s′) ≤ t is
maximal possible and uj1(i′α],s′ ) is maximal possible for the fixed choice of φ(s′). Then we deduce

from ((iα],s′+1
, i′α],s′ ), j1) ∈ Λ̂ that φ(s′ + 1) = φ(s′) (as φ(s′) is maximal) and thus uj1(iα],s′+1

) >

uj1(i′α],s′+1
) ≥ uj1(i′α],s′ ), which together with the maximality of uj1(i′α],s′ ) implies s = 1.

Secondly we treat the case when Ω] ⊆ Ω1,k,j1 6= ∅. We choose s′ ∈ Z/s such that uj1(i′α],s′ )

is maximal possible and deduce from ((iα],s′+1
, i′α],s′ ), j1) ∈ Λ̂ that uj1(iα],s′+1

) > uj1(i′α],s′+1
) ≥

uj1(i′α],s′ ), which together with the maximality of uj1(i′α],s′ ) implies s = 1.

Now we treat the case when Ω] ∩Ω1,k,j1 6= ∅ and Ω] ∩Ωa,k,j1 6= ∅ for at least one 2 ≤ a ≤ t (and
thus s ≥ 2). We choose an arbitrary s′0 ∈ Z/s satisfying φ(s′0) = 1 and note that s′0+1 6= s′0 6= s′0−1
as s ≥ 2. We divide into the following cases.

If there does not exist any choice of s′0 such that i′α],s′0
= i1,c1 (hence, k > k1,c1−1), then we

choose our s′0 such that φ(s′0 + 1) 6= 1. Then the fact

((iα],s′0+1
, i′α],s′0

), j) ∈ Λ̂
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together with either Condition II-(vi) or II-(viii) implies that iα],s′0+1
= i1,0, which forces φ(s′0+1) =

t and iα],s′ 6= i1,0 for each s′ 6= s′0 + 1. Note that iα],s′0+1
= i1,0 also forces φ(s′0 + 2) = 1. If

iα],s′0+2
= i1,c for some 1 ≤ c ≤ c1 − 1, then the fact

((iα],s′0+2
, i′α],s′0+1

), j1) ∈ Λ̂

violates Condition II-(vi) as i′α],s′0+1
6= i1,c1 by our assumption. Otherwise, i′α],s′0+1

= it,c′ for some

1 ≤ c′ ≤ ct and iα],s′0+2
= i1,e1 for some 1 ≤ e ≤ e1,1, then we deduce from Condition II-(vii) and

the same fact above that k1,e
1 ≤ k2,c2−1 < k1,c1−1, which is a contradiction as there does not exist

k such that (i1,e1 , j) ∈ IΩ1,k,j1
in this case.

If there exists s′0 such that i′α],s′0
= i1,c1 and iα],s′0

6= i1,0, then we must have i′α],s′ 6= i′α],s′0
= i1,c1

for each s′ 6= s′0 and φ(s′0 − 1) 6= 1. If iα],s′0
= i1,c for some 1 ≤ c ≤ c1 − 1, then the fact

((iα],s′0
, i′α],s′0−1

), j1) ∈ Λ̂

violates Condition II-(vi) as i′α],s′0−1
6= i1,c1 . Otherwise, i′α],s′0−1

= iφ(s′0−1),c′ for some 1 ≤ c′ ≤

cφ(s′0−1) and iα],s′0
= i1,e1 for some 1 ≤ e ≤ e1,1, then we deduce from Condition II-(vii) and the

same fact above that exactly one of the following holds

• k1,e
1 ≤ k2,c2−1 < k1,c1−1;

• kφ(s′0−1),0 ≤ k2,c2−1 < k1,c1−1.

If k1,e
1 ≤ k2,c2−1 < k1,c1−1, then k ≤ k2,c2−1 < k1,c1−1 hence Ω1,k,j1 = ∅ which is a contradiction.

If kφ(s′0−1),0 ≤ k2,c2−1 < k1,c1−1, then Ω],s′0−1 ⊆ Ωφ(s′0−1),k,j1 6= ∅ forces k ≤ kφ(s′0−1),0 ≤ k2,c2−1 <

k1,c1−1 which implies Ω1,k,j1 = ∅ and thus a contradiction.
Hence we may assume from now on that i′α],s′0

= i1,c1 and iα],s′0
= i1,0 (namely Ω],s′0

= Ω1,k,j1 =

Ω+), which implies

• k ≤ k1,c1−1 and either e1,1 = 0 or k > k1,1
1 ;

• i′α],s′ 6= i1,c1 and iα],s′ 6= i1,0 for each s′ 6= s′0;

• φ(s′) 6= 1 for each s′ 6= s′0.

We have the following two possibilities.
If Ω+ = Ωmax

(α1,j1),Λ, as Ω[,s′0
is a Λ-decomposition of ((iα],s′0+1

, i1,c1), j1) satisfying uj1(iΩ[,s′0
,1) ≥ k,

we must have iΩ[,s′0
,1 = i1,c1−1 = iΩmax

(α1,j1),Λ
,1 (using k ≤ k1,c1−1 and either e1,1 = 0 or k > k1,1

1 ),

which implies

((iα],s′0+1
, i1,c1−1), j1) ∈ Λ̂

and thus violates either Condition II-(vi) or II-(viii) as φ(s′0 + 1) 6= 1 and iα],s′0+1
6= i1,0.

If Ω+ 6= Ωmax
(α1,j1),Λ, then it follows from Condition II-(xi) (as well as k ≤ k1,c1−1 and either e1,1 = 0

or k > k1,1
1 ) that

• kt,ct > k1,c1−1 ≥ k;
• for each 3 ≤ a ≤ t− 1, we have either ka,ca > k1,c1−1 or ka,0 < k2,c2−1 < k1,c1−1,

which implies that Ωa,k,j1 = ∅ for each 3 ≤ a ≤ t and φ(s′0 + 1) = 2. If k2,c2−1 > k1,c1−1, then
we have Ω2,k,j1 = ∅ (using k ≤ k1,c1−1) which contradicts φ(s′0 + 1) = 2. Thus k2,c2−1 ≤ k1,c1−1,

hence e1,1 ≥ 1, k2,c2−1 ≤ k1,1
1 and Ω[,s′0

is a Λ-decomposition of ((iα],s′0+1
, i1,c1), j1) satisfying
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uj1(iΩ[,s′0
,1) ≥ k > k1,1

1 ≥ k2,c2−1, contradicting the fact that Ω−(α2,j1) = Ωmax
(α2,j1),Λ (see Condition II-

(ii)).
Up to this stage, we have shown that s = 1 for all possible choices of Ω],Ω[. This finishes the

proof of Claim (7.5.2). �

Now it remains to analyze Ω\
a,k,j1

for each (k, j1) ∈ nJ and a ∈ Z/t such that Ωa,k,j1 6= ∅.
By Lemma 5.2.8, Ωa,k,j1 6= ∅ (which equals either Ωψa,k or Ωψa,k \ {(ia,0, ia,1)}) is the unique

Λ-decomposition Ω′ of αΩ±
a,k,j1

such that uj1(iΩ′,1) ≥ k, provided either Ωψa,k is maximal, or αψa,k 6=
(ia,0, ia,ca). Hence Ω\

a,k,j1
= Ωa,k,j1 in such cases.

Thus it remains to study Ω1,k,j1 when Ω+ 6= Ωmax
(α1,j1),Λ and αψ1,k = α1 = (i1,0, i1,c1). Condition II-

(x) implies k′t > k1,c1−1. Furthermore k′t > k1,c1−1 ≥ k and either e1,1 = 0 or k > k1,1
1 (in

particular αΩ±
1,k,j1

= α1). But then since Ω+ is Λ-exceptional, any Λ-decomposition Ω′ of αΩ±
1,k,j1

with uj1(iΩ′,1) ≥ k must either equal Ω+ or satisfy uj1(iΩ′,1) > k1,c1−1. Thus we have either

Ω+ = Ω\
a,k,j1

or Ω+ < Ω\
a,k,j1

. The proof is thus finished. �

Lemma 7.5.3. Let Ω± be a Λ-lift which is constructible of type II with Ω+ being Λ-extremal. Then
we have Ωa,k,j ∩ Ωa′,k,j = ∅ for each 1 ≤ a < a′ ≤ t and

DΩ±
k,j = {

⊔
a∈Z/t

Ωa,k,j}

for each (k, j) ∈ nJ .

Proof. The same proof as Lemma 7.5.1 works with the following observation: since Ω+ is Λ-
extremal, Ωψ1,k 6= Ω+ for any k. This implies (in notation of loc. cit.):

• In the proof of Claim 7.5.2, i′α],s′0
= i1,c1 and iα],s′0

= i1,0 can’t simultaneously happen.

• Ω\
1,k,j1

= Ω1,k,j1 because Lemma 5.2.8 automatically applies.

�

Proof of Proposition 7.1.3. Note that we fix a C ∈ PJ satisfying C ⊆ Nξ,Λ. We recall that IΩ±,?
J ⊆

IΩ±
J is the subset consisting of those (k, j) satisfying DΩ±

k,j 6= DΩ±
k+1,j , and it is clear that IΩ±,?

J ⊆
n× {j1} ⊆ nJ in our case. It follows from Condition II-(iii) and II-(iv) that
(7.5.4)

IΩ±,?
J = {(k1,c, j1) | 1 ≤ c ≤ c1}t{(ks,ea , j1) | 2 ≤ a ≤ t, 1 ≤ s ≤ da, 1 ≤ e ≤ ea,s}t{ka,ca | 3 ≤ a ≤ t}

if k2,c2−1 < k1,c1−1 and k′t > k1,1
1 ,

(7.5.5)

IΩ±,?
J = {(k1,c, j1) | 0 ≤ c ≤ c1}t{(ks,ea , j1) | 2 ≤ a ≤ t, 1 ≤ s ≤ da, 1 ≤ e ≤ ea,s}t{ka,ca | 3 ≤ a ≤ t}

if k2,c2−1 < k1,c1−1 and k′t < k1,1
1 ,

(7.5.6) IΩ±,?
J = {(k1,c, j1) | 1 ≤ c ≤ c1 − 1}
t {(ks,ea , j1) | 2 ≤ a ≤ t, 1 ≤ s ≤ da, 1 ≤ e ≤ ea,s, ks,ea > k1,c1−1} t {ka,ca | 3 ≤ a ≤ t}
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if k2,c2−1 > k1,c1−1 and either e1,1 = 0 or k′t > k1,1
1 , and

(7.5.7) IΩ±,?
J = {(k1,c, j1) | 0 ≤ c ≤ c1 − 1}
t {(ks,ea , j1) | 2 ≤ a ≤ t, 1 ≤ s ≤ da, 1 ≤ e ≤ ea,s, ks,ea > k1,c1−1} t {ka,ca | 3 ≤ a ≤ t}

k2,c2−1 > k1,c1−1, e1,1 ≥ 1 and k′t < k1,1
1 . It follows from Lemma 7.2.5 and Lemma 7.5.1 that there

exists
FΩ+,?
ξ

def
= FΩ+

ξ +
∑

Ω′∈D(α1,j1)

Ω+<Ω′

ε(Ω′)FΩ′
ξ

such that
f
Sj,Ω

±
k ,j

|Nξ,Λ ∼ F
Ω+,?
ξ

∏
2≤a≤t

F
Ωa,k,j
ξ

for each (k, j) satisfying αΩ±
1,k,j = α1, and

f
Sj,Ω

±
k ,j

|Nξ,Λ ∼
∏
a∈Z/t

F
Ωa,k,j
ξ

otherwise. If FΩ+,?
ξ |C = 0, then Proposition 7.1.3 clearly follows as FΩ+,?

ξ (FΩ−
ξ )−1|C = 0 ∈ OC . If

FΩ+,?
ξ |C 6= 0, then we take (k?, j?)

def
= (k1,c1−1, j1) and deduce from Lemma 7.3.2 and Lemma 7.5.1

that fΩ±
ξ ∈ Inv(C) and

(7.5.8) fΩ±
ξ |C ∼

FΩ+,?
ξ

∏
a∈Z/t

FΩ±,a
ξ

 |C
where

FΩ±,a
ξ

def
= (F

Ωa,k?+1,j1
ξ )−1

∏
(k,j1)∈IΩ±,?

J \{(k?,j1)}

F
Ωa,k,j1
ξ (F

Ωa,k+1,j1
ξ )−1

for each a ∈ Z/t. For each a ∈ Z/t, we write na ⊆ n \ {k?} as the subset consisting of those k

satisfying (k, j1) ∈ IΩ±,?
J and Ωa,k,j1 6= Ωa,k+1,j1 . Then we observe from our definition of various

Ωa,k,j1 that
na = {ka,ca} t {ks,ea | 1 ≤ s ≤ da, 1 ≤ e ≤ ea,s}

for each 3 ≤ a ≤ t,

n2 =

{
{k1,c1} t {k

s,e
2 | 1 ≤ s ≤ d2, 1 ≤ e ≤ e2,s} if k2,c2−1 < k1,c1−1;

{ks,e2 | 1 ≤ s ≤ d2, 1 ≤ e ≤ e2,s, k
s,e
2 > k1,c1−1} if k2,c2−1 > k1,c1−1,

and

n1 =

{
{k′t} t {k1,c | 1 ≤ c ≤ c1 − 2} if either e1,1 = 0 or k′t > k1,1

1 ;

{k1,c | 0 ≤ c ≤ c1 − 2} if e1,1 ≥ 1 and k′t < k1,1
1 .

Then we observe from the definition of Ωa,k,j1 for each 1 ≤ a ≤ t that

(7.5.9) FΩ±,a
ξ =

 ∏
0≤c≤ca−1

u
((ia,c,ia,c+1),j1)
ξ

−1

= (FΩa
ξ )−1

for each 2 ≤ a ≤ t and

(7.5.10) FΩ±,1
ξ = 1.
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We can clearly combine (7.5.9) and (7.5.10) with (7.5.8) and deduce thatFΩ±
ξ +

∑
Ω±0

ε(Ω±0 )F
Ω±0
ξ

 |C ∼ (FΩ+,?
ξ (FΩ−

ξ )−1
)
|C =

FΩ+,?
ξ

∏
2≤a≤t

(FΩa
ξ )−1

 |C ∼ fΩ±
ξ |C ∈ OC

where Ω±0 runs through balanced pair satisfying Ω+ < Ω+
0 and Ω− = Ω−0 with ε(Ω±0 )

def
= ε(Ω′). The

proof is thus finished. �

Proof of Proposition 7.1.4. The proof above carries over verbatim except that in (7.5.8) the inner

sum over Ω′ disappears (and we always have fΩ±
ξ ∈ Inv(C)). �

7.6. Explicit formula: type III. In this section, we explicitly write down the set DΩ±
k,j for each

(k, j) ∈ nJ when Ω± is a constructible Λ-lift of type III. Consequently, we apply Lemma 7.3.2
and finish the proof of Proposition 7.1.5 at the end of this section. We will use frequently all the
notation from § 6.3, § 7.3, and the beginning of § 6. For simplicity of presentation, we assume t ≥ 3
throughout this section. The proof of Proposition 7.1.5 when t = 2 is simpler.

We start with constructing a pair of integers 1 ≤ k[a < k]a ≤ n and a set Ωa,k,j ⊆ Λ for each

(k, j) ∈ nJ and a ∈ Z/t (uniquely determined by the choice of vΩ±
J ). We fix a connected component

Σ ∈ π0(Ω±) for convenience and assume that a ∈ (Z/t)Σ throughout the construction. Recall that

(vΩ±
Σ )−1|nΣ is an oriented permutation of nΣ and we always fix a choice of 1-tour and −1-tour as

in Definition 6.3.3. All the constructions below depend on this choice. Let ε ∈ {1,−1} be the

direction such that ka,1 is the ε-successor of ka,0, and define k]a as follows:

• If ca ≥ 2 and vΩ±
Σ (ka,1) 6= ka,1, we set k]a

def
= max{vΩ±

Σ (ka,1), ka,1}.
• If the fixed ε-tour of (vΩ±

Σ )−1|nΣ contains a ε-jump at ka,0 or a ε-crawl at ka,0, we set

k]a
def
= ka,0.

• Otherwise, we define k]a as the unique element such that the fixed ε-tour of (vΩ±
Σ )−1|nΣ

contains a ε-jump at k]a which covers ka,0 and satisfies (vΩ±
Σ )−1(k]a) 6∈ na,+ \ {ka,ca}.

Observe that in the first item either vΩ±
Σ (ka,1) = ka,0 or there is an ε-jump at vΩ±

Σ (ka,1) that covers
ka,0.

Let ε ∈ {1,−1} be the direction such that min na,− is the ε-successor of ka,ca , and define k[a as
follows:

• If the fixed ε-tour of (vΩ±
Σ )−1|nΣ contains a ε-jump at ka,ca or a ε-crawl at ka,ca , we set

k[a
def
= ka,ca .

• Otherwise, we define k[a as the unique element such that the fixed ε-tour of (vΩ±
Σ )−1|nΣ

contains a ε-jump at k[a which covers ka,ca .

The definition of k]a and k[a can be visualized in Figure 13.

Lemma 7.6.1. The following inequalities hold:

(i) ka,0 ≥ k]a > k′a;

(ii) ka,ca−1 > k[a ≥ ka,ca;

(iii) k]a > k[a,

for each a ∈ (Z/t)Σ.

Proof. We firstly check item (i). We write ε ∈ {1,−1} for the unique direction such that ka,1 is the

ε-successor of ka,0. If k]a = ka,0, then we have nothing to prove. Otherwise, there exists a unique
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choice of a′ ∈ (Z/t)Σ such that the fixed ε-tour of (vΩ±
Σ )−1|nΣ contains a ε-jump at k

[ε]
a′ , and this

ε-jump covers ka,0. If a′ = a − ε, then we have k
[ε]
a′ < ka′,0 = ka,0. If a′ 6= a − ε, then we have

k
[ε]
a′ < ka−ε,ca−ε−1 ≤ ka−ε,0 = ka,0. This implies k]a ≤ max{k[ε]

a′ , ka,1} < ka,0. On the other hand, we

always have k]a ≥ k[ε]
a′ > k′a as the ε-jump at k

[ε]
a′ covers ka,0. The proof of item (i) is thus finished.

Now we check item (ii). We write ε ∈ {1,−1} for the unique direction such that min na,− is the

ε-successor of ka,ca . If k[a = ka,ca , then we have nothing to prove. Otherwise, there exists a unique

choice of a′ ∈ (Z/t)Σ such that the fixed ε-tour of (vΩ±
Σ )−1|nΣ contains a ε-jump at k

[ε]
a′ , and this

ε-jump covers ka,ca . If a′ = a − ε, then we have k
[ε]
a′ > ka′,ca′ = ka,ca . If a′ 6= a − ε, then we have

k
[ε]
a′ > k′a−ε ≥ ka−ε,ca−ε = ka,ca . Hence, we always have k[a = k

[ε]
a′ > ka,ca . On the other hand, we

always have k[a = k
[ε]
a′ < ka,ca−1 as the ε-jump at k

[ε]
a′ covers ka,ca . The proof of item (ii) is thus

finished.
It remains to check item (iii). If either k]a = ka,0 or k[a = ka,ca , then we have nothing to prove.

Hence, we assume from now that k]a < ka,0 and k[a > ka,ca . We write ε ∈ {1,−1} for the unique
direction such that min na,− is the ε-successor of ka,ca , and thus ka,1 is the −ε-successor of ka,0.
Our assumption ensures the existence of a′, a′′ ∈ (Z/t)Σ such that

• the fixed ε-tour of (vΩ±
Σ )−1|nΣ contains a ε-jump at k

[ε]
a′ , and this ε-jump covers ka,ca ;

• the fixed −ε-tour of (vΩ±
Σ )−1|nΣ contains a −ε-jump at k

[−ε]
a′′ , and this −ε-jump covers ka,0.

These items imply that k[a = k
[ε]
a′ < ka,ca−1 and k]a = k

[−ε]
a′′ > k′a. Hence, if k]a ≤ k[a we must have

(vΩ±
Σ )−1(k

[ε]
a′ ) = ka,0 and (vΩ±

Σ )−1(k
[−ε]
a′′ ) = ka,1 and this contradicts item (iv) of Definition 6.3.3. �

We now define Ωa,k,j . We set Ωa,k,j
def
= ∅ if j 6= ja, and set

Ωa,k,ja
def
=


Ωψa,k \ {((ia,0, ia,1), ja)} if ca ≥ 2 and k]a ≥ k > min{vΩ±

ja
(ka,1), k]a};

Ωψa,k if ca ≥ 2 and min{vΩ±
ja

(ka,1), k]a} ≥ k > k[a;

Ωψa,k if ca = 1 and k]a ≥ k > k[a;

∅ if k > k]a or k ≤ k[a.

Observe that when ca ≥ 2, the condition k]a > vΩ±
Σ (ka,1) is equivalent to k]a = ka,1 > vΩ±

Σ (ka,1). We

deduce that Ωa,k,j 6= ∅ if and only if j = ja and k]a ≥ k > k[a.

For each a ∈ Z/t and (k, j) ∈ nJ , we write αΩ±
a,k,j

def
=
∑

(β,ja)∈Ωa,k,j
β ∈ Φ+

ξ t {0}, and αΩ±
a,k,j =

(ia,k,j , i
′
a,k,j) whenever Ωa,k,j 6= ∅. For technical convenience, we put extra definition Ωa,n+1,j

def
= ∅,

DΩ±
n+1,j

def
= {∅} and αΩ±

n+1,j
def
= 0 for each a ∈ Z/t and j ∈ J .

Lemma 7.6.2. Let Ω± be a constructible Λ-lift of type III. Then we have

(i) {ia,k,j , i′a,k,j} ∩ {ia′,k,j , i′a′,k,j} = ∅ (and thus Ωa,k,j ∩ Ωa′,k,j = ∅) for each (k, j) ∈ nJ and

each a 6= a′ ∈ Z/t with Ωa,k,j 6= ∅ 6= Ωa′,k,j;
(ii) if Ωa,k,ja 6= ∅, then Ωa,k,ja = Ωmax

(αΩ±
a,k,ja

,ja),Λ
is Λ-exceptional and

(7.6.3) {Ω′ ∈ D
(αΩ±
a,k,ja

,ja),Λ
| uja(iΩ′,1) ≥ k} = {Ωa,k,ja};

(iii)
⊔

a∈Z/t
Ωa,k,j ∈ DΩ±

k,j for each (k, j) ∈ nJ ;
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(iv) for each Σ ∈ π0(Ω±), (k, j) ∈ (nΣ,1 t nΣ,−1) × {jΣ} if and only if there exists a ∈ (Z/t)Σ

such that Ωa,k,j 6= Ωa,k+1,j.

Proof. We firstly prove item (i). It is clear that ia′,k,j 6= i′a,k,j for each a 6= a′ ∈ Z/t and each

(k, j) ∈ nJ , thanks to Conditions III-(iv) and III-(v) and the fact that Ω± is a Λ-lift.
If there exist a 6= a′ ∈ Z/t such that Ωa,k,j 6= ∅ 6= Ωa′,k,j and i′a,k,j = i′a′,k,j , then there exist

Σ ∈ π0(Ω±) and ε ∈ {1,−1} such that a, a − ε ∈ (Z/t)Σ with a′ = a − ε and i′a,k,j = i′a′,k,j =

ia,ca = ia−ε,ca−ε . Upon exchanging a, a′, we may assume that (vΩ±
Σ )−1|nΣ has direction ε at ka,ca

(cf. Definition 6.3.3) and thus k[a−ε > k[a = ka,ca . Hence, (vΩ±
Σ )−1|nΣ has a −ε-jump at k[a−ε

which covers ka,ca , which implies k[a−ε ∈ {k
]
a, ka,ca−1}. The condition i′a,k,j = ia,ca forces k ≤

min{k]a, ka,ca−1} = k[a−ε hence k ≤ k[a−ε. But Ωa−ε,k,j 6= ∅ forces k > k[a−ε, which is a contradiction.
If there exist a 6= a′ ∈ Z/t such that Ωa,k,j 6= ∅ 6= Ωa′,k,j and ia,k,j = ia′,k,j , then there exist Σ ∈

π0(Ω±) and ε ∈ {1,−1} such that a, a+ε ∈ (Z/t)Σ with a′ = a+ε and ia,k,j = ia′,k,j = ia,0 = ia+ε,0.

Upon exchanging a, a′, we may assume that (vΩ±
Σ )−1|nΣ has direction ε at ka,0 (cf. Definition 6.3.3)

and thus ka,0 = k]a+ε > k]a. Hence, (vΩ±
Σ )−1|nΣ has a −ε-jump at k′ ∈ {k[a+ε, k

′
a+ε} which covers

ka,0. The condition ia+ε,k,j = ia,0 forces k > max{k[a+ε k
′
a+ε} hence k > k′. The condition

ia,k,j = ia,0 forces either ca = 1 or ca ≥ 2 and min{vΩ±
ja

(ka,1), k]a} ≥ k > k′. In the first case

k′ = k]a < k and hence Ωa,k,j = ∅, a contradiction. In the second case, since k]a ∈ {ka,1, k′} we have

k]a = ka,1 ≥ k > k′. However this forces vΩ±
ja

(ka,1) = k′, which is a contradiction. Thus we finished

the proof of item (i).
Now we consider item (ii). If Ωa,k,j = Ωψa,k, then item (ii) is a direct consequence of Lemma 5.2.8.

Therefore it suffices to prove item (ii) when Ωa,k,j = Ωψa,k \ {((ia,0, ia,1), ja)} 6= ∅. But since
Ωa,k,j ⊆ Ωψa,k has i′a,k,ja = i′αψa,k , this follows again from the corresponding property of Ωψa,k in

Lemma 5.2.8.
We now prove item (iii) for each (k, j) ∈ nJ by a decreasing induction on k. The initial step

is given by Ωa,n+1,j = ∅, DΩ±
n+1,j = {∅} and αΩ±

n+1,j = 0 for each a ∈ Z/t and j ∈ J . Suppose we

already have
⊔

a∈Z/t
Ωa,k+1,j ∈ DΩ±

k+1,j for (k, j) ∈ nJ . We want to show

(7.6.4)
⊔
a∈Z/t

Ωa,k,j ∈ DΩ±
k,j .

We divide into two cases:
Case 1: (vΩ±

j )−1(k) = w−1
j (k), namely (vΩ±

Σ )−1(k) = k for each Σ ∈ π0(Ω±) with jΣ = j. Then

it is clear that αΩ±
k,j = αΩ±

k+1,j and DΩ±
k,j ⊇ DΩ±

k+1,j . If (k, j) /∈ nΣ×{jΣ} for any Σ ∈ π0(Ω±), then we

clearly have Ωa,k,j = Ωa,k+1,j for each a ∈ Z/t. If there exists Σ ∈ π0(Ω±) such that k ∈ nΣ, j = jΣ
and k does not lie in the orbit of either the fixed 1-tour or −1-tour of (vΩ±

Σ )−1|nΣ , then there exists
a unique a ∈ (Z/t)Σ such that exactly one of the following holds

• k ∈ na,+, k > k]a;
• k ∈ na,−, k < k[a,

which forces Ωa,k,j = Ωa,k+1,j = ∅ and Ωa′,k,j = Ωa′,k+1,j for each a′ ∈ Z/t\{a}. Thus (7.6.4) holds.

Case 2: (vΩ±
j )−1(k) 6= w−1

j (k). Thus there exists Σ ∈ π0(Ω±) and ε ∈ {1,−1} such that jΣ = j

and k lies in the orbit of the fixed ε-tour of (vΩ±
Σ )−1|nΣ . Note that Σ is uniquely determined by

(k, j) (as nΣ ∩ nΣ′ = ∅ for different Σ,Σ′ ∈ π0(Ω±) satisfying jΣ = jΣ′ = j). In the following, we
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prove
⊔

a∈Z/t
Ωa,k,j ∈ DΩ±

k,j by a direct comparison between Ωa,k,j and Ωa,k+1,j for each a ∈ Z/t. We

use the notation (i, i′) for an element of Φ+ t {0} t Φ−, for arbitrary two integers 1 ≤ i, i′ ≤ n.
If there exists a ∈ (Z/t)Σ such that k ∈ (na,+ \ {ka,ca}) t {ka,0}, ka,1 is the ε-successor of ka,0

and the fixed ε-tour of (vΩ±
Σ )−1|nΣ contains a ε-crawl at k, then by inspection Ωa,k,j = Ωa,k+1,j t

{((u−1
j (k), u−1

j (vΩ±
Σ )−1(k)), j)}, αΩ±

k,j = αΩ±
k+1,j + (u−1

j (k), u−1
j (vΩ±

Σ )−1(k)) and Ωa′,k,j = Ωa′,k+1,j for

each a′ ∈ Z/t \ {a}. Thus (7.6.4) holds.
If there exists a ∈ (Z/t)Σ such that k ∈ (na,− \ {ka,0}) t {ka,ca}, min na,− is the ε-successor of

ka,ca and the fixed ε-tour of (vΩ±
Σ )−1|nΣ contains a ε-crawl at k, then by inspection we necessarily

have uj(ia,k,j) = k, uj(ia,k+1,j) = (vΩ±
Σ )−1(k), which implies that

αΩ±
k,j − αΩ±

k+1,j = (u−1
j (k), u−1

j (vΩ±
Σ )−1(k)) = (ia,k,j , ia,k+1,j) = αΩ±

a,k,j − αΩ±
a,k+1,j .

As we clearly have Ωa′,k,j = Ωa′,k+1,j for each a′ ∈ Z/t \ {a} in this case, (7.6.4) holds.

If the fixed ε-tour of (vΩ±
Σ )−1|nΣ contains a ε-jump at k = k

[ε]
a for some a, ε, b as in Definition 6.3.2,

then we have

• Ωa+b′ε,k,j = Ωa+b′ε and Ωa+b′ε,k+1,j = ∅ for each 1 ≤ b′ ≤ b − 1 satisfying ka+b′ε,ca+b′ε
=

ka+(b′+1)ε,ca+(b′+1)ε
;

• Ωa+b′ε,k,j = ∅ and Ωa+b′ε,k+1,j = Ωa+b′ε for each 1 ≤ b′ ≤ b − 1 satisfying ka+b′ε,0 =
ka+(b′+1)ε,0;

• if k = ka,ca−1 and b ≤ bΣ − 1, then we have Ωa,k,j = Ωa,k+1,j t {((u−1
j (k), ia,ca), j)};

• if k = k′a and b ≤ bΣ − 1, then we have αΩ±
a,k,j = αΩ±

a,k+1,j − (ia,0, u
−1
j (k));

• if ka+bε,0 = ka+(b−1)ε,0 and b ≤ bΣ − 1, then we have

Ωa+bε,k,j = Ωa+bε,k+1,j t {((ia+bε,0, u
−1
j (vΩ±

Σ )−1(k)), j)}

with u−1
j (vΩ±

Σ )−1(k) = ia+bε,1 (and note that k > k[a+bε follows from item (iv) of Defini-

tion 6.3.3 when the fixed −ε-tour of (vΩ±
Σ )−1|nΣ contains a −ε-jump at vΩ±

Σ (ka+bε,0));
• if ka+bε,ca+bε

= ka+(b−1)ε,ca+(b−1)ε
and b ≤ bΣ − 1, then we have Ωa+bε,k,j = ∅ and

αa+bε,k+1,j = ((u−1
j (vΩ±

Σ )−1(k), ia+bε,ca+bε
), j)

(and note that Ωa+bε,k+1,j = Ωa+bε follows from item (iv) of Definition 6.3.3 when (vΩ±
Σ )−1(k) =

ka+bε,0,);

• if b = bΣ, then ca ≥ 2, k = ka,ca−1, (vΩ±
Σ )−1(k) = ka,1 (cf. item (v) of Definition 6.3.3) and

Ωa,k,j = Ωa,k+1,j t {((u−1
j (k), ia,ca), j), ((ia,0, u

−1
j (vΩ±

Σ )−1(k)), j)};

• Ωa′,k,j = Ωa′,k+1,j for each a′ /∈ {a+ b′ε | 0 ≤ b′ ≤ b}.
In all cases above, we check that

αΩ±
k,j − αΩ±

k+1,j = (u−1
j (k), u−1

j (vΩ±
Σ )−1(k)) =

∑
0≤b′≤b

αΩ±
a+b′ε,k,j − αΩ±

a+b′ε,k+1,j ,

thus (7.6.4) holds. Note that an example of the above comparison between Ωa,k,j and Ωa,k+1,j can
be visualized in Figure 14.

We have now checked (7.6.4) in all possible cases, and the argument above actually proves
item (iv) at the same time. �
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Lemma 7.6.5. Let Ω± be a constructible Λ-lift of type III, Σ ∈ π0(Ω±) be a connected component,
a ∈ (Z/t)−Σ be an element such that there exists k ∈ n that satisfies Ωa,k,ja = Ωa. Then there exists
unique ka,? and k′a,? such that the following conditions are equivalent

• Ωa,k,ja = Ωa;
• ka,? ≥ k > k′a,?.

Furthermore, ka,? ∈ {ka,ca−1, v
Ω±
Σ (ka,1), k]a} ∩ nΣ,−1, k′a,? = max{k′a, k[a} ∈ nΣ,1, and ka,? ≤ ka,ca−1.

Proof. The existence is clear from the definition of Ωa,k,ja , as is the fact that k′a,? = max{k′a, k[a}
and ka,? ∈ {ka,ca−1, v

Ω±
Σ (ka,1), k]a}. The fact that ka,? ∈ nΣ,−1 and k′a,? ∈ nΣ,1 follows from a case

by case checking using the definition of k]a and k[a. Finally, we note that Ωa,ka,?,ja = Ωa forces
Ωψa,ka,? = Ωa which necessarily implies ka,? ≤ ka,ca−1 by the definition of Ωψa,ka,? . �

Lemma 7.6.6. Let Ω± be a constructible Λ-lift of type III, and let a ∈ Z/t, ε ∈ {1,−1} and
(k, j) ∈ nJ be elements such that the following conditions hold:

• Ωa,k,j 6= ∅ and i′a,k,j = ia,ca = ia+ε,ca+ε;
• either ca+ε = 1 or k ≤ ka+ε,ca+ε−1.

Then we have Ωa+ε,k,j = ∅.

Proof. By checking the definition of Ωa+ε,k,j , we deduce from the second item that either Ωa+ε,k,j =
∅ or Ωa+ε,k,j 6= ∅ and i′a+ε,k,j = ia+ε,ca+ε . However, as we have i′a+ε,k,j 6= i′a,k,j whenever Ωa,k,j 6=
∅ 6= Ωa+ε,k,j thanks to item (i) of Lemma 7.6.2, this together with i′a,k,j = ia,ca = ia+ε,ca+ε forces

Ωa+ε,k,j = ∅. �

Lemma 7.6.7. Let Ω± be a constructible Λ-lift of type III, and let Σ ∈ π0(Ω±) be a connected
component. Then we have∏

k∈nΣ,1

F
Ωa′,k,jΣ
ξ (F

Ωa′,k+1,jΣ
ξ )−1 =

{
F

Ωa′
ξ if a′ ∈ (Z/t)+

Σ ;

(F
Ωa′
ξ )−1 if a′ ∈ (Z/t)−Σ ,

for each a′ ∈ (Z/t)Σ.

Proof. For each a′ ∈ (Z/t)Σ, we define na
′

Σ,1
def
= {k ∈ nΣ,1 | Ωa′,k,jΣ 6= Ωa′,k+1,jΣ}, and it is clear that∏

k∈nΣ,1

F
Ωa′,k,jΣ
ξ (F

Ωa′,k+1,jΣ
ξ )−1 =

∏
k∈na′Σ,1

F
Ωa′,k,jΣ
ξ (F

Ωa′,k+1,jΣ
ξ )−1.

If a′ ∈ (Z/t)+
Σ , then from the proof of Lemma 7.6.2 exactly one of the following holds:

• (na
′,+ \ {ka′,ca′}) ∩ nΣ,1 6= ∅ and vΩ±

Σ (ka′,1) /∈ na
′,+ \ {ka′,ca′}. Then na

′
Σ,1 = {vΩ±

Σ (ka′,1)} t
(na

′,+ \ {ka′,ca′}) and
◦ Ωa′,ka′,c,jΣ

= Ωa′,ka′,c+1,jΣ t {((ia′,c, ia′,c+1), jΣ)} for each 1 ≤ c ≤ ca′ − 1;

◦ Ω
a′,vΩ±

Σ (ka′,1),jΣ
= Ω

a′,vΩ±
Σ (ka′,1)+1,jΣ

t {((ia′,0, ia′,1), jΣ)}.

• (na
′,+ \ {ka′,ca′}) ∩ nΣ,1 6= ∅ but vΩ±

Σ (ka′,1) ∈ na
′,+ \ {ka′,ca′}. Then vΩ±

Σ (ka′,1) = ka′,ca′−1,

nΣ,1 = na
′

Σ,1 = na
′,+ \ {ka′,ca′} and

◦ Ωa′,ka′,c,jΣ
= Ωa′,ka′,c+1,jΣ t {((ia′,c, ia′,c+1), jΣ)} for each 1 ≤ c ≤ ca′ − 2;

◦ Ωa′,ka′,ca′−1,jΣ
= Ωa′,ka′,ca′−1+1,jΣ t {((ia′,0, ia′,1), jΣ), ((ia′,ca′−1, ia′,ca′ ), jΣ)}.

• (na
′,+ \ {ka′,ca′}) ∩ nΣ,1 = ∅. Then na

′
Σ,1 = {k]a′} and Ω

a′,k]
a′ ,jΣ

= Ωa′ and Ω
a′,k]

a′+1,jΣ
= ∅.
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From the above descriptions, in all cases we get∏
k∈na′Σ,1

F
Ωa′,k,jΣ
ξ (F

Ωa′,k+1,jΣ
ξ )−1 = F

Ωa′
ξ .

If a′ ∈ (Z/t)−Σ , then from the proof of Lemma 7.6.2 exactly one of the following holds:

• (na
′,− \ {ka′,0}) ∩ nΣ,1 6= ∅. Then na

′
Σ,1 = {k[a′} t {k′ ∈ na

′,− | k′ 6= ka′,0, k
′ > k[a′}.

Furthermore,
◦ For each 1 ≤ s ≤ da and 2 ≤ e ≤ ea,s satisfying ks,ea′ > k[a′ we have

Ω
a′,k1,1

a′ ,jΣ
t {((ia′,c, ia′,c), jΣ) | 0 ≤ c ≤ c1

a′ − 1} = Ω
a′,k1,1

a′ +1,jΣ
t {((i1,1a′ , ia′,c1a′ ), jΣ)}

Ωa′,ks,e
a′ ,jΣ

t {((is,e−1
a′ , ia′,cs

a′
), jΣ)} = Ωa′,ks,e

a′ +1,jΣ
t {((is,ea′ , ia′,csa′ ), jΣ)}.

◦ For each 2 ≤ s ≤ da satisfying ks,1a′ > k[a′ we have

Ω
a′,ks,1

a′ ,jΣ
t Ωa′,cs

a′−1 t {((i
s−1,ea′,s−1

a′ , ia′,cs−1
a′

), jΣ)} = Ω
a′,ks,1

a′ +1,jΣ
t {((is,1a′ , ia′,csa′ ), jΣ)}.

◦ We have Ωa′,k[
a′ ,jΣ

= ∅ and Ω̂a′,k[
a′+1,jΣ

= ((u−1
jΣ

(vΩ±
Σ )−1(k[a′), ia,ca), jΣ).

• (na
′,− \ {ka′,0}) ∩ nΣ,1 = ∅. Then na

′
Σ,1 = {k[a′} and Ωa′,k[

a′ ,jΣ
= ∅ and Ωa′,k[

a′+1,jΣ
= Ωa′ .

From the above descriptions, in all cases we get∏
k∈na′Σ,1

F
Ωa′,k,jΣ
ξ (F

Ωa′,k+1,jΣ
ξ )−1 = (F

Ωa′
ξ )−1.

The proof is thus finished. �

We need the following condition.

Condition 7.6.8.

• There does not exist (α, j) ∈ Λ̂ such that both Ω+ and Ω− are pseudo Λ-decompositions of
(α, j).

• For each Λ�-interval Ω of Ω± which is a pseudo Λ-decomposition of some (αΩ, j) ∈ Λ̂, we
have
◦ Ω \ {((iΩ,1, i′αΩ

), j)} ⊆
(
Ωmax

(αΩ,j),Λ

)
† (cf. Definition 5.2.1 for iΩ,1);

◦ if iΩ,1 6= iΩmax
(αΩ,j),Λ

,1, then we have ((iΩ,1, i
′
αΩ

), j) ∈ Ω̂ and uj(iΩ,1) < uj(iΩmax
(αΩ,j),Λ

,1);

Recall Ops
ξ,Λ from the paragraph before Proposition 7.1.5.

Lemma 7.6.9. For each constructible Λ-lift Ω± of type III, if FΩ±
ξ 6∈ Ops

ξ,Λ ·O
<|Ω±|
ξ,Λ then there exists

a constructible Λ-lift Ω±0 of type III satisfying Condition 7.6.8 and F
Ω±0
ξ (FΩ±

ξ )−1 ∈ Ops
ξ,Λ.

Proof. We define a new balanced pair Ω±0 by the following step by step replacement: for each

Λ�-interval Ω of Ω± which is a pseudo Λ-decomposition of some (αΩ, j) ∈ Λ̂, we replace Ω inside

Ω+ or Ω− with (Ωmax
(αΩ,j),Λ

)†. It is clear that F
Ω±0
ξ (FΩ±

ξ )−1 ∈ Ops
ξ,Λ. Then we check the definition

of constructible Λ-lift of type III for the balanced pair Ω±0 following the arguments in the proof of
Theorem 5.3.20. The proof is finished by the observation that either Ω±0 is a constructible Λ-lift

Ω±0 of type III satisfying Condition 7.6.8, or it satisfies F
Ω±0
ξ ∈ Ops

ξ,Λ · O
<|Ω±|
ξ,Λ . �
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Let Ω± be a constructible Λ-lift of type III with a fixed choice of vΩ±
J and IΩ±

J . We write π�0 (Ω+)

for the set of Λ�-intervals of Ω± that are contained in Ω+. We are mainly interested in the following
conditions on Ω±:

Condition 7.6.10. The constructible Λ-lift Ω± of type III satisfies DΩ±
k,j = {

⊔
a∈Z/t

Ωa,k,j} for each

(k, j) ∈ nJ .

Condition 7.6.11. The constructible Λ-lift Ω± of type III satisfies Condition 7.6.8 and the following

• Ω+ t Ω− ⊆ Suppξ,j ;

• for each a ∈ (Z/t)−, Ωa ⊆ Ω− is a Λ�-interval of Ω± and ka,?, k
′
a,? exist (cf. Lemma 7.6.5);

• each Ω ∈ π�0 (Ω+) is a pseudo Λ-decomposition of (αΩ, j) for some (αΩ, j) ∈ Λ̂;
• if we set

(7.6.12) k?
def
= min

(
{ka,? | a ∈ (Z/t)−} ∪ {uj(iΩmax

(αΩ,j),Λ
,1) | Ω ∈ π�0 (Ω+)}

)
and

(7.6.13) k′?
def
= max{k′a,? | a ∈ (Z/t)−},

then we have k? > k′? and the following are equivalent

◦ #DΩ±
k,j ≥ 2;

◦ k? ≥ k > k′?;

◦ Ω− =
⊔

a∈Z/t
Ωa,k,j ∈ DΩ±

k,j and k ≤ uj(iΩmax
(αΩ,j),Λ

,1) for each Ω ∈ π�0 (Ω+);

• for each k? ≥ k > k′?, Ω\
k,j ∈ DΩ±

k,j \ {Ω−} if and only if

Ω\
k,j =

⊔
Ω∈π�

0 (Ω+)

Ω\
Ω,k,j

where Ω\
Ω,k,j ∈ D(αΩ,j),Λ with uj(iΩ\Ω,k,j ,1

) ≥ k for each Ω ∈ π�0 (Ω+).

For each constructible Λ-lift Ω± of type III satisfying Condition 7.6.11, we define k′′? as the
maximal integer (if exists) satisfying the following conditions:

• there exist Ω ∈ π�0 (Ω+) and Ω′ ∈ D(αΩ,j),Λ such that k′′? = uj(iΩ′,1);

• there exist Σ ∈ π0(Ω±) and k? ∈ nΣ,1 such that (k′′? , j) ∈](k?, j), (k?, j)]wJ ;
• k? > k′′? > k′?.

Condition 7.6.14. The constructible Λ-lift Ω± of type III satisfies Condition 7.6.11 and k′′? does
not exist.

Lemma 7.6.15. Let Ω± be a constructible Λ-lift that satisfies Condition 7.6.11. Then we have
k? /∈

⊔
Σ∈π0(Ω±)

nΣ,1 and k′? ∈
⊔

Σ∈π0(Ω±)

nΣ,1.

Proof. The fact k′? ∈
⊔

Σ∈π0(Ω±)

nΣ,1 follows directly from (7.6.13) the fact that k′a,? ∈
⊔

Σ∈π0(Ω±)

nΣ,1

for each a ∈ (Z/t)− by Lemma 7.6.5. If k? = ka,? for some a ∈ (Z/t)−, we have nothing to prove as
ka,? ∈

⊔
Σ∈π0(Ω±)

nΣ,−1 by Lemma 7.6.5. Hence, we may assume from now that k? = uj(iΩmax
(αΩ,j),Λ

,1)

for some Ω ∈ π�0 (Ω+) (cf. (7.6.12)). Assume on the contrary that k? = uj(iΩmax
(αΩ,j),Λ

,1) ∈ nΣ,1 for

some Σ ∈ π0(Ω±). It follows from Condition (ix) and Condition 7.6.11 that there exists a unique
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a′ ∈ (Z/t)+
Σ such that Ωa′ ⊆ Ω and k? = uj(iΩmax

(αΩ,j),Λ
,1) ∈ na

′,+ t {ka′,0}. Then we deduce from

Condition 7.6.8 that a = a′ + 1 ∈ (Z/t)−Σ , ia,ca = ia−1,ca−1 = i′αΩ
and uj(iΩmax

(αΩ,j),Λ
,1) = ka−1,ca−1−1.

If the fixed 1-tour of (vΩ±
Σ )−1|nΣ contains a 1-jump at ka−1,ca−1−1 (which necessarily covers ka,ca),

then we have k′? ≥ k′a,? ≥ k[a = ka−1,ca−1−1 = k? which is a contradiction. Otherwise, the fixed

−1-tour of (vΩ±
Σ )−1|nΣ contains a −1-jump at some k which covers ka,ca , which implies that k? =

ka−1,ca−1−1 > k ≥ ka,? ≥ k?, which is also contradiction. The proof is thus finished. �

We have the following classification of constructible Λ-lifts of type III.

Lemma 7.6.16. Let Ω± be a constructible Λ-lift of type III. If both Ω+ and Ω− are pseudo Λ-

decompositions of some (α, j) ∈ Λ̂, then Condition 7.6.10 holds. Otherwise, there exists a con-

structible Λ-lift Ω±0 of type III satisfying F
Ω±0
ξ (FΩ±

ξ )−1 ∈ Ops
ξ,Λ · O

<|Ω±|
ξ,Λ , such that one of the

following holds

• FΩ±0
ξ ∈ Ops

ξ,Λ · O
<|Ω±|
ξ,Λ ;

• Ω±0 satisfies Condition 7.6.10;
• Ω±0 satisfies Condition 7.6.14.

We firstly prove Proposition 7.1.5 assuming Lemma 7.6.16, and then devote the rest of section
to the proof of Lemma 7.6.16.

Proof of Proposition 7.1.5 assuming Lemma 7.6.16. Note that we fix a C ∈ PJ satisfying C ⊆ Nξ,Λ.

We recall that IΩ±,?
J ⊆ IΩ±

J is the subset consisting of those (k, j) satisfying DΩ±
k,j 6= DΩ±

k+1,j . As Ω±

is a constructible Λ-lift of type III, it is clear that

(7.6.17) (nΣ,−1 × {jΣ}) ∩ IΩ±
J = ∅

for each Σ ∈ π0(Ω±). It follows from Lemma 7.6.16 that we only need to treat a constructible Λ-lift
Ω± that satisfies either Condition 7.6.10 or Condition 7.6.14

We firstly treat the case when Ω± satisfies Condition 7.6.10, namely DΩ±
k,j = {

⊔
a∈Z/t

Ωa,k,j} for

each (k, j) ∈ nJ . It follows from Lemma 7.3.2 and DΩ±
k,j = {

⊔
a∈Z/t

Ωa,k,j} that fΩ±
ξ ∈ Inv(C) and

fΩ±
ξ |C ∼

 ∏
a∈Z/t

FΩ±,a
ξ

 |C
with

FΩ±,a
ξ

def
=

∏
k∈nΣ,1

F
Ωa,k,jΣ
ξ (F

Ωa,k+1,jΣ
ξ )−1

for each Σ ∈ π0(Ω±) and each a ∈ (Z/t)Σ. It follows from Lemma 7.6.7 that

FΩ±
ξ |C ∼

(
FΩ+

ξ (FΩ−
ξ )−1

)
|C =

 ∏
a∈(Z/t)+

FΩa
ξ

 |C
 ∏
a∈(Z/t)−

(FΩa
ξ )−1

 |C ∼ fΩ±
ξ |C ∈ OC .

Now we treat the case when Ω± satisfies Condition 7.6.14, and in particular these does not

exist (α, j) ∈ Λ̂ such that both Ω+ and Ω− are pseudo Λ-decompositions of (α, j). Recall from
Lemma 7.6.15 that k? /∈

⊔
Σ∈π0(Ω±)

nΣ,1 and k′? ∈
⊔

Σ∈π0(Ω±)

nΣ,1. As Ωa,k,j for each a ∈ Z/t remains the
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same for each k? ≥ k > k′?, we deduce that k /∈
⊔

Σ∈π0(Ω±)

nΣ,1 for each k? ≥ k > k′?. If there exists any

(k, j) ∈ IΩ±,?
J with k /∈

⊔
Σ∈π0(Ω±)

nΣ,1, then we deduce from (7.6.17), item (iv) of Lemma 7.6.2, and

the last two items of Condition 7.6.11 that k? ≥ k > k′? and there exist Ω ∈ π�0 (Ω+), Ω′ ∈ D(αΩ,j),Λ

and k′ ∈ nΣ,1 such that k = uj(iΩ′,1) and (k, j) ∈](k′, j), (k′, j)]wJ . If k = k?, then it follows
from k? /∈

⊔
Σ∈π0(Ω±)

nΣ,1, Condition III-(ix) and Condition 7.6.8 that k = k? = uj(iΩmax
(αΩ,j),Λ

,1) is the

1-end of an connected component of Ω+ t Ω−, which contradicts (k, j) ∈ IΩ±,?
J ⊆ IΩ±

J . Hence, we
deduce that k < k? and k′′? must exist (as described after Condition 7.6.11) which is a contradiction.
Consequently, we have

IΩ±,?
J =

 ⊔
Σ∈π0(Ω±)

nΣ,1

× {j}.
and

• DΩ±
k,j = {

⊔
a∈Z/t

Ωa,k,j} for each (k, j) ∈ IΩ±,?
J ;

• DΩ±
k+1,j = {

⊔
a∈Z/t

Ωa,k+1,j} for each (k, j) ∈ IΩ±,?
J \ {(k′?, j)}.

It follows from Lemma 7.2.5 and Condition 7.6.14 that, if there exists (k, j′) ∈ nJ such that
f
Sj
′,Ω±
k ,j′

|C = 0, then we must have k? ≥ k > k′?, j
′ = j and

f
Sj,Ω

±
k ,j

|Nξ,Λ ∼ F
Ω−
ξ + F 6= FΩ−

ξ

for some polynomial F satisfying F (FΩ+

ξ )−1 ∈ 〈Ops
ξ,Λ〉, which implies that

FΩ±
ξ |C ∼

(
FΩ−
ξ (FΩ+

ξ )−1
)
|C = −

(
FΩ+,[
ξ (FΩ+

ξ )−1
)
|C ∈ 〈Ops

C 〉.

Hence, we may assume from now on that f
Sj
′,Ω±
k ,j′

|C 6= 0 for each (k, j′) ∈ nJ . It follows from

Lemma 7.6.20 and a simple variant of Lemma 7.3.2 that fΩ±
ξ ∈ Inv(C) and

(fΩ±
ξ )−1|C ∼ (FΩ−

ξ + FΩ+,?
ξ )

∏
a∈Z/t

(FΩ±,a
ξ )−1

where

FΩ+,?
ξ

def
=

∏
Ω∈π�

0 (Ω+)

 ∑
Ω′∈D(αΩ,j)

ε(Ω,Ω′)FΩ′
ξ


and

FΩ±,a
ξ

def
= F

Ωa,k′?,j
ξ

∏
Σ∈π0(Ω±)

 ∏
k∈nΣ,1\{k′?}

F
Ωa,k,j
ξ (F

Ωa,k+1,j

ξ )−1


for each a ∈ Z/t. Here ε(Ω,Ω′) ∈ {1, 0,−1} is a constant and ε(Ω,Ω′) 6= 0 if and only if uj(iΩ′,1) >
k′?. It follows from Lemma 7.6.7, Lemma 7.6.2(iv) and the fourth item in Condition 7.6.11 that

FΩ±,a
ξ =

{
1 if a ∈ (Z/t)−;

FΩa
ξ if a ∈ (Z/t)+.
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Since
FΩ+

ξ =
∏

a∈(Z/t)+

FΩa
ξ =

∏
Ω∈π�

0 (Ω+)

FΩ
ξ

we have (
FΩ−
ξ (FΩ+

ξ )−1 + FΩ+,?
ξ (FΩ+

ξ )−1
)
|C =

(
(FΩ−

ξ + FΩ+,?
ξ )(FΩ+

ξ )−1
)
|C ∼ (fΩ±

ξ )−1|C

with (
FΩ+,?
ξ (FΩ+

ξ )−1
)
|C =

∏
Ω∈π�

0 (Ω+)

 ∑
Ω′∈D(αΩ,j)

ε(Ω,Ω′)
(
FΩ′
ξ (FΩ

ξ )−1
)
|C

 ∈ 〈Ops
C 〉.

Here 〈Ops
C 〉 is the subring of O(C) generated by Ops

C (cf. the paragraph before Proposition 7.1.5).

As (fΩ±
ξ )−1|C ∈ OC , we conclude that

(FΩ±
ξ )−1|C ∼

(
FΩ−
ξ (FΩ+

ξ )−1
)
|C ∈ 〈Ops

C · OC〉.

�

The rest of this section is devoted to the proof of Lemma 7.6.16.

Lemma 7.6.18. Let Ω± be a constructible Λ-lift of type III, and let (k, j) ∈ nJ be an element
and a, a′ ∈ Z/t be two distinct elements such that Ωa,k,j 6= ∅ 6= Ωa′,k,j. Assume that there does not

exist (α, j) ∈ Λ̂ such that both Ω+ and Ω− are pseudo Λ-decompositions of (α, j). If ((i, i′), j) ∈ Λ̂
for some i ∈ IΩa′,k,j and some i′ ∈ I′Ωa,k,j , then there exists a pseudo Λ-decomposition Ω of some

(α′, j) ∈ Λ̂ such that (ia′,0, j) ∈ I
Ω̂

, (ia,ca , j) ∈ I′
Ω̂

and Ω ⊆ Ω+ t Ω−. More precisely, there exist

ε ∈ {1,−1} such that one of the following holds

(1) Ωa ∩ Ω = ∅, Ωa′ ⊆ Ω and i′ = ia,ca = ia−ε,ca−ε;
(2) Ωa ⊆ Ω, Ωa′ ∩ Ω = ∅ and i = ia′,0 = ia′+ε,0;
(3) Ωa ∩ Ω = ∅ = Ωa′ ∩ Ω, i′ = ia,ca = ia−ε,ca−ε and i = ia′,0 = ia′+ε,0;
(4) Ωa,Ωa′ ⊆ Ω.

Proof. It follows from ((i, i′), j) ∈ Λ̂, i ∈ IΩa′,k,j and i′ ∈ I′Ωa,k,j that we have ia′,0 ≤ i < i′ ≤ ia,ca and

((ia′,0, ia,ca), j) ∈ Λ̂. It follows from Condition III-(vi) that there exists a pseudo Λ-decomposition

Ω of some (α′, j) ∈ Λ̂ such that (ia′,0, j) ∈ I
Ω̂

, (ia,ca , j) ∈ I′
Ω̂

and Ω ⊆ Ω+ t Ω−. Hence there exist

a1 ∈ Z/t, ε ∈ {1,−1} and s1 ≤ #Ω̂− 1 such that ia1,ca1
= ia,ca , ia′,0 = ia1−s1ε,0 and⊔

0≤s′≤s1

Ωa1−s′ε ⊆ Ω.

It follows from ia1,ca1
= ia,ca and ia′,0 = ia1−s1ε,0 that exactly one of the following holds

• a = a1 + ε and a′ = a1 − s1ε;
• a1 = a and a′ = a1 − (s1 + 1)ε;
• a = a1 + ε and a′ = a1 − (s1 + 1)ε;
• a1 = a and a′ = a1 − s1ε.

It is clear that these four cases correspond to the four cases in the statement of the lemma. The
equalities involving i and i′ follow from the fact that (i, j) and (i′, j) should lie in the same Λ�-
interval of Ω±, thanks to Condition III-(vii). �

The four cases listed in Lemma 7.6.18 can be visualized in Figure 15.
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Lemma 7.6.19. Let Ω± be constructible Λ-lift of type III with Ω+ t Ω− being circular (cf. the
paragraph before Definition 6.3.1). Let j ∈ J be the unique embedding such that Ω+tΩ− ⊆ Suppξ,j.
Then there do not exist two different elements k, k′ ∈ n such that

(1) Ω+ =
⊔

a∈Z/t
Ωa,k,j and Ω− =

⊔
a∈Z/t

Ωa,k′,j;

(2) k ≤ min{ka,ca−1 | a ∈ (Z/t)−} and k′ ≤ min{ka,ca−1 | a ∈ (Z/t)+}.

Proof. We assume without loss of generality that k > k′. It follows from Lemma 7.6.5 that ka,ca−1 ≥
ka,? ≥ k > k′a,? (resp. ka,ca−1 ≥ ka,? ≥ k′ > k′a,?) for each a ∈ (Z/t)+ (resp. for each a ∈ (Z/t)−).
In particular, we have k′ < k ≤ min{ka,ca−1 | a ∈ Z/t}.

We choose an arbitrary a ∈ (Z/t)− and note that a − 1 ∈ (Z/t)+ with ka,ca = ka−1,ca−1 . Our
assumption together with Condition III-(ix) implies that Ωa,k,j = ∅, Ωa−1,k,j = Ωa−1, Ωa,k′,j = Ωa

and Ωa−1,k′,j = ∅. Hence, we deduce that k]a−1 ≥ k > max{k[a−1, k
]
a} and min{k[a−1, k

]
a} ≥ k′ > k[a.

If k[a−1 < k]a, then for each k′′ ∈ n satisfying k]a ≥ k′′ > k[a−1, we have

k′ ≤ k[a−1 < k′′ ≤ k]a < k ≤ min{ka,ca−1 | a ∈ Z/t}

and Ωa−1,k′′,j 6= ∅ 6= Ωa,k′′,j , which contradicts Lemma 7.6.6. Therefore we must have k[a−1 ≥ k
]
a >

ka,ca = ka−1,ca−1 , and thus the fixed −1-tour of vΩ±

Ω+tΩ− contains a −1-jump that covers ka,ca .

If there exists a ∈ (Z/t)− such that the fixed −1-tour of vΩ±

Ω+tΩ− contains a −1-jump at ka,ca−1

that covers ka,ca , then we have k[a−1 = ka,ca−1 ≥ k > k[a−1 which is a contradiction. Consequently,
for each a ∈ (Z/t)−, there exists a unique choice of a1, a2 ∈ (Z/t)− such that the fixed −1-tour

of vΩ±

Ω+tΩ− contains a −1-jump at k′a1
that covers ka,ca , and moreover satisfies (vΩ±

Ω+tΩ−)−1(k′a1
) ∈

na2,−\{ka2,0}. In particular, we have k′a1
< (vΩ±

Ω+tΩ−)−1(k′a1
) ≤ k′a2

. However, if we consider all −1-

jumps contained in the fixed −1-tour of vΩ±

Ω+tΩ− , we obtain a sequence of elements a1, a2, . . . , as ∈
(Z/t)− satisfying k′a1

< k′a2
< · · · < k′as < k′a1

, which is a contradiction. In all, we have shown that
such k and k′ do not exist. �

Lemma 7.6.20. Let Ω± be a constructible Λ-lift of type III which satisfies Condition 7.6.8. Then
exactly one of the following two possibilities holds:

• Ω± satisfies Condition 7.6.10;

• upon replacing Ω± with its inverse (cf. Definition 5.1.7) without changing vΩ±
J , Ω± satisfies

Condition 7.6.11.

Proof. We fix a pair (k, j) ∈ nJ and an arbitrary element Ω\
k,j ∈ DΩ±

k,j throughout the proof.

We choose two non-empty subsets

Ω] ⊆
⊔
a∈Z/t

Ωa,k,j and Ω[ ⊆ Ω\
k,j

such that

(7.6.21)
∑
β∈Ω]

β =
∑
β∈Ω[

β

and there does not exist proper non-empty subsets of Ω] and Ω[ satisfying the similar equality.
According to (7.6.21) and the minimality condition on Ω] and Ω[, there exist s ≥ 1 and an ordering

Ω̂] = {(α],s′ , j)}s′∈Z/s and an ordering Ω̂[ = {(α[,s′ , j)}s′∈Z/s such that i′α],s′ = i′α[,s′ and iα[,s′ =
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iα],s′+1
for each s′ ∈ Z/s. In particular, we observe that

(7.6.22) ((iα],s′+1
, i′α],s′ ), j) ∈ Λ̂

for each s′ ∈ Z/s. We have the decompositions

Ω] =
⊔

s′∈Z/s

Ω],s′ and Ω[ =
⊔

s′∈Z/s

Ω[,s′

that satisfy ∑
(β,j)∈Ω],s′

β = α],s′ and
∑

(β,j)∈Ω[,s′

β = α[,s′

for each s′ ∈ Z/s. Moreover, we observe that the sets {iα],s′ , i
′
α],s′
} are disjoint for different choices

of s′ ∈ Z/s and we have (cf. Definition 5.1.7)

∆Ω] = ∆Ω[ =
⊔

s′∈Z/s

{(iα],s′ , j), (i
′
α],s′

, j)}.

It follows from Ω] ⊆
⊔

a∈Z/t
Ωa,k,j that, for each s′ ∈ Z/s, there exists a unique a ∈ Z/t such that

Ω],s′ ⊆ Ωa,k,j 6= ∅, and thus we have a well-defined map φ : Z/s → Z/t. If s = 1, we say that the
pair Ω],Ω[ is simple.

If Ω],Ω[ is simple, then there exist a ∈ Z/t and (α, j) ∈ Λ̂ (with j = ja) such that Ω] ⊆ Ωa,k,j

and Ω],Ω[ ∈ D(α,j),Λ. Using the minimality condition (under inclusion of subsets) on the choice of
Ω],Ω[, we observe that either Ω] = Ω[ = {(α, j)} or Ω]∩Ω[ = ∅. If Ω]∩Ω[ = ∅ and i′α 6= i′a,k,j , this

contradicts the fact that Ωa,k,j is Λ-exceptional (cf. item (ii) of Lemma 7.6.2). If Ω] ∩ Ω[ = ∅ and
i′α = i′a,k,j , we clearly have iΩa,k,j ,1 = iΩ],1 6= iΩ[,1 (which implies uj(iΩ[,1) < uj(iΩ],1) = uj(iΩa,k,j ,1)

using Ωa,k,j = Ωmax

(αΩ±
a,k,j ,j),Λ

), and thus contradicts (7.6.3). Consequently, we have shown that, if the

pair Ω],Ω[ is simple, then we must have Ω] = Ω[.
Now we treat a pair Ω],Ω[ which is not simple, namely s ≥ 2 and thus s′ − 1 6= s′ 6= s′ + 1 for

each s′ ∈ Z/s. It follows from Lemma 7.6.18 that the element (7.6.22) should fall into one out of
four cases there, for each s′ ∈ Z/s. In the following, when we say case (1), case (2), case (3) or
case (4), we are always referring to Lemma 7.6.18.

If there exists s′ ∈ Z/s such that the element (7.6.22) falls into case (1), then i′α],s′ = iφ(s′),cφ(s′)

and there exists a pseudo Λ-decomposition Ω?,s′,s′+1 of ((i, iφ(s′),cφ(s′)
), j) for some i such that

Ωφ(s′+1) ⊆ Ω?,s′,s′+1 ⊆ Ω+ t Ω− and Ωφ(s′) ∩ Ω?,s′,s′+1 = ∅. Note that we have i′α],s′+1
6= i′α],s′ =

iφ(s′),cφ(s′)
. The inclusions Ω],s′+1 ⊆ Ωφ(s′+1) ⊆ Ω?,s′,s′+1 imply that

(7.6.23) ((i′α],s′+1
, iφ(s′),cφ(s′)

), j) ∈ Λ̂.

If ((iα],s′+2
, i′α],s′+1

), j) ∈ Λ̂ falls into either case (1) or case (3), then (i′α],s′+1
, j) and (iφ(s′),cφ(s′)

, j)

do not lie in the same Λ�-interval, which together with Condition III-(vii) and (7.6.23) leads to a

contradiction. Hence, the element ((iα],s′+2
, i′α],s′+1

), j) ∈ Λ̂ falls into either case (2) or case (4).

If there exists s′ ∈ Z/s such that the element (7.6.22) falls into case (2), then iα],s′+1
= iφ(s′+1),0

and there exists a pseudo Λ-decomposition Ω?,s′,s′+1 of ((iφ(s′+1),0, i
′), j) for some i′ such that

Ωφ(s′) ⊆ Ω?,s′,s′+1 ⊆ Ω+ t Ω− and Ωφ(s′+1) ∩ Ω?,s′,s′+1 = ∅. We can argue similarly using Con-

dition III-(vii) and deduce that the element ((iα],s′ , i
′
α],s′−1

), j) ∈ Λ̂ falls into either case (1) or

case (4).
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If there exists s′ ∈ Z/s such that the element (7.6.22) falls into case (4), then there exists a pseudo
Λ-decomposition Ω?,s′,s′+1 of some ((i, i′), j) such that Ωφ(s′), Ωφ(s′+1) ⊆ Ω?,s′,s′+1 ⊆ Ω+ t Ω−. In
particular, we have

((iα],s′ , i
′), j), ((i, i′α],s′+1

), j) ∈ Λ̂.

Similar argument as above using Condition III-(vii) implies that the element ((iα],s′ , i
′
α],s′−1

), j) ∈ Λ̂

falls into case (1) or case (4), and the element ((iα],s′+2
, i′α],s′+1

), j) ∈ Λ̂ falls into either case (2)

or case (4). Moreover, using previous two paragraphs, we obtain a unique choice of t+, t− ≥
1 such that ((iα],s′+t′+1

, i′α],s′+t′ ), j) ∈ Λ̂ falls into case (4) for each −t− + 1 ≤ t′ ≤ t+ − 1,

((iα],s′−t−+1
, i′α],s′−t−

), j) ∈ Λ̂ falls into case (1) and ((iα],s′+t++1
, i′α],s′+t+

), j) ∈ Λ̂ falls into case (2).

Combining the three paragraphs above, we conclude that, if there exists s′ ∈ Z/s such that the
element (7.6.22) does not fall into case (3), then there exist s′1, s

′
2 ∈ Z/s and t′ ≥ 1 such that

s′2 = s′1 + t′, ((iα],s′1+1
, i′α],s′1

), j) ∈ Λ̂ falls into case (1), ((iα],s′2+1
, i′α],s′2

), j) ∈ Λ̂ falls into case (2),

and ((iα],s′1+t′′+1
, i′α],s′1+t′′

), j) ∈ Λ̂ falls into case (4) for each 1 ≤ t′′ ≤ t′−1. More precisely, we have

(7.6.24) i′α],s′1
= iφ(s′1),cφ(s′1)

, iα],s′2+1
= iφ(s′2+1),0

and Ω?,s′1+t′′,s′1+t′′+1 is a pseudo Λ-decomposition of some root that satisfies

• Ω?,s′1,s
′
1+1 ⊆ Ω+ t Ω− is a pseudo Λ-decomposition of ((i, iφ(s′1),cφ(s′1)

), j) for some i and

Ωφ(s′1+1) ⊆ Ω?,s′1,s
′
1+1;

• Ω?,s′1+t′,s′1+t′+1 ⊆ Ω+ t Ω− is a pseudo Λ-decomposition of ((iφ(s′1+t′+1),0, i
′), j) for some i′

and Ωφ(s′1+t′) ⊆ Ω?,s′1+t′,s′1+t′+1;

• for each 1 ≤ t′′ ≤ t′ − 1, Ω?,s′1+t′′,s′1+t′′+1 ⊆ Ω+ t Ω− is a pseudo Λ-decomposition (of some

root) that contains Ωφ(s′1+t′′) and Ωφ(s′1+t′′+1).

This forces

Ω?,s′1,s
′
2+1

def
=

⋃
0≤t′′≤t′

Ω?,s′1+t′′,s′1+t′′+1

to be a pseudo Λ-decomposition of ((iφ(s′2+1),0, iφ(s′1),cφ(s′1)
), j) ∈ Λ̂ which is also a Λ�-interval of

Ω±. As Ω[,s′1
is a Λ-decomposition of ((iα],s′1+1

, i′α],s′1
), j) ∈ Λ̂ with uj(iΩ[,s′1

,1) ≥ k, we deduce that

k ≤ uj(iΩmax
((iα

],s′1+1
,i′α
],s′1

),j),Λ
,1) ≤ uj(iΩmax

((i
φ(s′2+1),0

,i
φ(s′1),c

φ(s′1)
),j),Λ

,1),

which together with kφ(s′1+1),0 ≥ k > kφ(s′1+1),cφ(s′1+1)
(as ∅ 6= Ω],s′1+1 ⊆ Ωφ(s′1+1),k,j) and Condi-

tion 7.6.8 forces that

(7.6.25) iφ(s′1+1),cφ(s′1+1)
= iφ(s′1),cφ(s′1)

and k ≤ uj(iΩ?,s′1,s′2+1,1
).

However, as we have (using (7.6.25) and (7.6.24))

i′α],s′1
= i′φ(s′1),k,j = iφ(s′1),cφ(s′1)

= iφ(s′1+1),cφ(s′1+1)

and
k ≤ uj(iΩ?,s′1,s′2+1,1

) = kφ(s′1+1),cφ(s′1+1)−1,

we necessarily have Ωφ(s′1+1),k,j = ∅ by Lemma 7.6.6, which contradicts the fact that ∅ 6= Ω],s′1+1 ⊆
Ωφ(s′1+1),k,j .



MODULI OF FONTAINE–LAFFAILLE MODULES AND MOD-p LOCAL-GLOBAL COMPATIBILITY 121

Up to this stage, we have just shown for each s′ ∈ Z/s that, the element (7.6.22) falls into case (3)
in Lemma 7.6.18, and thus i′α],s′ = iφ(s′),cφ(s′)

, iα],s′+1
= iφ(s′+1),0 and Ω[,s′ is a Λ-decomposition of

α[,s′ = ((iφ(s′+1),0, iφ(s′),cφ(s′)
), j) ∈ Λ̂

satisfying uj(iΩ[,s′ ,1) ≥ k. Consequently, for each s′ ∈ Z/s, we have

• Ω],s′ is a Λ�-interval of Ω±;

• there exists a Λ�-interval of Ω± which is a pseudo Λ-decomposition of (α[,s′ , j);
• Ω[,s′ ∈ D(α[,s′ ,j),Λ

and k ≤ uj(iΩ[,s′ ,1) ≤ uj(iΩmax
(α[,s′ ,j),Λ

,1).

Upon replacing Ω± with its inverse (cf. Definition 5.1.7), we may assume that Ω] ⊆ Ω− by the
discussion above, and note that

• φ is injective, φ(Z/s) = (Z/t)− and Ω] = Ω−;
• jφ(s′) = j and Ω],s′ = Ωφ(s′),k,j = Ωφ(s′) for each s′ ∈ Z/s;
• for each Λ�-interval Ω ∈ π�0 (Ω+), there exists a unique s′ ∈ Z/s such that Ω is a pseudo

Λ-decomposition of (α[,s′ , j).

For each a ∈ (Z/t)− = φ(Z/s), as Ωa,k,j = Ωa, we deduce from Lemma 7.6.5 that

ka,? ≥ k > k′a,?.

On the other hand, as we have

(7.6.26) k ≤ uj(iΩ[,s′ ,1) ≤ uj(iΩmax
(α[,s′ ,j),Λ

,1)

for each s′ ∈ Z/s, we deduce from Condition 7.6.8 that k ≤ ka,ca and Ωa,k,j = ∅ for each a ∈ (Z/t)+

such that ka,ca 6= ka′,ca′ for all a′ ∈ (Z/t)−. Assume for the moment that there exist s′ ∈ Z/s
and a ∈ (Z/t)+ such that ia,ca = iφ(s′),cφ(s′)

= ia+1,ca+1 and Ωa,k,j 6= ∅, then we clearly have

ka,0 ≥ k > ka,ca . It follows from Condition 7.6.8 that either ca = 1 or uj(iΩmax
(α[,s′ ,j),Λ

,1) = ka,ca−1,

which together with (7.6.26) and ka,0 ≥ k > ka,ca implies that k ≤ ka,ca−1, Hence, we deduce from
k ≤ ka,ca−1, i′φ(s′),k,j = iφ(s′),cφ(s′)

= ia,ca and Lemma 7.6.6 that Ωa,k,j = ∅, which is a contradiction.

We conclude Ωa,k,j = ∅ for each a ∈ (Z/t)+ in the current situation.

Now we return to our fixed (k, j) and the associated set DΩ±
k,j . If all possible choices of pairs

Ω],Ω[ are simple for each choice of Ω\
k,j ∈ DΩ±

k,j , then we always have Ω] = Ω[ for each choice of

pair, and we can write
⊔

a∈Z/t
Ωa,k,j (resp. Ω\

k,j) as disjoint unions of Ω] (resp. Ω[) for certain choices

of pairs Ω],Ω[ and deduce that Ω\
k,j =

⊔
a∈Z/t

Ωa,k,j .

It remains to consider the case when there exists one choice of Ω\
k,j ∈ DΩ±

k,j with Ω\
k,j 6=

⊔
a∈Z/t

Ωa,k,j ,

namely there exists a non-simple pair Ω],Ω[ satisfying Ω] ⊆
⊔

a∈Z/t
Ωa,k,j and Ω[ ⊆ Ω\

k,j . According

to our previous discussion, upon replacing Ω± with its inverse, we have

• Ω+ t Ω− ⊆ Suppξ,j ;

• Ω] = Ω− =
⊔

a∈Z/t
Ωa,k,j ;

• ka,? ≥ k > k′a,? for each a ∈ (Z/t)−;

• for each Λ�-interval Ω ∈ π�0 (Ω+), there exists (αΩ, j) ∈ Λ̂ such that Ω is a pseudo Λ-
decomposition of (αΩ, j);
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• there exists Ω\
Ω,k,j ∈ D(αΩ,j),Λ with uj(iΩ\Ω,k,j ,1

) ≥ k for each Ω ∈ π�0 (Ω+), such that

Ω\
k,j = Ω[ =

⊔
Ω∈π�

0 (Ω+)

Ω\
Ω,k,j .

We recall the definition of k? and k′? from (7.6.12) and (7.6.13) respectively. Then it follows from
previous discussion and Lemma 7.6.19 that the following conditions on k′ ∈ n are equivalent (for
the above choice of Ω±)

• k? ≥ k′ > k′?;

• #DΩ±
k′,j ≥ 2;

•
⊔

a∈Z/t
Ωa,k′,j = Ω− and k′ ≤ uj(iΩmax

(αΩ,j),Λ
,1) for each Ω ∈ π�0 (Ω+).

Finally, we conclude the following

• If all possible choices of the pair Ω],Ω[ for all (k, j) ∈ nJ are simple, then Ω± satisfies
Condition 7.6.10.
• If there exists some (k, j) ∈ nJ and a choice of Ω],Ω[ which are not simple, we can decide

to choose Ω± or its inverse from this pair Ω],Ω[ and then define k?, k
′
? ∈ n as above. The

very existence of such (k, j) ensures that k? > k′?. The rest of properties satisfied by the
pair Ω],Ω[ implies that either Ω± or its inverse satisfies Condition 7.6.11.

The proof is thus finished. �

Lemma 7.6.27. Let Ω± be a constructible Λ-lift of type III with both Ω+ and Ω− being pseudo

Λ-decomposition of some (α, j) ∈ Λ̂. Then Ω± satisfies Condition 7.6.10.

Proof. We borrow all notation around Ω],Ω[ from the proof of Lemma 7.6.20, and prove that all
possible choices of pairs Ω],Ω[ are simple, which is enough to conclude the result by the discussion
in the proof of Lemma 7.6.20.

If φ(Z/s) ⊆ (Z/t)+ or φ(Z/s) ⊆ (Z/t)−, we choose s′ ∈ Z/s such that the integer 1 ≤ m ≤ rξ
satisfying iαφ(s′) ∈ [m]ξ is minimal possible and uj(i

′
α],s′

) is maximal possible for the fixed choice

of φ(s′). Then we deduce from ((iα],s′+1
, i′α],s′ ), j) ∈ Λ̂ that φ(s′ + 1) = φ(s′) (by minimality of m)

and thus uj(iα],s′+1
) > uj(i

′
α],s′+1

) ≥ uj(i′α],s′ ) (as we have either s = 1 or Ω],s′ ∩Ω],s′+1 = ∅), which

together with maximality of uj(i
′
α],s′

) implies s = 1.

Assume for the moment that φ(Z/s) ∩ (Z/t)+ 6= ∅ 6= φ(Z/s) ∩ (Z/t)− and s ≥ 2. We choose
s′1, s

′
2 ∈ Z/s such that φ(s′1), φ(s′2 + 1) ∈ (Z/t)+ and φ(s′1 + 1), φ(s′2) ∈ (Z/t)−. For each i = 1, 2, we

deduce from ((iα],s′
i
+1
, i′α],s′

i

), j) ∈ Λ̂ and Condition III-(vii) that either iα],s′
i
+1

= iα or i′α],s′
i

= i′α.

As we clearly have s′1 6= s′2, we deduce that iα],s′1+1
6= iα],s′2+1

and i′α],s′1
6= i′α],s′1

. Hence, we may

assume without loss of generality that iα],s′1+1
= iα and i′α],s′2

= i′α, which implies that iα],s′ 6= iα for

each s′ 6= s′1 + 1 and i′α],s′ 6= i′α for each s′ 6= s′2. However i′α],s′2
= i′α also forces φ(s′2 − 1) ∈ (Z/t)+,

which together with ((iα],s′2
, i′α],s′2−1

), j) ∈ Λ̂, Condition III-(vii) and i′α],s′2−1
6= i′α forces iα],s′2

= iα

and thus α],s′2 = α. This is impossible as Ω̂− 6= {(α, j)}.
Up to this stage, we have shown that, if both Ω+ and Ω− are pseudo Λ-decompositions of some

(α, j) ∈ Λ̂, then all possible choices of pairs Ω],Ω[ are simple. The proof is thus finished �
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Let Ω± be a constructible Λ-lift of type III satisfying Condition 7.6.11. Assume for the mo-
ment that Ω± fails Condition 7.6.14, namely there exist k′′? , Ω and k? as described right after
Condition 7.6.11. Then we observe that

• uj(i′αΩ
) < uj(iΩ′,1) = k′′? < k? ≤ uj(iΩmax

(αΩ,j),Λ
,1) ≤ uj(iαΩ) and k? /∈ {uj(iαΩ), uj(i

′
αΩ

)};
• it follows from Condition III-(ix) and (k′′? , j) ∈](k?, j), (k?, j)]wJ that there exists a? ∈

(Z/t)+
Σ such that Ωa∗ ⊆ Ω, and k? ∈ (na

?,+ \ {ka?,ca?}) t {ka?,0}.
Hence, we can define a new balanced pair Ω±� by

(7.6.28) Ω−�
def
= Ω− and Ω+

�
def
= (Ω+ \ Ω) t {((u−1

j (k′′?), i′αΩ
), j)} t Ω′′

where Ω′′ ( Ω is the unique subset which makes {((u−1
j (k′′?), i′αΩ

), j)}tΩ′′ a pseudo Λ-decomposition

of (αΩ, j). Note that we have

(7.6.29) Ω′′ ⊆ Ω \ {((iΩ,1, i′αΩ
), j)} ⊆

(
Ωmax

(αΩ,j),Λ

)
†

as Ω± satisfies Condition 7.6.8. It is clear that we always have FΩ±�
ξ (FΩ±

ξ )−1 ∈ Ops
ξ,Λ. If Ω±� is a

constructible Λ-lift of type III, we set t�
def
= #(Ω̂+

� t Ω̂−� ), indexed Ω̂+
� t Ω̂−� by Z/t�, and then define

Σ� ∈ π0(Ω±� ) and a� ∈ (Z/t�)−Σ� by ia�,ca� = ia�−1,ca�−1 = i′αΩ
. As k′′? is the −1-end of Σ� and k′′? <

k? ≤ ka,? ≤ ka,ca−1 = ka�,ca�−1 for the unique a ∈ (Z/t)− satisfying ia,ca = ia−1,ca−1 = i′αΩ
, we can

and do choose vΩ±�
Σ�

such that the fixed 1-tour of (vΩ±�
Σ�

)−1|nΣ� contains a 1-jump at k′′? = ka�−1,ca�−1−1

(using the construction in Proposition 6.3.6). If moreover Ω±� satisfies Condition 7.6.11, we define

k�,? and k′�,? so that #DΩ±�
k,j ≥ 2 if and only if k�,? ≥ k > k′�,?.

Lemma 7.6.30. Let Ω± be a constructible Λ-lift of type III which satisfies Condition 7.6.11. As-

sume moreover that k′′? exists as above. If FΩ±�
ξ 6∈ Ops

ξ,Λ · O
<|Ω±|
ξ,Λ , then exactly one of the following

holds:

• Ω±� is a constructible Λ-lift of type III that satisfies Condition 7.6.10;
• Ω±� is a constructible Λ-lift of type III that satisfies Condition 7.6.11 and k′�,? > k′?.

Proof. We keep the notation Ω, k?, Σ� and a� attached to k′′? as above. It is clear that |Ω±� | =

|Ω±|. If Ω±� is not a Λ-lift, we clearly have FΩ±�
ξ ∈ O<|Ω

±|
ξ,Λ by Lemma 5.1.2. If Ω±� is a Λ-

lift that violates Condition III-(iv), III-(v), III-(vii), III-(viii) or III-(ix), then we clearly have

FΩ±�
ξ ∈ Ops

ξ,Λ · O
<|Ω±|
ξ,Λ by the same argument as in the proof of Theorem 5.3.20. Otherwise, Ω±�

automatically satisfies Condition III-(i), III-(ii), III-(iii) and III-(vi), and thus is a constructible
Λ-lift of type III. It is also clear that Ω±� automatically satisfies Condition 7.6.8 by its construction
(using k′′? < uj(iΩmax

(αΩ,j),Λ
,1) and (7.6.29)). If Ω±� satisfies Condition 7.6.10, we have nothing to prove.

Otherwise, Ω±� satisfies Condition 7.6.11 (using the fact that the inverse of Ω±� can never satisfy
Condition 7.6.11 as {((u−1

j (k′′?), i′αΩ
), j)}tΩ′′ is not a Λ-decomposition of (αΩ, j)). As we have chosen

vΩ±�
J such that the fixed 1-tour of (vΩ±�

Σ�
)−1|nΣ� contains a 1-jump at k′′? = ka�−1,0 = ka�−1,ca�−1−1

(which necessarily covers ka�,ca� ), we deduce that k′�,? ≥ k′a�,? ≥ k[a� = k′′? > k′?. The proof is thus
finished. �

Lemma 7.6.31. Let Ω± be a constructible Λ-lift of type III which satisfies Condition 7.6.11. Then

there exists a constructible Λ-lift Ω±♥ of type III such that F
Ω±♥
ξ (FΩ±

ξ )−1 ∈ Ops
ξ,Λ and at least one of

the following holds
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• FΩ±♥
ξ ∈ Ops

ξ,Λ · O
<|Ω±|
ξ,Λ ;

• Ω±♥ satisfies Condition 7.6.10;

• Ω±♥ satisfies Condition 7.6.14.

Proof. It suffices to treat the case when FΩ±
ξ /∈ Ops

ξ,Λ · O
<|Ω±|
ξ,Λ , Ω± satisfies Condition 7.6.11 and

moreover k′′? exists, as otherwise we can always set Ω±♥
def
= Ω±. Hence, we can define a new

balanced pair Ω±� as in (7.6.28) which satisfies FΩ±�
ξ (FΩ±

ξ )−1 ∈ Ops
ξ,Λ. Note that Ω±� is necessarily

a constructible Λ-lift of type III satisfying Condition 7.6.8 as FΩ±
ξ /∈ Ops

ξ,Λ · O
<|Ω±|
ξ,Λ . If Ω±� satisfies

Condition 7.6.10, we set Ω±♥
def
= Ω±� . Otherwise, it follows from Lemma 7.6.30 that Ω±� satisfies

Condition 7.6.11 with k′�,? > k′?. We can repeat the construction Ω± 7→ Ω±� and carry on an

induction on k′?. The induction must end and as FΩ±
ξ /∈ Ops

ξ,Λ ·O
<|Ω±|
ξ,Λ , we must arrive a constructible

Λ-lift Ω±♥ of type III which satisfies F
Ω±♥
ξ (FΩ±

ξ )−1 ∈ Ops
ξ,Λ and falls into the second or third possibility

in the statement of this lemma. The proof is thus finished. �

Proof of Lemma 7.6.16. This follows directly from Lemma 7.6.9, Lemma 7.6.20, Lemma 7.6.27 and
Lemma 7.6.31. �

7.7. Main results on invariant functions: proof. In this section, we combine results from
§ 7.1 and § 5.3 to prove our main results on invariant functions, namely Theorem 7.7.8 and Corol-
lary 7.7.9. In particular, this completes the proof of Statement 4.3.2.

We fix a C ∈ PJ satisfying C ⊆ Nξ,Λ as usual. In the following, we introduce a list of subgroups
of O(C)× to be used afterwards. Given a set S of balanced pairs, we can define the subgroup of

O(C)× associated with S by the subgroup generated by Oss
C and FΩ±

ξ |C for all balanced pairs Ω± in
S.

We recall from Proposition 7.1.5 that Ops
C is the subgroup of O(C)× associated with the set of

balanced pairs Ω± with both Ω+ and Ω− being pseudo Λ-decompositions of some (α, j) ∈ Λ̂. For

each γ ∈ Λ̂�, we write Ops,III,γ
C ⊆ Ops

C for the subgroup associated with the set of all balanced pair

Ω± such that both Ω+ and Ω− are pseudo Λ-decompositions of some (α, j) ∈ Λ̂ ∩ Suppγξ,J with

Ω̂+ 6= {(α, j)} 6= Ω̂− (cf. Proposition 5.3.16).

We write OI,ext
C ⊆ Ocon

C (resp. OII,ext
C ⊆ Ocon

C ) for the subgroup associated with the set of all
constructible Λ-lifts Ω± of type I (resp. of type II) with Ω+ being Λ-extremal.

We say that a balanced pair Ω± is of type I-max (cf. Lemma 5.3.15) if there exists (α, j) ∈ Λ̂
such that

• Ω− = Ωmax
(α,j),Λ is Λ-exceptional and Λ-ordinary;

• Ω+ ∈ D(α,j),Λ satisfies iΩ+,1 = i1,eψ for some 1 ≤ e ≤ eψ,1 (with ψ = (Ω−,Λ)).

For each γ ∈ Λ̂�, we write OI,max,γ
C ⊆ O(C)× for the subgroup associated with the set of all balanced

pairs Ω± of type I-max with |Ω±| = γ.

We say that a balanced pair Ω± is of type II-max (cf. Proposition 5.3.17) if there exists (α, j) ∈ Λ̂
such that

• Ω− is a pseudo Λ-decomposition of (α, j) satisfying Ω̂− 6= {(α, j)};
• Ω+ ∈ D(α,j),Λ is Λ-ordinary;

• either Ω+ = Ωmax
(α,j),Λ or Ω+ is Λ-extremal.
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For each γ ∈ Λ̂�, we write OII,max,γ
C ⊆ O(C)× for the subgroup associated with the set of all

balanced pairs Ω± of type II-max with |Ω±| = γ.

We say that a balanced pair Ω± is of type I-exp (cf. Proposition 5.3.18) if there exists (α, j) ∈ Λ̂
such that

• Ω− = Ωmax
(α,j),Λ is Λ-ordinary;

• Ω+ ∈ D(α,j),Λ is Λ-exceptional and Λ-ordinary.

For each balanced pair Ω± of type I-exp, we write OΩ±,<
C ⊆ O(C)× for the subgroup associated

with the set of all balanced pairs Ω±0 satisfying

• Ω±0 is of type I-exp;
• Ω−0 = Ω− and Ω+ < Ω+

0 .

For each γ ∈ Λ̂�, we write OI,exp,γ
C ⊆ O(C)× for the subgroup associated with the set of all balanced

pairs Ω± of type I-exp with |Ω±| = γ.

We say that a balanced pair Ω± is of type II-exp (cf. Proposition 5.3.13) if there exists (α, j) ∈ Λ̂
such that

• Ωmax
(α,j),Λ is not Λ-ordinary and Ω− = (Ωmax

(α,j),Λ)†;

• Ω+ ∈ D(α,j),Λ is Λ-exceptional and Λ-ordinary.

For each balanced pair Ω± of type II-exp, we write OΩ±,<
C ⊆ O(C)× for the subgroup associated

with the set of all balanced pairs Ω±0 satisfying

• Ω±0 is of type II-exp;
• Ω−0 = Ω− and Ω+ < Ω+

0 .

For each γ ∈ Λ̂�, we write OII,exp,γ
C ⊆ O(C)× for the subgroup associated with the set of all balanced

pairs Ω± of type II-exp with |Ω±| = γ.
We recall the subring OC ⊆ O(C) from Definition 4.3.1. For each subset Y ⊆ O(C), we write

〈Y 〉′ for the subring of O(C) generated by Y , and write 〈Y 〉 for the localization of 〈Y 〉′ with respect
to 〈Y 〉′ ∩ O(C)×.

Lemma 7.7.1. Let (α, j) ∈ Λ̂ ∩ Suppγξ,J be an element. If Ω± is a balanced pair such that

• Ω− is a pseudo Λ-decomposition of (α, j) with Ω̂− 6= {(α, j)};
• Ω+ is a pseudo Λ-decomposition of (α, j) with either Ω̂+ 6= {(α, j)} or Ω+ ∈ D(α,j),Λ being

not Λ-ordinary;

Then we have

FΩ±
ξ |C ∈ 〈O

<γ
C · OC〉.

In particular, we have Ops,III,γ
C ⊆ 〈O<γC · OC〉.

Proof. If Ω+ ∈ D(α,j),Λ is not Λ-ordinary, we can replace the balanced pair Ω± with Ω+
† ,Ω

−.

Consequently, we may assume without loss of generality that both Ω+ and Ω− are pseudo Λ-

decompositions of (α, j) with Ω̂+ 6= {(α, j)} 6= Ω̂−. Then it follows from Proposition 5.3.16 that
there exists a constructible Λ-lift Ω±0 of type III such that

• both Ω+
0 and Ω−0 are pseudo Λ-decompositions of (α, j);

•
(
F

Ω±0
ξ (FΩ±

ξ )−1

)
|C ∈ O<γC .
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We deduce from Proposition 7.1.5 that F
Ω±0
ξ ∈ OC . The proof is thus finished by

(
F

Ω±0
ξ (FΩ±

ξ )−1

)
|C ∈

O<γC . �

Lemma 7.7.2. We have

OI,ext
C , OII,ext

C ⊆ OC .

Proof. This follows directly from Proposition 7.1.2 and Proposition 7.1.4. �

Lemma 7.7.3. If Ω± is a balanced pair of type I-max with |Ω±| = γ for some γ ∈ Λ̂�, then we
have

FΩ±
ξ |C ∈ 〈O

<γ
C · OC〉.

Moreover, we have OI,max,γ
C ⊆ 〈O<γC · OC〉.

Proof. We write (α, j) ∈ Λ̂ ∩ Suppγξ,J for the element such that Ω− = Ωmax
(α,j),Λ. If FΩ±

ξ |C ∈ O
<γ
C ,

then we have nothing to prove. Otherwise, it follows from Lemma 5.3.15 that there exists a pseudo
Λ-decomposition Ω′ of (α, j), which is Λ-equivalent to Ω+ with level < γ, such that iΩ′,1 = i1,1ψ2

(with ψ2 = (Ω−,Λ)) and exactly one of the following holds:

• Ω′ ∈ D(α,j),Λ and the balanced pair Ω′,Ω− is a constructible Λ-lift of type I;

• Ω̂′ 6= {(α, j)} and the balanced pair Ω−,Ω′ is a constructible Λ-lift of type II.

We set

Ω+
0

def
=

{
Ω′ if Ω′ ∈ D(α,j),Λ;

Ω− if Ω̂′ 6= {(α, j)} and Ω−0
def
=

{
Ω− if Ω′ ∈ D(α,j),Λ;

Ω′ if Ω̂′ 6= {(α, j)}.

If Ω′ ∈ D(α,j),Λ is Λ-extremal, then it follows from Proposition 7.1.2 that F
Ω±0
ξ |C ∈ OC and thus

FΩ±
ξ |C ∈ 〈O

<γ
C · OC〉. If Ω′ ∈ D(α,j),Λ is Λ-exceptional, then it follows from Proposition 7.1.1 that

F
Ω±0
ξ |C + ε ∈ OC for some ε ∈ {1,−1} and thus FΩ±

ξ ∈ 〈O<γC · OC〉. If Ω̂′ 6= {(α, j)}, then it

follows from Proposition 7.1.3, Proposition 7.1.4 and Ω+
0 = Ωmax

(α,j),Λ that F
Ω±0
ξ |C ∈ OC and thus

FΩ±
ξ |C ∈ 〈O

<γ
C · OC〉. The proof is thus finished. �

Lemma 7.7.4. If Ω± is a balanced pair of type II-max with |Ω±| = γ for some γ ∈ Λ̂�, then we
have

FΩ±
ξ |C ∈ 〈O

ps,III,γ
C · OI,max,γ

C · O<γC · OC〉.

Moreover, we have OII,max,γ
C ⊆ 〈O<γC · OC〉.

Proof. We write (α, j) ∈ Λ̂ ∩ Suppγξ,J for the element such that Ω+ ∈ D(α,j),Λ. If FΩ±
ξ |C ∈ O

<γ
C ,

then we have nothing to prove. Otherwise, it follows from Proposition 5.3.17 that there exists a

pseudo Λ-decomposition Ω′ of (α, j) with Ω̂′ 6= {(α, j)} such that the balanced pair Ω±0 defined by

Ω+
0

def
= Ω+ and Ω−0

def
= Ω′ satisfies one of the following:

• FΩ±0
ξ |C ∈ O

<γ
C ;

• Ω±0 is a constructible Λ-lift of type II;
• there exists Ω′′ ∈ D(α,j),Λ such that the balanced pair Ω′′,Ω+ satisfies the conditions in

Lemma 5.3.15 and F
Ω±1
ξ |C ∈ O

<γ
C for the balanced pair defined by Ω+

1
def
= Ω′′ and Ω−1

def
= Ω−0 .
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It is clear that F
Ω±2
ξ |C ∈ O

ps,III,γ
C for the balanced pair defined by Ω+

2
def
= Ω′ and Ω−2

def
= Ω−,

and there is nothing to prove if F
Ω±0
ξ |C ∈ O

<γ
C . If Ω±0 is a constructible Λ-lift of type II and

Ω+
0 = Ω+ ∈ D(α,j),Λ is Λ-extremal, then it follows from Proposition 7.1.4 that F

Ω±0
ξ |C ∈ OC

and thus FΩ±
ξ |C ∈ 〈O

ps,III,γ
C · O<γC · OC〉. If Ω±0 is a constructible Λ-lift of type II and Ω+

0 =

Ω+ = Ωmax
(α,j),Λ is Λ-exceptional, then it follows from Proposition 7.1.3 that F

Ω±0
ξ |C ∈ OC and thus

FΩ±
ξ |C ∈ 〈O

ps,III,γ
C · O<γC · OC〉. If such Ω′′ exists, then we also have F

Ω±3
ξ |C ∈ O

I,max,γ
C for the

balanced pair Ω±3 defined by Ω+
3

def
= Ω′′ and Ω−3

def
= Ω+

0 = Ω+ = Ωmax
(α,j),Λ. Therefore we deduce

that F
Ω±0
ξ |C ∈ O

I,max,γ
C · O<γC , which clearly implies the desired result on FΩ±

ξ |C . The last part is

immediate from Lemma 7.7.1 and Lemma 7.7.3. Hence, the proof is finished. �

Lemma 7.7.5. If Ω± is a balanced pair of type I-exp with |Ω±| = γ for some γ ∈ Λ̂�, then we have

FΩ±
ξ |C ∈ 〈O

Ω±,<
C · Ops,III,γ

C · OI,max,γ
C · OII,max,γ

C · O<γC · OC〉.

Proof. We write (α, j) ∈ Λ̂ ∩ Suppγξ,J for the element such that Ω+,Ω− ∈ D(α,j),Λ. According to

Proposition 5.3.18, there are four possibilities as follow:

• FΩ±
ξ |C ∈ O

<γ
C ;

• Ω± is a constructible Λ-lift of type I;
• there exists a pseudo Λ-decomposition Ω′ of (α, j) such that the balanced pair Ω+,Ω′

(resp. the balanced pair Ω−,Ω′) satisfies the conditions of Lemma 5.3.11 (resp. of Propo-
sition 5.3.17);
• there exists Ω′ ∈ D(α,j),Λ such that the balanced pair Ω′,Ω− satisfies the conditions of

Lemma 5.3.15 and F
Ω±0
ξ |C ∈ O

<γ
C for the balanced pair Ω±0 defined by Ω+

0
def
= Ω′ and Ω−0

def
=

Ω+.

If FΩ±
ξ |C ∈ O

<γ
C , then we have nothing to prove. If Ω± falls into the fourth case of Proposition 5.3.18,

then we deduce that FΩ±
ξ |C ∈ O

I,max,γ
C · O<γC .

Now we treat the case when Ω± falls into the second case of Proposition 5.3.18. It follows from

Proposition 7.1.1 that FΩ±
ξ |C belongs to the subring of O(C) generated by OC and F

Ω±1
ξ |C for all

balanced pairs Ω±1 satisfying Ω−1 = Ω−, Ω+
1 ∈ D(α,j),Λ and Ω+ < Ω+

1 . We choose an arbitrary

such Ω±1 . According to Lemma 5.2.12, it is harmless to consider only those Ω±1 with Ω+
1 being

either Λ-exceptional or Λ-extremal. If Ω+
1 is not Λ-ordinary, then the balanced pair Ω−1 , (Ω

+
1 )† is

of type II-max, which implies that F
Ω±1
ξ |C ∈ O

II,max,γ
C · O<γC . If Ω+

1 is Λ-extremal and Λ-ordinary,

then it follows from the proof of Theorem 5.3.19 that either Ω±1 is a constructible Λ-lift of type I

or F
Ω±1
ξ |C ∈ O

<γ
C , which together with Proposition 7.1.2 implies that F

Ω±1
ξ |C ∈ 〈O

<γ
C · OC〉. If Ω+

1 is

Λ-exceptional and Λ-ordinary, then we clearly have F
Ω±1
ξ |C ∈ O

Ω±,<
C . In all, we always have

F
Ω±1
ξ |C ∈ 〈O

Ω±,<
C · OII,max,γ

C · O<γC · OC〉

when Ω± falls into the second case of Proposition 5.3.18.
Finally, we treat the case when Ω± falls into the third case of Proposition 5.3.18. It is clear that

we have F
Ω±2
ξ |C ∈ O

II,max,γ
C for the balanced pair Ω±2 defined by Ω+

2
def
= Ω− and Ω−2

def
= Ω′. Applying
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Lemma 5.3.11 to the balanced pair Ω+,Ω′, there exists a pseudo Λ-decomposition Ω′′ of (α, j) such
that

• either Ω′′ = Ω+ or the balanced pair Ω+,Ω′′ is a constructible Λ-lift of type II;

• FΩ±3
ξ |C ∈ O

<γ
C for the balanced pair defined by Ω+

3
def
= Ω′′ and Ω−3

def
= Ω′.

If Ω′′ = Ω+, then we clearly have FΩ±
ξ |C ∈ O

II,max,γ
C · O<γC . Therefore, we assume from now on

that the balanced pair Ω±4 defined by Ω+
4

def
= Ω+ and Ω−4

def
= Ω′′ is a constructible Λ-lift of type

II. It follows from Proposition 7.1.3 that F
Ω±4
ξ |C belongs to the subring of O(C) generated by OC

and F
Ω±5
ξ |C for all balanced pairs Ω±5 satisfying Ω−5 = Ω−4 , Ω+

5 ∈ D(α,j),Λ and Ω+
4 < Ω+

5 . We

choose an arbitrary such Ω±5 . According to Lemma 5.2.12, it is harmless to consider only those Ω±5
with Ω+

5 being either Λ-exceptional or Λ-extremal. If Ω+
5 is not Λ-ordinary, then we deduce from

Lemma 5.2.20 that F
Ω±5
ξ |C ∈ 〈O

ps,III,γ
C · O<γC · OC〉. If Ω+

5 is Λ-extremal and Λ-ordinary, then we

deduce from Proposition 5.3.17 together with Proposition 7.1.4 that F
Ω±5
ξ |C ∈ 〈O

ps,III,γ
C · O<γC · OC〉.

Finally, if Ω+
5 is Λ-exceptional and Λ-ordinary then we clearly have(

(F
Ω±2
ξ )−1 · FΩ±3

ξ · FΩ±5
ξ

)
|C ∈ OΩ±,<

C ,

which implies that

F
Ω±5
ξ |C ∈ O

Ω±,<
C · OII,max,γ

C · O<γC .

In all, we always have

F
Ω±1
ξ |C ∈ 〈O

Ω±,<
C · OII,max,γ

C · Ops,III,γ
C · O<γC · OC〉

when Ω± falls into the third case of Proposition 5.3.18. Hence, the proof is finished. �

Lemma 7.7.6. If Ω± is a balanced pair of type II-exp with |Ω±| = γ for some γ ∈ Λ̂�, then we
have

FΩ±
ξ |C ∈ 〈O

Ω±,<
C · Ops,III,γ

C · O<γC · OC〉.

Proof. We write (α, j) ∈ Λ̂∩Suppγξ,J for the element such that Ω+ ∈ D(α,j),Λ. If FΩ±
ξ |C ∈ O

<γ
C , then

we have nothing to prove. Otherwise, from Proposition 5.3.13 there exists a pseudo Λ-decomposition
Ω′ of (α, j) such that

• the balanced pair Ω+,Ω′ is a constructible Λ-lift of type II;

• FΩ±0
ξ |C ∈ O

<γ
C for the balanced pair Ω±0 defined by Ω+

0
def
= Ω′ and Ω−0

def
= Ω−.

If we let Ω+
1

def
= Ω+ and Ω−1

def
= Ω′, then it follows from Proposition 7.1.3 that F

Ω±1
ξ |C belongs to

the subring of O(C) generated by OC and F
Ω±2
ξ |C for all balanced pairs Ω±2 satisfying Ω−2 = Ω−1 ,

Ω+
2 ∈ D(α,j),Λ and Ω+

1 < Ω+
2 . We choose an arbitrary such Ω±2 . According to Lemma 5.2.12, it

is harmless to consider only those Ω±2 with Ω+
2 being either Λ-exceptional or Λ-extremal. If Ω+

2 is

not Λ-ordinary then we deduce from Lemma 5.2.20 that F
Ω±2
ξ |C ∈ 〈O

ps,III,γ
C · O<γC · OC〉. If Ω+

2 is

Λ-extremal and Λ-ordinary then we deduce from Proposition 5.3.17 together with Proposition 7.1.4

that F
Ω±2
ξ |C ∈ 〈O

ps,III,γ
C · O<γC · OC〉. Finally, if Ω+

2 is Λ-exceptional and Λ-ordinary then we clearly
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have (
F

Ω±0
ξ · FΩ±2

ξ

)
|C ∈ OΩ±,<

C ,

which implies that

F
Ω±2
ξ |C ∈ O

Ω±,<
C · O<γC .

In all, we always have

F
Ω±1
ξ |C ∈ 〈O

Ω±,<
C · Ops,III,γ

C · O<γC · OC〉.
Hence, the proof is finished. �

Proposition 7.7.7. We have
Ops
C ⊆ OC .

Proof. Let Ω± be a balanced pair with both Ω+ and Ω− pseudo Λ-decompositions of (α, j) ∈
Λ̂ ∩ Suppγξ,J . We argue by induction on γ and thus can assume that O<γC ⊆ OC . It follows

immediately from Lemma 7.7.1, Lemma 7.7.3 and Lemma 7.7.4 that we have

Ops,III,γ
C , OI,max,γ

C , OII,max,γ
C ⊆ OC .

Consequently, if Ω± is of type I-exp (resp. of type II-exp) for some (α, j) ∈ Λ̂ ∩ Suppγξ,J , it follows

from Lemma 7.7.5 (resp. Lemma 7.7.6) and an induction on the partial order < on the set D(α,j),Λ

that FΩ±
ξ |C ∈ OC . In particular, we have

OI,exp,γ
C , OII,exp,γ

C ⊆ OC .
Now we return to a general Ω± with both Ω+ and Ω− pseudo Λ-decompositions of (α, j) ∈

Λ̂∩Suppγξ,J . A crucial observation from the proof of Theorem 5.3.19 (upon restriction to C) is that

FΩ±
ξ |C ∈ O

ps,III,γ
C · OI,max,γ

C · OII,max,γ
C · OI,exp,γ

C · OII,exp,γ
C · OI,ext

C · OII,ext
C · O<γC ,

which together with Lemma 7.7.2 and previous discussion clearly implies that FΩ±
ξ |C ∈ OC . The

proof is thus finished. �

Theorem 7.7.8. For each Λ-lift Ω±, we have

FΩ±
ξ |C ∈ OC .

Proof. If there exists (α, j) ∈ Λ̂ such that both Ω+ and Ω− are pseudo Λ-decompositions of (α, j),

then we clearly have FΩ±
ξ |C ∈ OC thanks to Proposition 7.7.7. According to the proof Theo-

rem 5.3.20, it suffices to treat the case when Ω± is a constructible Λ-lift of type III. Then it follows
from Proposition 7.1.5 that

FΩ±
ξ |C ∈ 〈O

ps
C · O

<|Ω±|
C · OC〉,

which together with Proposition 7.7.7 and an induction on |Ω±| finishes the proof. �

Corollary 7.7.9. Statement 4.1.11 is true for each C ∈ PJ .

Proof. This follows directly from Lemma 4.3.3 and Theorem 7.7.8. �
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8. F̃LJ , F̃lJ and Serre weights

In this section we compare the Fontaine–Laffaille moduli space with moduli of Breuil–Kisin
modules with tame descent data, inside the Emerton–Gee stack, and interpret the partition PJ on

F̃LJ using shapes and obvious weights. We extensively use the theory of local models introduced
in [LLHLMa, Sections 4 and 5].

We recall the notion of alcoves, admissible set and certain subsets in the extended affine Weyl

group for G. Only in this section, we omit the subscript J from the notation of elements of W or W̃
for simplicity. An alcove is a connected component of the complement X∗(T )⊗ZR \

(⋃
(α,n)Hα,n

)
where we write Hα,n

def
= {µ : 〈µ, α∨〉 = n} for the root hyperplane associated to (α, n) ∈ Φ+ × Z.

We say that an alcove A is restricted (resp. dominant) if 0 < 〈µ, α∨〉 < 1 (resp. 〈µ, α∨〉 > 0) for
all simple roots α ∈ ∆ and µ ∈ A. If A0 ⊂ X∗(T ) ⊗Z R is the alcove defined by the condition
0 < 〈µ, α∨〉 < 1 for all positive roots α ∈ Φ+, we let

W̃
+ def

= {w̃ ∈ W̃ | w̃(A0) is dominant}

and

W̃
+

1
def
= {w̃ ∈ W̃

+
| w̃(A0) is restricted}.

Note that µ ∈ X∗(T ) ∩ (pA0) if and only if µ is 0-generic Fontaine–Laffaille (cf. Definition 2.1.1).

We fix an injection W ↪→ W̃ whose composition with the surjection W̃ � W is the identity map.

We also write w̃h = (w̃h,i) ∈ W̃
+

1 for the element w0t−η.
The alcove A0 defines a Bruhat order on W a denoted by ≤. By letting Ω denote the stabilizer of

A0, we have W̃ = W a o Ω and so W̃ inherits a Bruhat order as well: for w̃1, w̃2 ∈W a and w̃ ∈ Ω,
w̃1w̃ ≤ w̃2w̃ if and only if w̃1 ≤ w̃2, and elements in different right W a-cosets are incomparable.

We extend the Coxeter length function ` on W a to W̃ by setting `(w̃δ)
def
= `(w̃) if w̃ ∈ W a, δ ∈ Ω.

If λ ∈ X∗(T ) we define

Adm(λ)
def
=
{
w̃ ∈ W̃ | w̃ ≤ tw(λ) for some w ∈W

}
.

We define an involution w̃ 7→ w̃∗ of W̃ by ((wtν)∗)j
def
= tνjw

−1
j . This involution does not preserve

the Bruhat order on W̃ fixed above. Note that [LLHL, Definition 2.1.2] writes W̃
∨

for the group

W̃ equipped with the Bruhat order defined by the antidominant base alcove, which makes w̃ 7→ w̃∗

an order preserving, involutive anti-isomorphism between W̃
∨

and W̃ .

8.1. Serre weights and Galois representations. In this section, we recall some background
on Serre weights together with their relation to the Emerton–Gee stack. Then we use the notion
specialization to define the set of obvious weights for Fontaine–Laffaille Galois representations (see
equation (8.1.6)).

An absolutely irreducible F-representation of GLn(k) will be called a Serre weight. The set X1(T )
of p-restricted dominant weights is defined as

X1(T ) := {µ ∈ X(T ) | 0 ≤ 〈µ, α∨〉 ≤ p− 1 for all α∨ ∈ ∆∨}

and by [GHS18, Lemma 9.2.4]) we have a bijection

X1(T )/(p− π)X0(T )
∼−→
{

Serre Weights
}
/∼

µ+ (p− π)X0(T ) 7−→ F (µ)(8.1.1)
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Given an integer m ≥ 0, we say that a Serre weight F is m-generic Fontaine–Laffaille if F ∼= F (µ)
with µ + η ∈ X∗(T ) being m-generic Fontaine–Laffaille (cf. Definition 2.1.1). Note that this
condition implies µ ∈ X1(T ) and does not depend on the class of µ modulo (p− π)X0(T ).

Definition 8.1.2 ([LLHLMa], § 2.2). A lowest alcove presentation for a Serre weight V is an

equivalence class of pairs (w̃1, ω), where w̃1 ∈ W̃
+

1 and ω ∈ X∗(T ) is a 0-generic Fontaine–Laffaille
weight (with equivalence relation (w̃1, ω) ∼ (tνw̃1, ω − ν) for ν ∈ X0(T )) such that

V ∼= F(w̃1,ω)
def
= F (π−1(w̃1) · (ω − η)).

We say that a lowest alcove presentation (w̃1, ω) of a Serre weight F(w̃1,ω) is compatible with an

algebraic central character ζ ∈ X∗(Z) if tω−ηw̃1W a corresponds to ζ via the isomorphism W̃/W a
∼→

X∗(Z).

We let Xn denote the Noetherian formal algebraic stack over SpfO defined in [EG, Definition
3.2.1]. Its restriction to a complete local Noetherian O-algebra R with finite residue field is equiv-
alent to the groupoid of continuous GK-representations over rank n projective R-modules. In [EG,
Theorem 6.5.1] the authors establish a bijection between Serre weights and the irreducible compo-
nents of Xn,red, the latter denoting the reduced structure underlying the special fibre of Xn. For a
Serre weight V we define CV as the irreducible component of Xn,red corresponding via [EG, Theorem

6.5.1] to the Serre weight V ∨ ⊗ detn−1. This is compatible with [LLHLMa, § 7.4].

Let ρ : GK → GLn(F) be a continuous Galois representation which we consider as an F-point in
|Xn(F)|. We define

W g(ρ)
def
=
{
V | ρ ∈ |CV (F)|

}
.

If τ is a tame inertial F-type such that [τ ] has a lowest alcove presentation (s, µ) where µ+ η is
n-generic Fontaine–Laffaille, we have a set of Serre weights W ?(τ) associated with it as in [GHS18,
Definition 9.2.5] (cf. [LLHL, Definition 2.2.11]).

Let λ ∈ X∗+(T ) be a dominant weight with λ+ η being Fontaine–Laffaille (cf. Definition 2.1.1).

Recall from § 2.2 the scheme F̃LJ = U\G. We have a formally smooth morphism F̃LJ → B\G
which makes F̃LJ a T -torsor over B\G. The T -action on G induced by right multiplication

descends to a T -action on F̃LJ and on B\G. Let x ∈ F̃LJ (F) be an element such that ρx,λ+η
∼= ρ

and write x for its image in B\G(F). A specialization ρsp of ρ is a tame inertial F-type which
corresponds to a T -fixed point in the Zariski closure of x · T . We write ρ  ρsp to mean that ρsp

is a specialization of ρ.
We can characterize the representations ρ which have a given specialization.

Lemma 8.1.3. Let x ∈ F̃LJ (F) be a point and w ∈W be an element. Then ρx,λ+η  τ(w−1, λ+η)
if and only if x ∈M◦w(F).

Proof. According to Lemma 3.2.1, it suffices to show that, given x ∈ B\G(F), the Zariski closure
of x ·T (F) contains B\Bw if and only if x ∈ B\Bw0Bw0w. As the complement of B\Bw0Bw0w is
Zariski closed in B\G and does not contain B\Bw, we just need to show that the Zariski closure

of B\Bw0Aw0wT = B\Bw0ATw0w contains B\Bw, for each A = (A(j))j∈J ∈ U(F). We consider
the morphism

(8.1.4) Gm → B ⊆ G : x 7→ Diag(xn−1, . . . , x, 1) ·A ·Diag(x−n+1, . . . , x−1, 1)

which clearly extends to a morphism A1 → G that contains 1 in the image. This implies that
B\Bw is in the Zariski closure of B\Bw0ATw0w and the proof is finished. �
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Remark 8.1.5. As each C ∈ PJ is stable under both left and right T -multiplication, the proof of
Lemma 8.1.3 also shows that C ⊆ M◦w if and only if the Zariski closure C of C containsMw, which

is the fiber of F̃LJ � B\G over w. In particular, for each x ∈ C(F), we have

{ρsp | ρx,λ+η  ρsp} = {τ(w−1, λ+ η) | Mw ⊆ C}.

If τ is a tame inertial F-type such that [τ ] has a lowest alcove presentation (s, µ) where µ + η
is n-generic Fontaine–Laffaille, we have a subset Wobv(τ) ⊆ W ?(τ) defined in [GHS18, Definition
7.1.3] (see also [LLHLMa, Definition 2.6.3]). The choice of the lowest alcove presentation (s, µ) of
τ gives a bijection W →Wobv(τ) defined by w 7→ F(w̃,w̃(τ)w̃−1(0)) where w̃ in the image of w under

our fixed injection W ↪→ W̃
+

1 . When the lowest alcove presentation of τ is understood, the image of
w ∈W via this bijection will be denoted by Vτ ,w, and called the obvious weight of τ corresponding
to w.

Let λ + η be n-generic Fontaine–Laffaille. Let ρ : GK → GLn(F) be a continuous Galois repre-

sentation satisfying ρ ∼= ρx,λ+η for some x ∈ F̃LJ (F) (and thus ρ is n-generic, cf. Definition 2.1.5).

Then for each specialization ρsp of ρ, there exists w ∈ W such that ρsp ∼= τ(w−1, λ+ η), and thus
Wobv(ρsp) is defined. We define the set Wobv(ρ) of obvious weights of ρ as follows:

(8.1.6) Wobv(ρ)
def
= W g(ρ) ∩

⋃
ρ ρsp

Wobv(ρsp).

8.2. Local models for the Emerton–Gee stacks and its components. In this section, we
recall some results on the local models of [LLHLMa, Sections 4 and 5], and describe how the moduli
of Fontaine–Laffaille modules fit into the theory (Propositions 8.2.4 and 8.2.8)

We fix a (3n− 1)-generic Fontaine–Laffaille weight λ+ η ∈ X∗(T ). Since all schemes are defined
over Spec F we omit the subscript •F from the notation when considering the base change to F of
an object • defined over O (e.g. GLn,F will be denoted by GLn and so on). This shall cause no
confusion.

We write LGLn for the loop group on Noetherian F-algebras R 7→ GLn(R((v))) and I (resp. I1)
for its Iwahori (resp. pro-v Iwahori) subgroup

R 7→ {A ∈ GLn(R[[v]]) | A is upper triangular modulo v}
(resp. R 7→ {A ∈ GLn(R[[v]]) | A is unipotent upper triangular modulo v}).

We define an affine flag variety Fl (resp. F̃l) as the (fpqc) sheafification of the presheaf

R 7→ I(R)\LGLn(R) (resp. R 7→ I1(R)\LGLn(R)).

Then Fl is an ind-proper ind-scheme, and the natural map F̃l → Fl is a T -torsor. We write the
products (over F)

FlJ
def
=
∏
j∈J

Fl and F̃lJ
def
=
∏
j∈J

F̃l,

and have a T -torsor F̃lJ → FlJ , which is the product over J of the T -torsor F̃l→ Fl above.
Let a ≤ b be integers. If in the definition of LGLn we impose the further conditions v−aA, vbA−1 ∈

Mn(R[[v]]), we have the subfunctor L[a,b]GLn of LGLn which induces finite type subschemes Fl[a,b],

F̃l
[a,b]

in Fl and F̃l respectively. We define Fl
[a,b]
J and F̃l

[a,b]

J analogously.

For w̃ ∈ W̃ , we define

S◦F(w̃)
def
= I \ I w̃ I ⊂ Fl (resp. S̃◦F(w̃)

def
= I1 \ I w̃ I ⊂ F̃l)
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that are called the open affine Schubert cell associated to w̃. For z̃J = (z̃j)j∈J ∈ W̃ write

S◦F(z̃J ) =
∏
j∈J

S◦F(z̃j) and S̃◦F(z̃J ) =
∏
j∈J

S̃◦F(z̃j).

We consider the closed sub ind-scheme Fl∇0 of Fl which is the (fpqc) sheafification of the functor

(8.2.1) R 7→
{
I(R)A ∈ I(R)\GLn(R((v))) |

(
v
d

dv
A
)
A−1 ∈ 1

v
Lie I1(R)

}
By taking products over J we obtain the closed sub ind-scheme Fl∇0

J of FlJ . We define F̃l
∇0

J as

the pull back of Fl∇0
J along F̃lJ → FlJ .

Denote by Y
[0,n−1],τ
F the base change to F of the groupoid of Kisin modules with height in [0, n−1]

and type τ (cf. Defninition 2.3.1). Given a lowest alcove presentation (s, µ) of τ where µ + η is
n-generic Fontaine–Laffaille, [LLHLMa, Corollary 5.2.3] gives a natural map

π(s,µ) : Y
[0,n−1],τ
F

∼= [(G̃r
[0,n−1]

G,F )J /(s,µ)T ] ↪→ [F̃l
[0,n−1]

J /(s,µ)T ]

given by sending M to the class of AM,β, for any choice of eigenbasis β (cf. loc. cit. for the definition

of (G̃r
[0,n−1]

G,F )J and the T -action involved). We define Ỹ
[0,n−1],τ
F to be the pull-back of Y

[0,n−1],τ
F

under the T -torsor F̃l
[0,n−1]

J → [F̃l
[0,n−1]

J /(s,µ)T ]. In particular we have a natural map

(8.2.2) π̃(s,µ) : Ỹ
[0,n−1],τ
F → F̃l

[0,n−1]

J .

Let λ+ η be the weight fixed at the beginning of this section. Let ζλ ∈ X∗(Z) correspond to the

class tλW a ∈ W̃/W a
∼= X∗(Z). Let V be a Serre weight with lowest alcove presentation (w̃1, ω)

compatible with ζλ, such that ω is (n− 1)-generic Fontaine–Laffaille. We define CζλV as the Zariski

closure of S◦F(w̃∗1w0)s̃∗ ∩ Fl∇0
J for an arbitrary s̃ ∈ W̃ satisfying s̃(0) = ω [LLHLMa, equation (4.9)].

It is a closed irreducible subvariety of Fl∇0
J of dimension

(
n
2

)
[K : Qp], which does not depend on

the equivalence class of the lowest alcove presentation of V compatible with ζλ. We define C̃ζλV as

the pullback of CζλV along F̃lJ → FlJ . If V ∼= F (µ) for some µ ∈ X1(T ) which is (3n − 1)-deep
(in the sense of [LLHLMa, Definition 2.1.10]) we obtain from [LLHLMa, Theorem 7.4.2] (see also
loc. cit. Remark 7.4.3(2)) a T -torsor

(8.2.3) C̃ζλV
f.s.−→ CV ⊆ Xn,red.

Fix once and for all the lowest alcove presentation (1, λ + η) for the Serre weight F (λ), so that
F(1,λ+η) = F (λ). We have an action of T on FlJ by right multiplication. This action induces

actions on Fl∇0
J , CζλV and C̃ζλV .

We now want to relate the groupoids from § 2.3, § 2.4, and § 2.5, the scheme F̃LJ , and the
objects introduced above. Recall from Definition 3.1.19 and § 3.1.1 that given w = (wj)j∈J , u =

(uj)j∈J ∈W we have the Schubert cell S̃◦(w, u) and the Schubert variety S̃(w, u) in F̃LJ associated
with (w, u) ∈ W ×W . We also write S◦(w, u) (resp. S(w, u)) for the corresponding Schubert cell
(resp. Schubert variety) in B\G.

We can now state the proposition resuming the relations among the objects introduced so far.

Proposition 8.2.4. Let λ ∈ X∗+(T ) be a dominant weight with λ+ η being Fontaine–Laffaille. Let
τ be a tame inertial type with a lowest alcove presentation (s, µ) where µ+η is 2n-generic Fontaine–

Laffaille, such that (s, µ) is compatible with ζλ and satisfies F̃l
[0,n−1]

J w̃∗(τ) ⊆ F̃l
[1−n,n−1]

J tλ+η.
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Then we have a commutative diagram of groupoid-valued functors over Noetherian F-algebras:

(8.2.5) Ỹ
[0,n−1],τ
F

rw̃∗(τ)
��

ετ

))

F̃LJ
rλ+η

// F̃l
[1−n,n−1]

J tλ+η
//
[
F̃l

[1−n,n−1]

J tλ+η/∼T -sh.cnj

]
ι
// Φ- Modét,n

where the maps are described as follows:

(1) the map rw̃∗(τ) is given by composing the map π̃(s,µ) : Ỹ
[0,n−1],τ
F → F̃l

[0,n−1]

J with right

multiplication by w̃∗(τ) (which lands in F̃l
[1−n,n−1]

J tλ+η by assumption);

(2) the top diagonal map is the composition of the natural map Ỹ
[0,n−1],τ
F → Y

[0,n−1],τ
F with the

map ετ defined in (2.4.1);

(3) the map ι is induced by the map sending (A(j)vλj+ηj )j∈J ∈
∏
j∈J L

[1−n,n−1]GLnv
λj+ηj to

the free étale ϕ-module M of rank n, such that the matrix of φ
(j)
M in the standard basis is

given by A(j)vλj+ηj ;
(4) the map rλ+η is induced by right multiplication by tλ+η.

Moreover, the map ι is a monomorphism of stacks and the image of rλ+η is contained in F̃l
∇0

J and

equals C̃ζλF (λ). In particular, the T -fixed points of CζλF (λ) are the elements Wtλ+η.

Proof. The commutativity of the top triangle is [LLHLMa, Proposition 5.4.7] (where we take ν to
be λ in the notation of loc. cit. and a = 1− n, b = n− 1).

Note that F̃LJ naturally embeds in F̃lJ , by thinking of G as constant matrices in the loop

group. Thus its translate rλ+η(F̃LJ ) is an irreducible closed subscheme of F̃l
∇0

J , and contains

I1,J \ I1,J w0Btλ+η = S̃◦F(w0)tλ+η = rλ+η(S̃◦(w0, 1)) as an open dense subscheme. Since C̃ζλF (λ) is

by definition the closure of S̃◦F(w0)tλ+η, we conclude by dimension reasons.

The last assertion follows by passing to the quotient C̃ζλF (λ) � CζλF (λ) and noting that the set of

T -fixed points of B\G is precisely the image of W ↪→ B\G. �

Recall that we have a formally smooth morphism F̃LJ → FLλ+η
n . We emphasize that there is a

shift of the indices in J when we pass from FLλ+η
n to Φ- Modét,n via the maps in Proposition 8.2.4.

More precisely, if A(j) ∈ GLn(R) is the matrix of the Frobenius map φ(j) : gr•(M (j))→ M (j+1) of

a Fontaine–Laffaille module M (with respect to a given basis of M), then A(j)vλj+ηj is the matrix

of φ
(j)
M :M(j−1) →M(j) (with respect to an appropriate basis on the étale ϕ-module M attached

to M).

Definition 8.2.6. Let w̃ ∈ Adm(η). Let τ be a tame inertial type with a lowest alcove presentation

(s, µ) where µ+ η is 2n-generic Fontaine–Laffaille. We define the locally closed substack Ỹ
[0,n−1],τ
w̃∗

of Ỹ
[0,n−1],τ
F as the inverse image, via π̃(s,µ), of the open Schubert cell S̃◦F(w̃∗) in F̃l

[0,n−1]

J .

Remark 8.2.7. (1) We note that for any finte extension F′ of F and w̃ ∈ Adm(η), the objects

of Ỹ
[0,n−1],τ
w̃∗ (F′) are exactly the Breuil–Kisin modules of shape w̃∗, cf. [LLHLMa, Definition

5.1.9].
(2) For each w̃ ∈ Adm(η), we recall from [LLHLMa, Definition 5.2.4(i)] the open substack

Y
[0,n−1],τ
F (w̃∗) ⊂ Y

[0,n−1],τ
F , and let Ỹ

[0,n−1]
F (w̃∗) be its pre-image in Ỹ

[0,n−1]
F . Then there
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is an inclusion Ỹ
[0,n−1],τ
w̃∗ ⊆ Ỹ

[0,n−1],τ
F (w̃∗), but this is not an equality in general since

Ỹ
[0,n−1],τ
F (w̃∗) ⊆ Ỹ [0,n−1],τ

F is always open, while Ỹ
[0,n−1],τ
w̃∗ is only locally closed.

Proposition 8.2.8. Under the notation and hypotheses of Proposition 8.2.4, the diagram (8.2.5)
can be completed as follows over the category of local Artinian F-algebras with residue field F:

Ỹ
[0,n−1],τ
F

T ∗dd

((

rw̃∗(τ)
��

ετ

))

F̃l
[1−n,n−1]

J tλ+η
//
[
F̃l

[1−n,n−1]

J tλ+η/∼T -sh.cnj

]
ι
// Φ- Modét,n

V∗K
∼
// Repn(GK∞)

F̃LJ

rλ+η

OO

ρ•,λ+η
// Repn(GK).

Res

OO

Proof. Given Proposition 8.2.4, we only need to check the commutativity of the bottom square,
and this follows easily from [HLM17, Lemma 2.2.8]. �

8.3. Relevant types and Serre weights. We fix a (3n − 1)-generic Fontaine–Laffaille weight
λ+η ∈ X∗(T ), and the lowest alcove presentation (1, λ+η) for the Serre weight F (λ). In this section,

we introduce the set of F (λ)-relevant inertial types and compute the pullback (to F̃LJ ) of the shape

stratification on Ỹ
[0,n−1],τ
F with τ being a F (λ)-relevant inertial type (see Proposition 8.2.4). Then

for each x ∈ F̃LJ , we use the set of obvious weights to control the shape of ρx,λ+η with respect to
F (λ)-relevant types (see Lemma 8.3.7).

Definition 8.3.1. Assume that λ+ η is (3n− 1)-generic Fontaine–Laffaille. A tame inertial type
is called F (λ)-relevant if it admits a lowest alcove presentation of the form (s, λ− s(η)), for some
s ∈W .

Given a F (λ)-relevant τ attached to some s ∈ W , we clearly have λ + η − s(η) is 2n-generic
Fontaine–Laffaille and

(8.3.2) F̃l
[0,n−1]

J w̃∗(τ) = F̃l
[0,n−1]

J s−1tλ+η−s(η) ⊆ F̃l
[1−n,n−1]

J tλ+η.

Remark 8.3.3. Recall from [LLHLMa, § 2.3.1] that given a suitably generic tame inertial type τ we

have a set JHout(σ(τ)) of outer weights in JH(σ(τ)). One can check that the set of F (λ)-relevant

types is precisely the set of tame inertial type τ such that JHout(σ(τ)) is defined and contains

F (λ). In particular, σ(τ) has F (λ) as a Jordan–Hölder factor with multiplicity one (cf. [GHS18,
Proposition 10.1.2], [Jan03, § II 8.19, 9.14, 9.16]).

Lemma 8.3.4. Assume that λ + η is (3n − 1)-generic Fontaine–Laffaille. Let s ∈ W and τ =
τ(s, λ+ η − s(η)) be a F (λ)-relevant type. Then for each u ∈W we have

(8.3.5) rw̃∗(τ)

(
Ỹ

[0,n−1],τ
utη

)
∩ C̃ζλF (λ) = rλ+η

(
S̃◦(uw0, w0s

−1)
)
.

In particular, the stratification
{
Ỹ

[0,n−1],τ
w̃∗

}
w̃∈Adm(η)

induces the stratification
{
S̃◦(uw0, w0s

−1)
}
u∈W

on F̃LJ and for any closed point x ∈ F̃LJ (F) the shape of ρx,λ+η with respect to τ (as in [LLHL,
Definition 3.2.19]) is defined.
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Proof. The assumption in Proposition 8.2.4 holds by (8.3.2). By Proposition 8.2.4, we have

(8.3.6) C̃ζλF (λ) = rλ+η(F̃LJ ) =
⊔
u∈W

rλ+η

(
S̃◦(uw0, w0s

−1)
)
.

Now we observe that

rw̃∗(τ)

(
Ỹ

[0,n−1],τ
utη

)
= I1,J \ I1,J utη IJ t−ηs−1tλ+η,

which contains I1,J \ I1,J u(w0Bw0)s−1tλ+η = rλ+η

(
S̃◦(uw0, w0s

−1)
)

. It follows that the left-

hand side in equation (8.3.5) contains the right-hand side. The fact that the Ỹ
[0,n−1],τ
w̃∗ are disjoint

for distinct w̃ ∈ Adm(η), together with equation (8.3.6) implies the above containment is an
equality. �

We recall the ↑ order on p-alcoves defined in [Jan03, § II.6.5], which induces the ↑ order on W̃
(cf. the discussion at the beginning of [LLHL, § 4]).

Lemma 8.3.7. Assume that λ + η is (3n − 1)-generic Fontaine–Laffaille and let s ∈ W . Let

ρ
def
= ρx,λ+η for some x ∈ F̃LJ (F). Suppose that τ = τ(s, λ + η − s(η)) is F (λ)-relevant and

w̃∗(ρ, τ) 6= tη. Then #
(
Wobv(ρ) ∩ JH

(
σ(τ)

))
> 1.

Proof. By Lemma 8.3.4, we must have w̃∗(ρ, τ) = utη with u 6= 1 (or equivalently, we have

`
(
w̃∗(ρ, τ)

)
< `(tη)). Furthermore, by the same Lemma, we have ρ ρsp def

= τ(su−1, λ+ η).

Set w1 = u−1 6= 1 and w̃1 = tηw1
w1 ∈ W̃

+

1 be the image of w1 under our fixed injection W ↪→ W̃
+

1 .

Set ω = tλ+ηsw1w̃
−1
1 (0) We claim that

F(w̃1,ω) ∈Wobv(ρ) ∩ JH
(
σ(τ)

)
which would finish the proof.

It suffices to check the following:

(a) F(w̃1,ω) ∈Wobv(ρsp) is the obvious weight of ρsp corresponding to w1.
(b) F(w̃1,ω) ∈W g(ρ).

(c) F(w̃1,ω) ∈ JH
(
σ(τ)

)
.

Item (a) follows from [LLHLMa, Proposition 2.6.2].
As τ = τ(s, λ + η − s(η)) and λ + η − s(η) is 2n-generic Fontaine–Laffaille, we deduce from

[LLHLMa, Remark 7.4.3(2)] that (8.2.3) is a T -torsor for V = F(w̃1,ω). Hence, item (b) follows
from the fact that

C̃ζλF(w̃1,ω)
⊇ S̃◦F(w̃∗1w0)w0t−ηw1

s−1tλ+η ∩ F̃l
∇0

J ⊇ rλ+η

(
S̃◦(uw0, w0s

−1)
)

(which implies that ρ ∈ |CF(w̃1,ω)
(F)|).

Finally, to check the item (c) by [LLHLMa, Proposition 2.3.7], we need to find w̃2 = κtν ∈ W̃
+

such that

• tλ+η−s(η)s(−ν) = ω
• w̃2 ↑ w̃hw̃1.

The first item is equivalent to ν = ηw1 − η. Since ηw1 − η ≡ w0(ηw0w1) modulo X0(T ) the second
item is equivalent to

κtw0(ηw0w1 ) ↑ tηw0w1
w0w1,

but this follows from Lemma 8.3.8 below applied to σ = w0w1. This finishes the proof. �
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Lemma 8.3.8. Let σ ∈ W and σ̃ = tησσ ∈ W̃
+

1 is the image of σ under our fixed injection

W ↪→ W̃
+

1 . Let σ′ ∈W be the unique element such that σ′tw0(ησ) ∈ W̃
+

. Then

σ′tw0(ησ) ↑ σ̃

Proof. Consider the set of elements tw0(ησ)W
def
= {tw0(ησ)w | w ∈ W} whose corresponding alcoves

{tw0(ησ)w(A0) | w ∈ W} all contain v0
def
= w0(ησ) as a vertex. By [HC02, Lemma 7.5], the set

tw0(ησ)W has a unique minimal and maximal element. We claim that tw0(ησ)w0 is the maximal
element. In fact, for each alcove tw0(ησ)w1(A0), there exists an anti-dominant alcove tw0(ησ)w2(A0)
for some w2 ∈ W such that tw0(ησ)w1 ≤ tw0(ησ)w2. We clearly have tw0(ησ)w0 ↑ tw0(ησ)w2. As the
↑ order is opposite to the Bruhat order in the anti-dominant chamber by Wang’s Theorem [LLHL,
Theorem 4.1.1], we deduce that tw0(ησ)w2 ≤ tw0(ησ)w0 and thus tw0(ησ)w1 ≤ tw0(ησ)w0. Hence,
tw0(ησ)w0 is the maximal element in tw0(ησ)W .

It follows from [HC02, Lemma 7.5] that tw0(ησ) is the minimal element in tw0(ησ)W . In particular
tw0(ησ) ≤ tw0(ησ)w0σ = w0tησσ = w0σ̃. We conclude from the fact that σ′tw0(ησ) and σ̃ are the
minimal length representatives in W\W a of tw0(ησ) and w0σ̃. �

8.4. The partition PJ and obvious weights. In this section, we interpret the partition PJ
defined in § 3.1 in terms of obvious weights and specializations (see Theorem 8.4.6). We fix a
n-generic Fontaine–Laffaille weight λ+ η ∈ X∗(T ), and the lowest alcove presentation (1, λ+ η) for
F (λ). Hence, Wobv(τ) is defined whenever τ = τ(w−1, λ+ η) for some w ∈W .

Definition 8.4.1. We define the following set of Serre weights

SW (λ)
def
=
{
F(w̃1,tλ+ηsw1w̃

−1
1 (0)), (s, w̃1) ∈W × W̃

+

1

}
where we write w̃1 = tηw1

w1.

We write rλ+η : B\G ↪→ FlJ for the map induced from rλ+η in (8.2.5) (by abuse of notation).
We clearly have

SW (λ) =
⊔
w∈W

Wobv(τ(w−1, λ+ η)),

and thus SW (λ) is exactly the union of Wobv(ρx,λ+η) for x running in the set of T -fixed F-points

of B\G = r−1
λ+η(C

ζλ
F (λ)), and x any choice of lift of x in F̃LJ (F).

Proposition 8.4.2. Assume that λ+η is n-generic Fontaine–Laffaille. For each (s, w̃1) ∈W×W̃
+

1 ,
we have

(8.4.3) CζλF
(w̃1,tλ+ηsw1w̃

−1
1 (0))

∩ CζλF (λ) = rλ+η(S(w−1
1 w0, w0s

−1)).

Moreover, the map

V 7→ r−1
λ+η

(
CζλV ∩ C

ζλ
F (λ)

)
induces a bijection between SW (λ) and the set of Schubert varieties in B\G.

Proof. We write ω = tλ+ηsw1w̃
−1
1 (0) and w̃1 = tηw1

w1. The equation (8.4.3) follows directly from
(cf. the proof of Lemma 8.3.7)(

S◦F(w̃∗1w0)w0t−ηw1
s−1tλ+η ∩ Fl∇0

J

)
∩ rλ+η(B\G)

= S◦F(w̃∗1w0)w0t−ηw1
s−1tλ+η ∩ rλ+η(B\G) = rλ+η

(
S◦(w−1

1 w0, w0s
−1)
)
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and the fact that CζλF(w̃1,ω)
is the closure of S◦F(w̃∗1w0)w0t−ηw1

s−1tλ+η ∩ Fl∇0
J . The desired bijection

follows from the fact that, given two elements s, s′ ∈ W , we have s(ηw1) = s′(ηw1) if and only if
S(w−1

1 w0, w0s
−1) = S(w−1

1 w0, w0(s′)−1). �

Remark 8.4.4. It follows from Proposition 3.1.20 and Proposition 8.4.2 that PJ is the coarsest

partition on F̃LJ such that r−1
λ+η

(
C̃ζλV ∩ C̃

ζλ
F (λ)

)
is a union of elements in the partition, for each

V ∈ SW (λ).

Let ρ
def
= ρx,λ+η for some x ∈ F̃LJ (F), and recall from § 8.1 the set Wobv(ρ). We consider the

following enhancement SP (ρ) of it: the elements of SP (ρ) are pairs (V, ρsp) where V ∈ W g(ρ)
and ρsp is a specialization of ρ such that V ∈ Wobv(ρsp). We have a natural surjective map
SP (ρ) � Wobv(ρ). For each (V, ρsp) ∈ SP (ρ), there exists a unique pair s, w1 ∈ W such that
(sw1, λ) is a lowest alcove presentation of ρsp and V = Vρsp,w1 is the obvious weight of ρsp corre-
sponding to w1 (with respect to (sw1, λ)). Note that the pair (F (λ), ρsp) is an element of SP (ρ)
for each specialization ρ  ρsp. For each (Vρsp,w1 , ρ

sp) ∈ SP (ρ) with ρsp = τ(sw1, λ + η), we set

θρ((Vρsp,w1 , ρ
sp))

def
= s. This defines a map θρ : SP (ρ)→W .

Lemma 8.4.5. Assume that λ + η is n-generic Fontaine–Laffaille. Let x ∈ F̃LJ (F) be a point,

and ρ
def
= ρx,λ+η. Then (Vρsp,w1 , ρ

sp) ∈ SP (ρ) for some ρsp = τ(sw1, λ + η) if and only if x ∈
S̃◦(w−1

1 w0, w0s
−1).

Proof. It is easy to see that S̃◦(w−1
1 w0, w0s

−1) = S̃(w−1
1 w0, w0s

−1) ∩M◦(sw1)−1 . Now this follows

immediately from Lemma 8.1.3 and Proposition 8.4.2. �

Theorem 8.4.6. Assume that λ+η is n-generic Fontaine–Laffaille. For each x ∈ F̃LJ (F), the map

θρx,λ+η
is bijective. Moreover, the following conditions are equivalent for two points x, x′ ∈ F̃LJ (F):

(1) there exists C ∈ PJ such that x, x′ ∈ C(F);
(2) SP (ρx,λ+η) = SP (ρx′,λ+η);
(3) {ρsp | ρx,λ+η  ρsp} = {ρsp | ρx′,λ+η  ρsp}.

Proof. We first check the bijectivity of θρx,λ+η
. Let C be an element of PJ with x ∈ C(F). For a

given s ∈W , there exists a unique w1 ∈W such that C ⊂ S̃◦(w−1
1 w0, w0s

−1) by Proposition 3.1.20.
Now by Lemma 8.4.5 we have a map W → SP (ρ), which can be readily checked to be the inverse
map of θρx,λ+η

.

We now check the equivalence. The equivalence between item (1) and item (2) follows immedi-
ately from Proposition 3.1.20 and Lemma 8.4.5. The equivalence between item (1) and item (3)
follows from item (iii) of Lemma 3.1.16 and Lemma 8.1.3. �
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9. Canonical lifts of invariant functions

In this section, we interpret invariant functions on F̃LJ as (normalized) mod-p reduction of
functions on the moduli of Weil–Deligne representations with F (λ)-relevant inertial types, for each
λ+ η being (3n− 1)-generic Fontaine–Laffaille. Our main result is Theorem 9.3.3.

9.1. Sub inertial type and index set. Let τ be a 1-generic tame inertial type forK. In particular
we have a lowest alcove presentation (sJ , µ) ∈W ×X∗(T ) for it, where µ+η is 1-generic Fontaine–
Laffaille and the characters {χi | 1 ≤ i ≤ n} appearing in the decomposition (2.1.3) are pairwise
distinct. Recall the set nJ from (4.1.1) equipped with a right action of W o Z/f . We also recall
the definition of sτ from Definition 2.1.2. In this section, we prove in Lemma 9.1.2 that there exists
a bijection between the set of subsets IJ ⊆ nJ satisfying IJ · (s−1

J , 1) = IJ , with the set of sub
inertial types τ1 ⊆ τ over K.

Given the inertial type τ , we write X̃τ for the set {χi | 1 ≤ i ≤ n} where the characters χi are

defined in (2.1.3). We fix a bijection X̃τ
∼−→ n by sending χi to i. It follows from Definition 2.1.2

that χp
f

i = χs−1
τ (i) for each i ∈ n, and thus the bijection

X̃τ → X̃τ : χ 7→ χp
f

corresponds to the permutation s−1
τ on n, under the fixed bijection X̃τ

∼−→ n. Let τ1 ⊆ τ be a

sub IK-representation, then there exists a subset X̃τ1 ⊆ X̃τ such that τ1
∼=
⊕

χ∈X̃τ1
χ. We notice

that τ1 ⊆ τ is a sub inertial type over K if and only if τp
f

1
def
=
⊕

χ∈X̃τ1
χp

f ∼= τ1, if and only if X̃τ1

corresponds to a union of orbits of sτ under the bijection X̃τ
∼−→ n. We write Xτ

def
= n/sτ for the set

of orbits of sτ , and then write Xτ1 for the image of X̃τ1 under X̃τ1 ↪→ X̃τ � Xτ . Hence we obtain
a natural bijection between the set of sub inertial types over K and the power set of Xτ , given by

τ1 7→ Xτ1 . Note that we also understand Xτ as a subset of the power set of X̃τ , by viewing each

Λ ∈ Xτ as a single orbit inside X̃τ
∼−→ n under the action of sτ .

We consider (in analogy with nJ ) the set nJ ′
def
= n×J ′ equipped with a right action of W roZ/f ′.

We use the notation IJ = (Ij)j∈J for a subset of nJ with each Ij ⊆ n, and similarly the notation
IJ ′ = (Ij′)j′∈J ′ for a subset of nJ ′ . We write sJ ′ ∈ W r for the image of sJ under the diagonal
embedding.

Given a sub IK-representation τ1 ⊆ τ , we obtain a subset X̃τ1 ⊆ X̃τ such that τ1
∼=
⊕

χ∈X̃τ1
χ.

To τ1 one can attach the set If ′−1 ⊆ n by the condition

X̃τ1 = {χi | i ∈ If ′−1}

and then define Ij′
def
= (s′or,j′)

−1(If ′−1) for each j′ ∈ J ′. We observe that

Ij′−1 = (s′or,j′−1)−1s′or,j′(Ij′) = sj′(Ij′)

for each j′ ∈ J ′, so that we have IJ ′ · (s−1
J ′ , 1) = IJ ′ , where IJ ′ = (Ij′)j′∈J ′ .

Hence, the associations τ1 7→ If ′−1 7→ IJ ′ gives rise to bijections between the following three
sets:

(9.1.1) {sub IK-representations of τ} ∼←→ {subsets of n} ∼←→ {IJ ′ ⊆ nJ ′ | IJ ′ · (s−1
J ′ , 1) = IJ ′}.

Moreover, these bijections are compatible with the action of sτ on n. More precisely, we have the
following.
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Lemma 9.1.2. The maps in (9.1.1) induce bijections between the following three sets:

(i) the set of sub inertial types τ1 ⊆ τ over K;
(ii) the set of subsets I ⊆ n satisfying sτ (I) = I;

(iii) the set of subsets IJ ⊆ nJ satisfying IJ · (s−1
J , 1) = IJ .

Proof. Since the maps between (i), (ii) and (iii) are induced from the ones in equation (9.1.1), we
only need to show that the extra conditions are compatible. The bijection between (i) to (ii) follows
directly from the discussion at the beginning of this section. The key observation for the bijection
between (ii) and (iii) is that sτ (I) = I if and only if IJ ′ is f -periodic (using (2.1.6)). Then we finish
the proof by noting that there is a natural bijection between the set of subsets IJ ⊆ nJ satisfying
IJ · (s−1

J , 1) = IJ , and the set of f -periodic subsets IJ ′ ⊆ nJ ′ satisfying IJ ′ · (s−1
J ′ , 1) = IJ ′ . �

Given a sub inertial type τ1 ⊆ τ over K, we write Iτ1J for the subset of nJ corresponding to τ1

via Lemma 9.1.2.

9.2. Extremal shape. In this section, we use the results from § 8.3 and § 9.1 to prove a comparison
result, Proposition 9.2.13. Let R be a Noetherian O-algebra.

Recall from [LLHLMa, § 5.2 and § 5.3] the O-schemes of finite type Ũ(tη,≤ η) ⊆ Ũ [0,n−1](tη).

By [LLHLMa, Proposition 3.2.8, § 5.2 before Definition 5.2.4] an element of Ũ(tη,≤ η)(R) is a

collection A = (A(j))j∈J of n× n matrices with entries in R[v + p] such that for each j ∈ J

(9.2.1) A
(j)
ik = vδi>k

(
δi≥k

n−k−δi 6=k∑
`=n−i

c
(j)
ik,`(v + p)`

)

for all 1 ≤ i, k ≤ n and for all n − i ≤ ` ≤ n − k − δi 6=k, with moreover c
(j)
kk,n−k ∈ R× for all

1 ≤ k ≤ n. For each (k, j) ∈ nJ , we define

ϕk,j(A)
def
=

1

(n− k)!

d(n−k)(A
(j)
kk )

dv(n−k)
= c

(j)
kk,n−k

for each A ∈ Ũ(tη,≤η)(R) and each Noetherian O-algebra R, which gives a morphism

ϕk,j : Ũ(tη,≤η)� Gm,O.

It is obvious that if A ∈ Ũ(tη,≤η)(R), then

(9.2.2) A
(j)
kk |v=0 = pn−kϕk,j(A) ∈ pn−kR×

for each (k, j) ∈ nJ .

Using equation (9.2.1), it is not difficult to see that there is a natural isomorphism S̃◦F(tη) '
Ũ(tη,≤ η)F where Ũ(tη,≤ η)F denotes the special fibre of Ũ(tη,≤ η), so that we have a closed
immersion

(9.2.3) itη : S̃◦F(tη) ' Ũ(tη,≤η)F ↪→ Ũ(tη,≤η)

where the latter is the canonical closed immersion of the special fibre. We consider the natural

projection to the j-th factor Projj : S̃◦F(tη) � S̃◦F(tηj ) = I1 \ I1 Ttηj I1 and define ϕk,j by the
following composition

S̃◦F(tη)
Projj−−−→ I1 \ I1 Ttηj I1

∼= T × I1 \ I1 tη I1 � T
εk−→ Gm,F
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for each (k, j) ∈ nJ . Then it is clear that for each (k, j) ∈ nJ we have

(9.2.4) ϕk,j ◦ itη = ι ◦ ϕk,j
where ι : Gm,F ↪→ Gm,O is the canonical closed immersion.

In what follows, given ũJ = uJ tν ∈ W̃
∨

, we write rũJ for the map

(9.2.5) rũJ : F̃LJ → F̃lJ

defined by right multiplication by ũJ .

Lemma 9.2.6. Let ũJ = uJ tη ∈Wtη. Then we have rũJ (M◦
u−1
J

) ⊆ S̃◦F(tη) and

ϕk,j ◦ rũJ = fS
u−1
j

,k
,jf
−1
S
u−1
j

,k+1
,j : M◦

u−1
J
� Gm,F

for each (k, j) ∈ nJ (with the convention fS
u−1
j

,n+1
,j

def
= 1).

Proof. It is clear that rũJ (M◦
u−1
J

) ⊆ S̃◦F(tη) by definition. From Lemmas 3.1.9, 3.1.3 and the

definition of rũJ we have

M◦
u−1
J Projj

// //

� _
rũJ
��

fS
u−1
j

,k
,jf
−1
S
u−1
j

,k+1
,j

,,
U\UTw0Uw0u

−1
j

∼ //
� _

��

T × U\Uw0Uw0u
−1
j

// // T εk
// Gm,F

S̃◦F(tη)
Projj

// //

ϕk,j

11I1 \ I1 Ttηj I1
∼ // T × I1 \ I1 tηj I1 .2 // // T

εk // Gm,F

which is easily checked to be commutative. �

We fix a tame inertial type together with a lowest alcove presentation: τ = τ(sJ , λ+ η− sJ (η))
where λ+ η is n-generic Fontaine–Laffaille. Then we define

(9.2.7) ϕτ,τ1
def
=

∏
(k,j)∈Iτ1J

ϕk,j : Ũ(tη,≤η)� Gm,O.

Lemma 9.2.8. Let λ + η be n-generic Fontaine–Laffaille and let τ = τ(sJ , λ + η − sJ (η)) be a
tame inertial type. Then we have tλ+ηw̃

∗(τ)−1 = sJ tη, and for each sub inertial type τ1 ⊆ τ

ϕτ,τ1 ◦ itη ◦ rsJ tη = ι ◦ fs−1
J ,I

τ1
J

: M◦
s−1
J
→ Gm,O.

Proof. It is clear that we have w̃∗(τ)t−λ−η = t−ηs
−1
J . Now, the other identity follows directly from

the definition of fs−1
J ,I

τ1
J

in § 4.1 and Lemma 9.2.6. �

From now on we assume that λ+η is (3n−1)-generic Fontaine–Laffaille, in order to use the results

of § 8.2. Consider the p-adic formal scheme Ỹ ≤η,τ (tη) defined in [LLHLMa, Definition 5.2.4(2)].
We have an isomorphism

(9.2.9) Ỹ ≤η,τ (tη)
∼−→ Ũ(tη,≤ η)∧p ,
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which we denote π̃τ in what follows (and which lifts the restriction to Ỹ ≤η,τF (tη) of the morphism

π̃(sJ ,µ) : Ỹ
[0,n−1],τ
F → F̃l

[0,n−1]

J defined in § 8.2). We let Ỹ ≤η,τ be the closed p-adic formal algebraic

substack of Ỹ [0,n−1],τ characterized by the two itemized properties in [LLHLMa, p. 79]. By letting

Ỹ ≤η,τtη

def
= Ỹ

[0,n−1],τ
tη ∩ Ỹ ≤η,τF , we note that we have Ỹ ≤η,τF (tη) = Ỹ ≤η,τtη as S̃◦F(tη) ' Ũ(tη,≤ η)F and

(9.2.9) (cf. Remark 8.2.7 (2)).

Let R be a p-adically complete Noetherian O-algebra and let (M, φM) ∈ Ỹ ≤η,τ (tη)(R) be a R-
point. Assume (M, φM) admits a tη-gauge basis β (in the sense of [LLHLMa, Definition 5.2.6]) and

let C
(j′)
M,β, A

(j′)
M,β be the matrices associated to (M, φM) and β as in Definition 2.3.3 and equation

(2.3.5). (See [LLHLMa, Proposition 5.2.7] for the existence.) Then, by definition, the isomorphism

π̃τ : Ỹ ≤η,τ (tη)
∼−→ Ũ(tη,≤ η)∧p sends (M, φM, β) to (A

(j)
M,β)j∈J . For each χ ∈ X̃τ and each j′ ∈ J ′,

we write β
(j′)
χ ∈ β(j′) for the element where ∆ acts by χ, and if we write φ

(j′)
M

(
κM,ϕ

(
β

(j′−1)
χ

))
as

a linear combination with respect to β(j′), then we set C
(j′)
M,β,χ ∈ R[[u′]] as the coefficient of β

(j′)
χ .

Hence, {C(j′)
M,β,χ}χ∈X̃τ exhausts the diagonal entries of C

(j′)
M,β. We define A

(j′)
M,β,χ as the diagonal entry

of A
(j′)
M,β which equals C

(j′)
M,β,χ, via the relation (2.3.5). It follows from (2.3.2) that

(9.2.10) C
(j′)
M,β,χ = C

(j′+f)

M,β,χp
f

for each χ ∈ X̃τ and each j′ ∈ J ′.
Let τ1 ⊆ τ be a sub inertial type over K, and set rΛ

def
= #Λ for each Λ ∈ Xτ . We define

(9.2.11) φτ,τ1((M, φM, β))
def
=

∏
χ∈X̃τ1

f−1∏
j′=0

C
(j′)
M,β,χ|u′=0

which gives a morphism of p-adic formal schemes

φτ,τ1 : Ỹ ≤η,τ (tη)→ A1,∧p
O .

Lemma 9.2.12. The morphism φτ,τ1 does not depend on the choice of the basis β.

Proof. We fix an arbitrary section θ : Xτ ↪→ X̃τ of the quotient map X̃τ � Xτ (namely the choice
of a character θ(Λ) ∈ Λ for each orbit Λ ∈ Xτ ). For each Λ ∈ Xτ , we deduce from (9.2.10) that∏

χ∈Λ

C
(j′)
M,β,χ =

rΛ−1∏
k=0

C
(j′+kf)
M,β,θ(Λ)

which implies that ∏
χ∈Λ

f−1∏
j′=0

C
(j′)
M,β,χ =

frΛ−1∏
j′=0

C
(j′)
M,β,θ(Λ).

Suppose β′ is another choice of eigenbasis, then there exists t
(j′)
M,χ ∈ R

× such that

β′,(j
′)

χ = t
(j′)
M,χβ

(j′)
χ

for each j′ ∈ J and χ ∈ X̃τ . It follows from (2.3.2) and Definition 2.3.3 that t
(j′)
M,χ = t

(j′−f)

M,χp
f for each

χ ∈ X̃τ and each j′ ∈ J ′. In particular, (t
(j′)
M,χ)j′∈J ′ is frΛ-periodic for each χ ∈ Λ ∈ Xτ . Hence we
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deduce that

∏
χ∈Λ

f−1∏
j′=0

C
(j′)
M,β′,χ =

frΛ−1∏
j′=0

C
(j′)
M,β′,θ(Λ)

=

frΛ−1∏
j′=0

(t
(j′)
M,θ(Λ))

−1C
(j′)
M,β,θ(Λ)t

(j′−1)
M,θ(Λ)

=

frΛ−1∏
j′=0

C
(j′)
M,β,θ(Λ) =

∏
χ∈Λ

f−1∏
j′=0

C
(j′)
M,β,χ,

which finishes the proof by taking product over Λ ∈ Xτ1 . �

For each sub inertial type τ1 ⊆ τ over K, we set

dτ,τ1
def
=

∑
(k,j)∈Iτ1J

(n− k) ∈ N

where Iτ1J ⊆ nJ is the subset associate with τ1 via Lemma 9.1.2. We abuse the notation ϕτ,τ1 for

the associated morphism of p-adic formal schemes Ũ≤η(tη)
∧p � G∧pm,O given by p-adic completion.

Proposition 9.2.13. We have

φτ,τ1 = pdτ,τ1ϕτ,τ1 ◦ π̃τ : Ỹ ≤η,τ (tη)→ A1,∧p
O ,

for each sub inertial type τ1 ⊆ τ over K.

Proof. Let R be a p-adically complete Noetherian O-algebra and we check the equality for an

arbitrary object (M, φM, β) ∈ Ỹ ≤η,τ (tη)(R). Then it follows from (9.2.2) that

φτ,τ1((M, φM, β)) =
∏

χ∈X̃τ1

f−1∏
j′=0

C
(j′)
M,β,χ|u′=0

=
∏

(k,j)∈Iτ1J

pn−kϕk,j(A
(j)
M,β).

Here, we emphasize that A
(j′)
M,β is f -periodic in j′ and thus we can write A

(j)
M,β instead. Moreover,

the second equality comes from Lemma 9.1.2 together with the identity (2.3.5). Hence, we conclude
that

φτ,τ1((M, φM, β)) = pdτ,τ1ϕτ,τ1(AM,β),

which finishes the proof. �

We end this subsection by summarizing the results discussed in § 8 and § 9.2: for each sub inertial
type τ1 ⊆ τ = τ(sJ , µ) with µ = λ+ η − sJ (η) where λ+ η is (3n− 1)-generic Fontaine–Laffaille,
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we have the following commutative diagram

Ỹ
[0,n−1],τ
F

π̃(sJ ,µ)

��
rw̃∗(τ)

��

Ỹ ≤η,τF (tη)? _oo � � // Ỹ ≤η,τ (tη)

π̃τ

'

&&

p−dτ,τ1φτ,τ1

''

Ỹ ≤η,τtη

π̃(sJ ,µ)

��

=

OO

Ũ(tη,≤η)∧p
_�

��

ϕτ,τ1 // G∧pm,O
_�

��

F̃l
[0,n−1]

J

·w̃∗(τ)
��

S̃◦F(tη)? _oo � �
itη

// Ũ(tη,≤η)
ϕτ,τ1 // Gm,O

F̃l
[1−n,n−1]

J vλ+η Gm,F
?�

ι

OO

F̃LJ

rλ+η

OO

rsJ tη

99

M◦
s−1
J

? _oo

rsJ tη

OO

f
s−1
J ,I

τ1
J

55

where

• rλ+η and rw̃∗(τ) are described in Proposition 8.2.4;
• rsJ tη is defined in (9.2.5), and ·w̃∗(τ) is the right multiplication by w̃∗(τ);
• π̃τ is described in (9.2.9), and π̃(sJ ,µ) is defined in (8.2.2);
• itη is defined in (9.2.3);
• φτ,τ1 is defined in (9.2.11) and ϕτ,τ1 is in (9.2.7);

• Ỹ ≤η,τF (tη) = Ỹ ≤η,τtη is illustrated in the paragraph of (9.2.9);
• commutativity of the diagram follows from Lemma 9.2.6, Proposition 9.2.13, and the para-

graph of (9.2.9).

9.3. Invariant functions and Weil–Deligne representations. In this section, we apply the
results of § 9.2 to prove Theorem 9.3.3, which relates invariant function with some normalized
mod-p reduction of (product of) Frobenius eigenvalues of Weil–Deligne representations.

We denote by RepnE(WK) the groupoid of Weil–Deligne representations of WK over n-dimensional
vector spaces over E. (In particular, if ς ∈ RepnE(WK) then the restriction ς|IK is by definition an

inertial type.) Let gp ∈WK be an element whose image in W ab
K corresponds to p via ArtK : K×

∼→
W ab
K . Then for a given ς ∈ RepnE(WK), gp acts on ∧n(ς) by a scalar ας ∈ E×, which is often called

the Frobenius eigenvalue of ς.

As at the beginning of § 9.1, let τ be a tame inertial type with lowest alcove presentation (sJ , µ)
such that µ+ η is 1-generic Fontaine–Laffaille. We have a covariant functor

Dτ : Y [0,n−1],τ (O)→ RepnE(WK)

whose image lands in representations ς∨ such that ς|IK ∼= τ , and which is defined as follows. If

(M, φM) ∈ Y [0,n−1],τ (O), then D(M)
def
=
(
M/u′M

)
⊗O E is a free K ′ ⊗Qp E-module of rank n,

endowed with a ϕ-semilinear and E-linear automorphism φD(M)
def
=
(
φM ◦ κM,ϕ (mod u′)

)
⊗O idE ,

and with a K ′-semilinear and E-linear action of ∆ = Gal(L′/K), compatible with φD(M). We
thus define an action of WK on D(M) by the following rule: g ∈ WK acts by the automorphism

gφ
−val(g)
D(M) where g is the image of g ∈ WK in ∆ (via the natural surjection WK � WK/WL′ = ∆),
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and val(g) ∈ Z is defined via g ≡ ϕval(g) modulo IK . Note that WK/IK is generated by ϕf . This

action of WK preserves the E-linear decomposition D(M) = ⊕j′∈J ′D(M)(j′) and it is easily seen

(cf. [BM02, Lemme 2.2.1.2]) that the WK-representations D(M)(j′) are all isomorphic. We define

Dτ (M) as the isomorphism class of D(M)(j′) and, by construction, we have Dτ (M)|IK ∼= (τ∨)⊗OE.

Lemma 9.3.1. Let (M, φM, β) ∈ Ỹ ≤η,τ (tη)(O) and ς1 be a WK-representation satisfying ς∨1 ↪→
Dτ (M) and ς1|IK ∼= τ1. Then we have

α−1
ς1 = ας∨1 = φτ,τ1((M, φM, β)).

Proof. It is clear that α−1
ς1 = ας∨1 . To compute the Weil–Deligne representation from the given

Breuil–Kisin module M, we choose j′ = f ′−1. As val(gp) = −f , gp acts on D(M)(f ′−1) by gpφ
f
D(M).

More precisely, if we write φ
(j′)
D(M) : D(M)(j′−1) → D(M)(j′) for the induced map from φD(M) via

D(M) = ⊕j′∈J ′D(M)(j′) then the following diagram describes the action of gp on D(M)(f ′−1):

D(M)(f ′−1)
φ

(0)
D(M)

// D(M)(0)
φ

(1)
D(M)

// D(M)(1)
φ

(2)
D(M)

// · · · · · ·
φ

(f−1)
D(M)

// D(M)(f−1).

gp

mm

By abuse of notation, we write β(j′) for the basis of D(M)(j′) induced from the β(j′) of M(j′).

We also write B
(j′)
M,β for the matrix of φ

(j′)
D(M) : D(M)(j′−1) → D(M)(j′) with respect to β(j′−1) and

β(j′). It is easy to see that B
(j′)
M,β = C

(j′)
M,β|u′=0, so that B

(j′)
M,β is a diagonal matrix from (2.3.5), which

implies that {β(f ′−1)
χ | χ ∈ X̃τ1} forms a basis for ς1. We further let B

(j′)
M,β,χ

def
= C

(j′)
M,β,χ|u′=0 which is

a diagonal entry of B
(j′)
M,β.

We set r1
def
= dimE ς1 and note that gp acts trivially on L = K(π), due to our choice of gp, so

that we have ωf (gp) = 1. Hence, from the description of gpφ
f
D(M), we have

ας∨1 = ∧r1ς∨1 (gp) =
∏

χ∈X̃τ1

f−1∏
j′=0

B
(j′)
M,β,χ =

∏
χ∈X̃τ1

f−1∏
j′=0

C
(j′)
M,β,χ|u′=0 = φτ,τ1((M, φM, β)),

which finishes the proof. �

Let Rep
[0,n−1],τ
O (GK) denote the groupoid of O-lattices in potentially crystalline representations

of GK over n-dimensional E-vector spaces, becoming crystalline over L′ with Hodge–Tate weights
in [0, n− 1] and inertial type τ . We have a contravariant functor of groupoids

Rep
[0,n−1],τ
O (GK)→ Y [0,n−1],τ (O)

constructed in [LLHLMa, Proposition 7.2.3] (compatible with the results in [Kis06, § 1.3]), noting

that Rep
[0,n−1],τ
O (GK) = X [0,n−1],τ

n (O). We also note that if Mρ is the Kisin module associated to an

O-lattice in a potentially crystalline representation ρ then we have
(
Mρ/u

′Mρ

)
⊗OE = D∗cris(ρ|GL′ )

(see [Kis06, Proposition 2.1.5] for a version when E = Qp). Here, we write Dcris for the covariant

functor DL′
st in [Sav05, Proposition 2.9].

Finally, recall from § 1.3.1 the covariant functor WD : Rep
[0,n−1],τ
O (GK)→ RepnE(WK) obtained

from [CDT99, Appendix B.1] (after extending to E the coefficients of the objects in Rep
[0,n−1],τ
O (GK)).

We write WD∗ for the composite of WD followed by taking the dual Weil–Deligne representation.
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Lemma 9.3.2. Let τ be a tame inertial type with lowest alcove presentation (sJ , µ) such that µ+η
is 1-generic Fontaine–Laffaille. We have a commutative diagram of groupoids

Y [0,n−1],τ (O)
Dτ // RepnE(WK)

Rep
[0,n−1],τ
O (GK)

OO

WD∗

66
.

Proof. The vertical functor sends a O-lattice in a potentially crystalline representation ρ to the
associated Breuil-Kisin module Mρ. The result follows from

(
Mρ/u

′Mρ

)
⊗O E = D∗cris(ρ|GL′ ) and

keeping track of the descent data from L′ to K (cf. [EG, § 4.6]). The genericity assumption on τ
guarantees that the Galois representations under consideration are potentially crystalline since the
characters χi appearing in (2.1.3) are pairwise distinct. �

We consider a lift ρ◦x,λ+η ∈ Rep
[0,n−1],τ
O (GK) of ρx,λ+η to which we can associate a Weil–Deligne

representation ς
def
= WD(ρ◦x,λ+η) : WK → GLn(E) satisfying ς|IK ∼= τ . Each sub inertial type τ1 ⊆ τ

for K determines to a subrepresentation ς1 ⊆ ς satisfying ς1|IK ∼= τ1. We consider ας1 ∈ E× (the
Frobenius eigenvalue of ς1 defined at the beginning of § 9.3) which clearly depends on the choice of
ρ◦x,λ+η and τ1.

Theorem 9.3.3. Let λ+ η be (3n− 1)-generic Fontaine–Laffaille. Let x ∈ F̃LJ (F) and sJ ∈ W
with x ∈ Ms−1

J
(F). Then for each sub inertial type τ1 ⊆ τ = τ(sJ , λ + η − sJ (η)) and each lift

ρ◦x,λ+η of ρx,λ+η as above, we have valp(α
−1
ς1 ) = dτ,τ1 and

α−1
ς1

pdτ,τ1
≡ fs−1

J ,I
τ1
J

(x) ∈ F×.

Proof. We pick up an object (M, φM, β) ∈ Ỹ ≤η,τ (tη)(O) whose image under T ∗dd is isomorphic to
ρ◦x,λ+η|GK∞ . Note that we can recover ς∨ = WD∗(ρx,λ+η) from (M, φM, β) via Lemma 9.3.2. The

result follows immediately from (9.2.4), Lemma 9.2.8, Proposition 9.2.13 and Lemma 9.3.1. �
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10. Local–global compatibility

In this section, we use a set of normalized Hecke operators and results from previous sections to
prove our main result on local-global compatibility (see Theorem 10.3.3).

10.1. Hecke actions. In this section, we introduce the set of normalized Up-operators which will
be eventually related to the set of invariant functions using suitably normalized local Langlands
correspondence. For this section, let R be a commutative ring. For a topological group G, we
denote by Repsm

R (G) the abelian category of smooth (i.e. locally constant) representations of G
over R.

10.1.1. Compact induction and Hecke algebras. Given a closed subgroup H of a topological group G
and an object (σ, V ) ∈ Repsm

R (H), we define the smooth induction

IndGH(σ)
def
= {f : G→ V | f is locally constant and f(hg) = σ(h)f(g) for all h ∈ H, g ∈ G}

and smooth compact induction c-IndGH(σ) which is the subspace of IndGH(σ) consisting of functions
with compact support modulo H. (We often omit V from the notation for simplicity.) This induces
two exact functors

IndGH , c-IndGH : Repsm
R (H)→ Repsm

R (G)

which are called the induction and the compact induction, respectively. These are the right and
left adjoints, respectively, of the restriction functor · |H : Repsm

R (G)→ Repsm
R (H), which are called

the Frobenius reciprocity. Note that c-IndGH = IndGH when H\G is compact. Let v ∈ V and g ∈ G.
There is a unique map [H, g 7→ v] : G→ V supported on Hg such that [H, g 7→ v](hg) = σ(h)v for
all h ∈ H, g ∈ G. If H is open and compact, then [H, g 7→ v] ∈ c-IndGH(σ) and elements of this
form span c-IndGH(σ).

Given two closed subgroups H1, H2 ⊆ G and σi ∈ Repsm
R (Hi) for i = 1, 2, we consider the

R-module

HGH2,H1
(σ2, σ1)

def
= HomG

(
c-IndGH2

σ2, c-IndGH1
σ1

) ∼= HomH2(σ2, (c-IndGH1
σ1)|H2).

The map

HomH2(σ2, (c-IndGH1
σ1)|H2)→ {loc. const. φ : G→ HomR(σ2, σ1) |

φ(h1gh2) = σ1(h1)φ(g)σ2(h2) for all h1 ∈ H1, g ∈ G, h2 ∈ H2}(10.1.1)

ψ 7→ (g 7→ ψ(−)(g))

is an isomorphism, giving another description of HGH2,H1
(σ2, σ1). For a closed subgroup H ⊂ G, the

space HGH,H(σ, σ) = EndG(c-IndGHσ), which we simply denote by HGH(σ), is naturally an R-algebra
via composition.

Given ϕ ∈ HomR(σ2, σ1), there is at most one function f : G → HomR(σ2, σ1) supported on
the double coset H1gH2 such that f(h1gh2) = σ1(h1)ϕσ2(h2) for all h1 ∈ H1 and h2 ∈ H2. If this
function exists, we denote it by [H1, g 7→ ϕ,H2]. If H1 and H2 are furthermore compact and open,
then [H1, g 7→ ϕ,H2] ∈ HGH2,H1

(σ2, σ1) (if it exists) using the identification (10.1.1). Under this
identification, we have

(10.1.2) [H1, g 7→ ϕ,H2]([H2, g
′ 7→ v]) =

∑
h2∈I

[H1, gh2g
′ 7→ ϕ(σ2(h2)(v))]

where H1gH2 =
⊔
h2∈I

H1gh2.
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10.1.2. Up-operators. Recall that K denotes a finite unramified extension of Qp of degree f , with

ring of integers OK and residue field k. We write q = pf = #k.

We define the compact open subgroups K
def
= GLn(OK) and K1

def
= Ker(GLn(OK)� GLn(k)) of

GLn(K) (equipped with the p-adic topology). We recall from § 1.3.2 the pairing X∗(T )×X∗(T )→ Z
and the basis (ε1, . . . , εn) of X∗(T ). Then {α1, . . . , αn−1, εn}, where αi = εi−εi+1 for 1 ≤ i ≤ n−1,

forms a basis of X∗(T ), and we denote by {ω(1), . . . , ω(n)} the corresponding dual basis of X∗(T ).

Then ω(i) =
∑i

k=1 ε
∨
k for each 1 ≤ i ≤ n, where {ε∨1 , . . . , ε∨n} is the dual basis of {ε1, . . . , εn}. We

abuse ω(i) for the induced map K× → T (K) ⊆ GLn(K). (For instance, ω(i)(p) ∈ T (K)).
Let L ⊆ GLn be the standard Levi subgroup with diagonal blocks GLi × GLn−i and consider

the standard maximal parabolic subgroup P+ def
= LB with its opposite parabolic subgroup P−

def
=

Lw0Bw0. We denote the unipotent radical of P+ (resp. of P−) by N+ (resp. by N−). Let P+ ⊂ K
and P− ⊂ K be the preimage of P+(k) and P−(k), respectively, under the reduction map. Let
P+

1 ⊂ K (resp. P−1 ⊂ K) be the unique maximal pro-p subgroup of P+ (resp. of P−). Then the
quotients P+/P+

1 and P−/P−1 are naturally identified with L(k).
Let σ be an R[L(k)]-module which is a smooth P+-representation (resp. P−-representation)

over R by inflation. Observing that ω(i)(p) centralizes L(OK) and ω(i)(p)P+ω(i)(p)−1 = P−, we
have three elements

U(i) def
= [P+, ω(i)(p)−1 7→ idσ,P

+] ∈ HGLn(K)
P+ (σ);

ti
def
= [P+, ω(i)(p)−1 7→ idσ,P

−] ∈ HGLn(K)
P−,P+ (σ, σ);

Sσ
def
= [P−, 1 7→ idσ,P

+] ∈ HGLn(K)
P+,P− (σ, σ).

Note that P+ω(i)(p)−1P+ = ω(i)(p)−1P−P+ =
(
P+ω(i)(p)−1P−

)(
P−P+

)
.

Lemma 10.1.3. Let ω(i)(p), P+, P−, and σ be as above. Then

U(i) = ti ◦ Sσ.

Proof. By Frobenius reciprocity, it suffices to check that

U(i)([P+, 1 7→ v]) = (ti ◦ Sσ)([P+, 1 7→ v])

for all v ∈ σ. Let I be a set of representatives for K1\P+
1 . Then we have P+ω(i)(p)−1P+ =⊔

h∈I
P+ω(i)(p)−1h which implies that by (10.1.2)

(10.1.4) U(i)([P+, 1 7→ v]) =
∑
h∈I

[P+, ω(i)(p)−1h 7→ v].

On the other hand, we also have P−P+ =
⊔
h∈I

P−h, which implies that by (10.1.2)

(ti ◦ Sσ)([P+, 1 7→ v]) = ti(
∑
h∈I

[P−, h 7→ v]) =
∑
h∈I

[P+, ω(i)(p)−1h 7→ v].

(The last equality follows from P+ω(i)(p)−1P− = P+ω(i)(p)−1.) This completes the proof. �

Let τ1 and τ2 be tame inertial types of dimension i and n− i, respectively, such that τ = τ1⊕ τ2

is a regular tame inertial type. In the context when σ = σ(τ1) ⊗E σ(τ2), we denote U(i) by Uτ1
τ .

Then the K-type σ(τ) is isomorphic to IndK
P+σ(τ1)⊗Eσ(τ2). The claimed isomorphism follows from

[LLHLMa, Proposition 2.5.5], noting that by [Her09, Lemma 4.7] the induction IndK
P+σ(τ1)⊗σ(τ2)

is isomorphic to the Deligne–Lusztig representation attached to τ by [GHS18, Propostion 9.2.1] and
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latter is irreducible (cf. [LLHL, Corollary 2.3.5]) since τ is regular. Let ς be a Frobenius-semisimple
representation WK → GLn(E) with ς|IK ∼= τ . Then ς is a direct sum of representations ς1⊕ ς2 with
ςi|IK ∼= τi. Recall from the beginning of § 9.3 that ας1 is the Frobenius eigenvalue of ς1. Recall the

map rp from [CEG+16, § 1.8]. The isomorphism HGLn(K)
P+ (σ) ∼= HGLn(K)

K (σ(τ)) identify Uτ1
τ with

an element in HGLn(K)
K (σ(τ)).

Proposition 10.1.5. Let τ , ς, and ς1 be as above. The operator Uτ1
τ acts on

HomP+(σ(τ1)⊗E σ(τ2), r−1
p (ς)|P+) ∼= HomK(σ(τ), r−1

p (ς)|K)

by the scalar q
i(2n−i−1)

2 α−1
ς1 .

Proof. We write deti : GLi → Gm for the determinant. The regularity of τ and the decomposition
ς = ς1 ⊕ ς2 imply that

r−1
p (ς) = Ind

GLn(K)
P+(K)

r−1
p (ς1)|det

i
|n−i ⊗ r−1

p (ς2).

According to the discussion before [CEG+16, Theorem 3.7] based on [Dat99, Proposition 2.1 and
Theorem 4.1], we deduce an isomorphism of commutative algebras (using τ is regular)

(10.1.6) HL(K)
L(OK)(σ) ∼= HGLn(K)

K (σ(τ))

which sends [L(OK), ω(i)(p)−1 7→ idσ, L(OK)] to Uτ1
τ . In fact, we have an isomorphism

HomL(OK)(σ(τ1)⊗E σ(τ2), r−1
p (ς1)|det

i
|n−i ⊗ r−1

p (ς2)) ∼= HomK(σ(τ), r−1
p (ς)|K)

which isHL(K)
L(OK)(σ)-equivariant under (10.1.6). As ω(i)(p)−1 centralizes L(OK), [L(OK), ω(i)(p)−1 7→

idσ, L(OK)] acts on HomL(OK)(σ(τ1) ⊗E σ(τ2), r−1
p (ς1)|deti |n−i ⊗ r−1

p (ς2)) by the same scalar as

ω(i)(p)−1 acting on r−1
p (ς1)|deti |n−i ⊗ r−1

p (ς2). This equals the scalar by which p−1Idi acts on

r−1
p (ς1)| deti |n−i which is qi(n−i)q

i(i−1)
2 α−1

ς1 as r−1
p (ς1) ∼= rec−1

p (ς1) ⊗E | deti |(i−1)/2 (see [CEG+16,

§ 1.8]) and |p| = q−1. It is then clear that Uτ1
τ acts on HomK(σ(τ), r−1

p (ς)|K) by the same scalar. �

10.1.3. Normalized Up-operators. We keep the notation K, P±, L, τ1, τ , σ and Uτ1
τ from § 10.1.2.

In particular, σ = σ(τ1)⊗Eσ(τ2) is an irreducible L(k)-representation over E with σ(τ) ∼= c-IndK
P+σ

being irreducible as well. Fix a L(k)-stable O-lattice σ◦ ⊂ σ. It is clear that Sσ = [P−, 1 7→ idσ,P
+]

is obtained from an embedding

(10.1.7) c-IndK
P+σ

◦ → c-IndK
P−σ

◦

by applying c-Ind
GLn(K)
K , and this embedding is an isomorphism after inverting p as c-IndK

P+σ is

irreducible. Hence, we obtain two K-stable O-lattices c-IndK
P+σ◦ ⊆ c-IndK

P−σ
◦ inside σ(τ).

Let σ(τ)◦ ⊂ c-IndK
P+σ◦ be another K-stable O-lattice in σ(τ), and κ ∈ Z be the maximal integer

such that p−κσ(τ)◦ ⊂ c-IndK
P−σ

◦ via (10.1.7). We set

(10.1.8) S+
σ(τ) : σ(τ)◦ ↪→ c-IndK

P+σ
◦ and S−σ(τ) : σ(τ)◦ ↪→ c-IndK

P−σ
◦

where S+
σ(τ) is the inclusion σ(τ)◦ ⊂ c-IndK

P+σ◦ and S−σ(τ) is the composition σ(τ)◦
p−κ→ p−κσ(τ)◦ ⊂

c-IndK
P−σ

◦.
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Upon abusing the same notation for the maps induced from applying c-Ind
GLn(K)
K , the maps

S+
σ(τ) and S−σ(τ) can be inserted into the following commutative diagram involving U(i):

(10.1.9) c-Ind
GLn(K)
P+ σ◦

Sσ //

U
τ1
τ

++

c-Ind
GLn(K)
P− σ◦

ti
∼

// c-Ind
GLn(K)
P+ σ◦

c-Ind
GLn(K)
K σ(τ)◦

S+
σ(τ)

OO

pκ
// c-Ind

GLn(K)
K σ(τ)◦

S−
σ(τ)

OO

c-Ind
GLn(K)
K σ(τ)◦.

S+
σ(τ)

OO

The commutativity of the diagram follows from Lemma 10.1.3 and the definitions of S±σ(τ).

We consider the following condition:

Condition 10.1.10. For an O[GLn(K)]-module π the map

HomO[GLn(K)](c-Ind
GLn(K)
P+ σ◦, π)→ HomO[GLn(K)](c-Ind

GLn(K)
K σ(τ)◦, π)

induced by S+
σ(τ) is an isomorphism.

If Condition 10.1.10 holds on an O[GLn(K)]-module π, then we can apply HomO[GLn(K)](−, π)
to the diagram (10.1.9) and complete it to a commutative diagram
(10.1.11)

Hom(c-Ind
GLn(K)
P+ σ◦, π)

S+
σ(τ)
��

Hom(c-Ind
GLn(K)
P− σ◦, π)

Sσoo

S−
σ(τ)
��

Hom(c-Ind
GLn(K)
P+ σ◦, π)

ti
∼

oo

S+
σ(τ)
��

U
τ1
τ

rr

Hom(c-Ind
GLn(K)
K σ(τ)◦, π) Hom(c-Ind

GLn(K)
K σ(τ)◦, π)

pκ
oo Hom(c-Ind

GLn(K)
K σ(τ)◦, π)

Ũ
τ1
τoo

by setting Ũτ1
τ

def
= S−σ(τ) ◦ ti ◦ (S+

σ(τ))
−1. Here Hom denotes HomO[GLn(K)] and we abuse the same

notation for various maps induced by applying HomO[GLn(K)](−, π) to (10.1.9).

10.2. Axiomatic approach to recover Galois representations. In this section, we give a
general axiomatic approach to recover the local Galois representation using patching formalism
and modularity of obvious weights. The main result is Theorem 10.2.15.

10.2.1. Modules with arithmetic actions. We introduce an axiomatic context, based on [CEG+18,
§ 3], in which we deduce our main local-global compatibility result. Let ρ : GK → GLn(F) be a
continuous homomorphism and let R�ρ be the universal O-lifting ring of ρ. Let Rv be a complete
equidimensional local Noetherian O-flat algebra with residue field F and set

R∞
def
= R�ρ ⊗̂ORv.

(We suppress the dependence of R∞ on Rv.) We write m ⊂ R∞ for the maximal ideal of R∞, and

let µ
def
= −w0(η). If τ is a tame inertial type, we let Rτ,µρ denote the potentially crystalline O-lifting

ring of ρ of type τ and parallel Hodge–Tate weights µ as defined in [Kis08], and set

R∞(τ)
def
= Rτ,µρ ⊗̂R�

ρ
R∞.
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If θ is an O[[K]]-module which is finite over O and M is a pseudocompact O[[K]]-module with a
compatible action of GLn(K), then the tensor product

(10.2.1) M(θ)
def
= M ⊗O[[K]] θ

is an HGLn(K)
K (θ)-module via the natural isomorphism

(10.2.2) (M ⊗O[[K]] θ)
∨ ∼= HomO[K](θ,M

∨) ∼= HomO[GLn(K)](c-Ind
GLn(K)
K θ,M∨)

where ( · )∨ def
= Homcts

O ( · , E/O). (The first isomorphism follows e.g. from [GN, Lemma B.3] and
the second from Frobenius reciprocity).

Recall from § 1.3.1 that ε : GQp → Z×p is the cyclotomic character with mod-p reduction ω and
that ω̃ is the Teichmüloer lift of ω. We abuse the same notation for their restriction to GK and the
corresponding characters of K× via the normalized Artin’s reciprocity map (cf. § 1.3).

Definition 10.2.3. An arithmetic R∞[GLn(K)]-module (or an O[GLn(K)]-module with an arith-
metic action of R∞) is a non-zero O-module M∞ with commuting actions of R∞ and GLn(K)
satisfying the following axioms:

(1) the R∞[K]-action on M∞ extends to R∞[[K]] making M∞ a finitely generated R∞[[K]]-
module;

(2) M∞ is projective in the category of pseudocompact O[[K]]-modules;
(3) if τ is a tame inertial type and σ(τ)◦ ⊂ σ(τ) is an O-lattice, the R∞-action on M∞(σ(τ)◦)

factors through R∞(τ), and M∞(σ(τ)◦) is a maximal Cohen–Macaulay R∞(τ)-module;

(4) the action of HGLn(K)
K (σ(τ)) ∼= HGLn(K)

K (σ(τ)◦)[1/p] on M∞(σ(τ)◦)[1/p] factors through the
composite

HGLn(K)
K (σ(τ))

η∞−→ Rτ,µρ [1/p] −→ R∞(τ)[1/p]

where the map η∞ is the map denoted by η in [CEG+16, Theorem 4.1];

(5) if V is a Serre weight and τ is a tame inertial type over E such that V ∈ JH(σ(τ)), then the
R∞-action on M∞(V ) factors through R∞(τ)F, and M∞(V ) is a maximal Cohen–Macaulay
R∞(τ)F-module.

An arithmetic R∞[GLn(K)]-module M∞ thus defines a functor θ 7→ M∞(θ) from the category
of O[[K]]-modules which are finite over O to the category of finite R∞-modules. The functor M∞
obtained this way is a weak patching functor in the sense of [LLHLMa, Definition 6.2.1] (though
we only consider trivial algebraic factors here). We say that an arithmetic R∞[GLn(K)]-module
M∞ is minimal if the corresponding weak patching functor is minimal in the sense of [LLHLMa,
Definition 6.2.1(I)].

Lemma 10.2.4. Given a Fontaine–Laffaille Galois representation ρ : GK → GLn(F), there exists
a minimal arithmetic R∞[GLn(K)]-module M∞.

Proof. This follows from the proof of [LLHLMa, Proposition 6.2.4] and [CEG+16, Lemma 4.17(2)]
using that Fontaine–Laffaille deformation rings are formally smooth, and all Fontaine–Laffaille lifts
are potentially diagonalizable by [BGGT14, Lemma 1.4.3(2)]. �

Given an arithmetic R∞[GLn(K)]-module M∞, we define

(10.2.5) WM∞(ρ)
def
= {V | V is a Serre weight such that M∞(V ⊗F ω

n−1 ◦ det) 6= 0}.
For any O[[K]]-module θ which is finite over O, the finitely generated R∞-module M∞(θ) is nonzero
if and only if M∞(θ)/m is nonzero by Nakayama’s lemma. Let π∞ be the admissible GLn(K)-
representation (M∞/m)∨ over F. Then for an O[[K]]-module θ which is finite over O, (M∞(θ)/m)∨
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is isomorphic to HomK(θ, π∞|K). In particular, for a Serre weight V , V ∈ WM∞(ρ) if and only if
HomK(V ⊗F ω

n−1 ◦ det, π∞|K) 6= 0.

If S is a set of Serre weights, we write S ⊗F ω
n−1 ◦ det

def
= {V ⊗F ω

n−1 ◦ det | V ∈ S}. For each
tame inertial type τ , we clearly have

σ(τ ⊗O ω̃n−1) ∼= σ(τ)⊗E ω̃n−1 ◦ det

and so

(10.2.6) JH(σ(τ ⊗O ω̃n−1)) = JH(σ(τ))⊗F ω
n−1 ◦ det .

Here we recall that JH(σ(τ)) is the set of Jordan–Hölder factors of the mod-p reduction of an
arbitrary K-stable O-lattice in σ(τ).

Recall the set Wobv(ρ) defined in (8.1.6). The following condition is important for us

Condition 10.2.7. There exists x ∈ F̃LJ (F) such that ρ ∼= ρx,λ+η for a (3n−1)-generic Fontaine–
Laffaille weight λ+ η. Moreover, we have an inclusion Wobv(ρ) ⊆WM∞(ρ).

Note that Condition 10.2.7 implies that F (λ) ∈WM∞(ρ).
Given λ + η which is (3n − 1)-generic Fontaine–Laffaille, we recall the notion of F (λ)-relevant

types from Definition 8.3.1.

Lemma 10.2.8. Assume that ρ satisfies Condition 10.2.7. Let τ0 be a F (λ)-relevant inertial type.
Then w̃∗(ρ, τ0) = tη if and only if

JH(σ(τ0)) ∩WM∞(ρ) = {F (λ)}.
In particular, the set WM∞(ρ) determines the set of F (λ)-relevant types τ0 such that w̃∗(ρ, τ0) = tη.

Proof. Let τ0 be a F (λ)-relevant inertial type. If w̃∗(ρ, τ0) = tη, then it follows from Lemma 8.1.3,
[LLHLMb, Theorem 5.1.2] and [LLHL, Proposition 4.3.2, Remark 4.3.3] that there exists a special-
ization ρ ρsp such that

JH(σ(τ0)) ∩WM∞(ρ) ⊆ JH(σ(τ0)) ∩W ?(ρsp) = {F (λ)},
which together with Condition 10.2.7 implies that JH(σ(τ0))∩WM∞(ρ) = {F (λ)}. If w̃∗(ρ, τ0) 6= tη,
then we have `(w̃∗(ρ, τ0)) < `(tη) (cf. Lemma 8.3.4) and deduce from Lemma 8.3.7 that there exists

V ∈
(
Wobv(ρ)∩JH(σ(τ0)

)
\{F (λ)}, which together with Condition 10.2.7 implies that {F (λ), V } ⊆

JH(σ(τ0))∩WM∞(ρ). This shows that w̃∗(ρ, τ0) = tη if and only if JH(σ(τ0))∩WM∞(ρ) = {F (λ)},
and so WM∞(ρ) determines the set of relevant types τ0 such that w̃∗(ρ, τ0) = tη. �

10.2.2. Normalized Up-action. We keep the notation K, P±, L, τ1, τ , σ as well as Uτ1
τ from § 10.1.2

and S±σ(τ) from (10.1.8).

We consider the following condition:

Condition 10.2.9. (1) JH(cokerS+
σ(τ) ⊗O F) ∩

(
WM∞(ρ)⊗F ω

n−1 ◦ det
)

= ∅.
(2) JH(cokerS−σ(τ) ⊗O F) ∩

(
WM∞(ρ)⊗F ω

n−1 ◦ det
)

= ∅.

Assuming Condition 10.2.9 (1), we have that the map M∞(σ(τ)◦)→M∞(IndK
P+σ◦) induced from

S+
σ(τ) is an isomorphism, or equivalently that Condition 10.1.10 holds for M∨∞ (cf. (10.2.2)). This

implies that the induced map M∞(σ(τ)◦)/m→M∞(IndK
P+σ◦)/m is an isomorphism, or equivalently

that Condition 10.1.10 holds for π∞
def
= (M∞/m)∨ (cf. (10.2.2)). Then we get an endomorphism

Ũτ1
τ ∈ End(HomO[GLn(K)](c-Ind

GLn(K)
K σ(τ)◦, π∞)) ∼= End(HomO[K](σ(τ)◦, π∞))
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as in (10.1.11). As in (10.1.11), we abuse the notation S+
σ(τ), S

−
σ(τ) for the maps induced from

(10.1.8) by applying HomO[K](−, π∞).

Proposition 10.2.10. Assume Condition 10.2.9 (1) and that Rτ,µρ is regular. Then η∞(Uτ1
τ ) ∈

pκRτ,µρ and Ũτ1
τ ∈ End(HomO[K](σ(τ)◦, π∞)) acts by the scalar p−κη∞(Uτ1

τ ) (mod m) ∈ F. If

furthermore Condition 10.2.9 (2) holds, then p−κη∞(Uτ1
τ ) (mod m) ∈ F×.

Proof. From (10.1.11), there is an endomorphism Ũτ1
τ of HomO[K](σ(τ)◦,M∨∞) with the property

that pκ · Ũτ1
τ = S+

σ(τ) ◦ Uτ1
τ ◦ (S+

σ(τ))
−1. Moreover, if Condition 10.2.9 (2) holds, then the map

M∞(σ(τ)◦) → M∞(IndK
P−σ

◦) induced from S−σ(τ) is an isomorphism, and thus Ũτ1
τ = S−σ(τ) ◦ ti ◦

(S+
σ(τ))

−1 is also an isomorphism. If we denote by Ũτ1
τ and Uτ1

τ the respective Pontrjagin dual

endomorphisms, then Ũτ1
τ acts on M∞(σ(τ)◦) (intertwining the R∞-action) and pκ · Ũτ1

τ acts on
M∞(σ(τ)◦) by η∞(Uτ1

τ ).
There exists a minimal arithmetic R′∞[GLn(K)]-module M ′∞ by Lemma 10.2.4. Serre’s theorem

on finiteness of projective dimensions of finite R′∞(τ)-modules and the Auslander–Buchsbaum for-
mula imply that the maximal Cohen–Macaulay R′∞(τ)-modules such as M ′∞(σ(τ)◦) are free. Then

the R′∞(τ)-rank of M ′∞(σ(τ)◦) is one. The above considerations apply, and we conclude that Ũτ1
τ

acts on M ′∞(σ(τ)◦) by an element of R′∞(τ) ∼= EndR∞(M ′∞(σ(τ)◦). Since R′∞(τ) is p-torsion free,
this element must be p−κη∞(Uτ1

τ ). In particular, p−κη∞(Uτ1
τ ) ∈ Rτ,µρ and if Condition 10.2.9 (2)

holds then p−κη∞(Uτ1
τ ) ∈ (Rτ,µρ )×.

Using that M∞(σ(τ)◦) is p-torsion free and that pκ ·Ũτ1
τ acts on M∞(σ(τ)◦) by η∞(Uτ1

τ ), Ũτ1
τ acts

on M∞(σ(τ)◦) by p−κη∞(Uτ1
τ ) ∈ Rτ,µρ . Then Ũτ1

τ acts on M∞(σ(τ)◦)/m by p−κη∞(Uτ1
τ ) (mod m),

and the result follows by applying Pontryagin duals. �

We now fix λ + η ∈ X∗(T ) which is (3n − 1)-generic Fontaine–Laffaille and let τ ⊗O ω̃1−n be
a F (λ)-relevant type. Note that for an arbitrary choice of a K-stable O-lattice σ(τ)◦ ⊆ σ(τ),

σ(τ)
def
= σ(τ)◦⊗OF contains F (λ)⊗Fω

n−1 ◦det as a Jordan–Hölder factor with multiplicity one (see

Remark 8.3.3 and (10.2.6)). Since σ(τ1) and σ(τ2) are defined over E0
def
= W (F)[p−1], we can and do

choose E0-rational structures σ(τ1)E0 and σ(τ2)E0 . We choose σ◦E0
⊂ σ(τ1)E0 ⊗E0 σ(τ2)E0 to be an

arbitrary L(k)-stable W (F)-lattice. Then we choose σ(τ)◦E0
⊂ IndK

P+σ◦E0
to be the unique W (F)-

lattice whose cosocle is isomorphic to F (λ) ⊗F ω
n−1 ◦ det and whose image in IndK

P+σ◦E0
⊗W (F) F

is nonzero. We fix the choice σ◦
def
= σ◦E0

⊗W (F) O and σ(τ)◦
def
= σ(τ)◦E0

⊗W (F) O. As κ ∈ Z is the

maximal integer such that σ(τ)◦ ⊂ pκIndK
P−σ

◦ and E0/Qp is unramified, we deduce that the image

of σ(τ)◦ in (pκIndK
P−σ

◦)⊗O F is nonzero.

Lemma 10.2.11. Assume that ρ satisfies Condition 10.2.7. Let τ ⊗O ω̃1−n be a F (λ)-relevant
type such that w̃∗(ρ, τ ⊗O ω̃1−n) = tη. Then the choice of σ◦ and σ(τ)◦ above satisfies Condi-
tion 10.2.9 (1) and Condition 10.2.9 (2).

Proof. It follows from Lemma 10.2.8 (applied to τ0 = τ ⊗O ω̃1−n) and Remark 8.3.3 that

JH(σ(τ ⊗O ω̃1−n)) ∩WM∞(ρ) = {F (λ)}

and σ(τ ⊗O ω̃1−n) contains F (λ) as a Jordan–Hölder factor with multiplicity one. The choice of
σ(τ)◦ above forces the image of S+

σ(τ)⊗O F (resp. of S−σ(τ)⊗O F) to contain F (λ)⊗F ω
n−1 ◦ det as a

Jordan–Hölder factor, which implies that cokerS+
σ(τ) ⊗O F (resp cokerS+

σ(τ) ⊗O F) does not involve

F (λ)⊗F ω
n−1 ◦ det. Hence, Condition 10.2.9 (1) and Condition 10.2.9 (2) follow. �
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Proposition 10.2.12. Assume that ρ satisfies Condition 10.2.7. Let τ ⊗O ω̃1−n = τ(sJ , λ + η −
sJ (η)) be a F (λ)-relevant type and τ1 ( τ a sub inertial type. Suppose that IJ is the set corre-
sponding to τ1 ⊗O ω̃1−n via Lemma 9.1.2 and that ρ ∼= ρx,λ+η for some x ∈ Ms−1

J
(F). Then there

exists a unique κ ∈ Z depending only on τ and τ1 such that p−κη∞(Uτ1
τ ) (mod m) = fs−1

J ,IJ
(x).

Proof. The fact that ρ ∼= ρx,λ+η for some x ∈Ms−1
J

(F) implies that w̃∗(ρ, τ⊗O ω̃1−n) = tη. It follows

from [LLHLMb, Theorem 4.2.1] that Rτ,µρ is formally smooth over O, and in particular regular.
Then it follows from Proposition 10.2.10 and Lemma 10.2.11 that there exists κ ∈ Z depending
only on τ and τ1 such that p−κη∞(Uτ1

τ ) ∈ (Rτ,µρ )×. We consider a ρ◦ associated with an arbitrary

homomorphism Rτ,µρ � O (with kernel p) and observe that ρ◦0
def
= ρ◦⊗O (εn−1ω̃1−n) is a potentially

crystalline lift of ρ with inertial type τ ⊗O ω̃1−n and Hodge–Tate weights n − 1, . . . , 1, 0. We set

ς
def
= WD(ρ◦), ς0

def
= WD(ρ◦0) and note that ς0 ∼= ς ⊗E (|Art−1

K |n−1ω̃1−n). We write ς0,1 ⊆ ς0 for the
unique subrepresentation satisfying ς0,1|IK ∼= τ1 ⊗O ω̃1−n. Hence, we may apply Theorem 9.3.3 to

ς0 and deduce that valp(α
−1
ς0,1) = d0

def
= dτ⊗Oω̃1−n,τ1⊗Oω̃1−n and

α−1
ς0,1

pd0
≡ fs−1

J ,IJ
(x) ∈ F×.

It follows from Proposition 10.1.5 and [CEG+16, Theorem 4.1] that

η∞(Uτ1
τ ) (mod p) = p

fi(2n−i−1)
2 α−1

ς1 ,

which together with the identity α−1
ς1 = |p|i(n−1)α−1

ς0,1 = p−fi(n−1)α−1
ς0,1 finishes the proof �

Note that the above proof also shows that

κ =
fi(2n− i− 1)

2
+ valp(α

−1
ς1 ) =

fi(2n− i− 1)

2
+ d0 − fi(n− 1) = d0 −

fi(i− 1)

2
.

Remark 10.2.13. Our choice of ρ and τ satisfies the crucial condition that JH(σ(τ))∩
(
WM∞(ρ)⊗F

ωn−1 ◦ det
)

contains a unique Serre weight V which has multiplicity one in σ(τ). It is clear that
Lemma 10.2.11 admits an immediate generalization for any pair ρ, τ satisfying this condition. In

fact, the map Ũτ1
τ in (10.1.11) exists for such ρ and τ (with π∞ = (M∞/m)∨ and the choice of σ◦

and σ(τ)◦ similar to that of Lemma 10.2.11).

10.2.3. Recovering the Galois representations from obvious weights and arithmetic actions. Let
ρ : GK → GLn(F) be a Galois representation. Fix an arithmetic R∞[GLn(K)]-module M∞ for ρ.

Lemma 10.2.14. Assume that ρ satisfies Condition 10.2.7 for some x ∈ F̃LJ (F). Then the set
WM∞(ρ) determines the unique C ∈ PJ satisfying x ∈ C(F).

Proof. We write C ∈ PJ for the unique element such that x ∈ C(F). It follows from Lemma 10.2.8
that WM∞(ρ) determines the set of F (λ)-relevant inertial types τ0 such that w̃∗(ρ, τ0) = tη. Then
we apply Lemma 8.3.4 and observe that WM∞(ρ) determines the set {wJ ∈W | C ⊆ M◦wJ }, which

determines C by the item (iii) of Lemma 3.1.16 (applied to CKj for each j ∈ J , if C = (CKj )j∈J ). �

Theorem 10.2.15. Assume that ρ satisfies Condition 10.2.7. Let M∞ be an arithmetic R∞[GLn(K)]-
module, and π∞ be the GLn(K)-representation (M∞/m)∨. Then ρ can be recovered from the
F[GLn(K)]-action on π∞.
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Proof. We can write ρ = ρx,λ+η for some x ∈ F̃LJ (F). As a Serre weight V satisfies V ∈WM∞(ρ)

if and only if HomK(V ⊗Fω
n−1 ◦det, π∞|K) 6= 0, we deduce from Lemma 10.2.14 that the K-action

on π∞ determines the unique C ∈ PJ such that x ∈ C(F). Moreover, for each g ∈ Inv(C), we
deduce from Lemma 4.1.6 that there exists sJ ∈ W and IJ ⊆ nJ such that IJ · (s−1

J , 1) = IJ ,
x ∈ Ms−1

J
(F) and g = fs−1

J ,IJ
. Assume without loss of generality that IJ 6= ∅. If IJ = nJ , then

g = detJ (cf. (4.1.5)) and g(x) is determined by the action of pIdn on π∞ (using a simple variant of
both Proposition 10.1.5 and Proposition 10.2.10 when i = n). If IJ 6= nJ , we consider the F (λ)-
relevant inertial type τ ⊗O ω̃1−n = τ(sJ , λ+ η − sJ (η)) together with the sub inertial type τ1 ( τ
such that τ1⊗O ω̃1−n corresponds to IJ via Lemma 9.1.2. Then we deduce from Proposition 10.2.12

that there exists κ ∈ Z depending only on τ and τ1 such that Ũτ1
τ acts on HomK(σ(τ)◦, π∞|K)

by g(x). Since this action of Ũτ1
τ only depends on the F[GLn(K)]-action on π∞ and (g(x))g∈Inv(C)

determines x by Corollary 7.7.9, the result follows. �

10.3. Local-Global compatibility for Hecke eigenspaces. In this section, we apply Theo-
rem 10.2.15 to a favorable global setup and deduce our main result on local-global compatibility
(see Theorem 10.3.3). We now fix the global setup for the main arithmetic application. We follow
the exposition and setup of [EGH13, § 7.1, § 4.2], (see also [HLM17, § 4.1, § 4.2 and § 4.5]).

Let F/Q be a CM field and F+ its maximal totally real subfield. Assume that F+ 6= Q, and
that p is unramified in F+ and all places of F+ above p split in F . We write S+

p for the set of finite

places of F+ above p. For each v ∈ S+
p we fix a place ṽ of F above it, and write S̃+

p to denote the

set of such places. We also let F+
p

def
= F+ ⊗Q Qp and OF+,p

def
= OF+ ⊗Z Zp.

We let G/F+ be a reductive group, which is an outer form of GLn which splits over F , such

that G(F+
v ) ∼= Un(R) for all v | ∞. Then (cf. [EGH13, § 7.1]) G admits a reductive model G over

OF+ [1/N ], for some N ∈ N prime to p, together with an isomorphism ι : G/OF [1/N ] → GLn/OF [1/N ].

If v - N is a place of F+ which is split in F , with decomposition v = wwc, we get an isomorphism

(10.3.1) ιw : G(OF+
v

)
∼−→ GLn(OFw).

For a compact open subgroup U ≤ G(A∞,p
F+ ) × G(OF+,p) and a finitely generated O-module W

endowed with an action of G(OF+,p), the space of algebraic automorphic forms on G of level U and
coefficients W is defined as

S(U,W )
def
=
{
f : G(F+)\G(A∞F+)→W | f(gu) = u−1

p f(g) ∀g ∈ G(A∞F+), ∀u ∈ U
}

(with the obvious notation u = upu
p for the elements u ∈ U). For a finite place v - N of F+ we

say that U is unramified at v if one has a decomposition U = G(OF+
v

)Uv for some compact open

subgroup Uv ≤ G(A∞,v
F+ ).

Let S be a finite set of places of F+ away from pN such that U is unramified outside S. Let
PS denote the set of finite places w of F such that w|F+ is split and does not belong to S. If
P ⊆ PS is a subset of finite complement that is closed under complex conjugation, we write

TP = O[T
(i)
w : w ∈ P, 0 ≤ i ≤ n] for the abstract Hecke algebra on P, where the Hecke operator

T
(i)
w acts on the space S(U,W ) as the usual double coset operator

ι−1
w

[
GLn(OFw)

(
$wIdi

Idn−i

)
GLn(OFw)

]
,

where $w denotes a uniformizer of Fw.
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If r : GF → GLn(F) is a continuous absolutely irreducible Galois representation, we write mr for
the ideal of TP with residue field F defined by the formula

det (1− r(Frobw)X) =
n∑
j=0

(−1)j(NF/Q(w))(
j
2)(T (j)

w mod mr)X
j ∀w ∈ P

(and NF/Q(w) denotes the norm from F to Q of the place w). We emphasize that the ideal mr above

is as defined in [CEG+16, § 2.3], and differs from the ideal associated to r in [EGH13, HLM17,
§ 4.2] (our ideal would have been denoted as mr∨ in loc. cit.). We say that r is automorphic if
S(U,W )mr 6= 0 for some level U and coefficients W .

We now fix once and for all a place v ∈ S+
p with lift ṽ ∈ S̃+

p in F , and specialize the termi-
nology and notation of § 2 with the unramified p-adic field K taken to be Fṽ. (In particular,
G is now

(
ResOFṽ/Zp

GLn
)
⊗Zp O and K = GLn(OFṽ) ∼= G(OF+

v
).) We fix a level Uv that is

unramified at all places v′ ∈ S+
p \ {v} and an O[[Uvp ]]-module W v which is finite over O, where

Uvp
def
=
∏
v′∈S+

p \{v} G(OF+
v′

). Then the space

π(r)
def
= lim−→

Uv≤G(O
F+
v

)

S
(
UvUv,W

v ⊗O (Fṽ ◦ ιṽ)
)
[mr]

is a smooth G(F+
v )-representation, where Fṽ denotes the trivial representation of K over F.

From now on, we identify K (resp. GLn(Fṽ)) with G(OF+
v

) (resp. G(F+
v )) via (10.3.1) without

comments. Note that if Vv is an irreducible smooth K-representation over F then we have

HomF[K]

(
V ∨v , π(r)|K

) ∼= S(U,W v ⊗F Vv)[mr]

where V ∨v is the dual of Vv and U = UvG(OF+
v

). We also note that S(U,W v ⊗F Vv)[mr] 6= 0 if and

only if S(U,W v ⊗F Vv)mr 6= 0.
We assume that r satisfies the following:

(1) the image of r|GF (ζp)
is adequate;

(2) the representation r|GFṽ′ is 5n-generic for each v′ ∈ S+
p \ {v} (cf. Definition 2.1.5);

(3) W v = ⊗v′∈S+
p \{v}V

∨
ṽ′ ◦ ιṽ′ with Vṽ′ ∈Wobv(r|GFṽ′ ⊗F ω

n−1) for all v′ ∈ S+
p \ {v};

(4) HomF[K]

(
F (λ) ⊗F ω

n−1 ◦ det, π(r)|K
)
6= 0 for some weight λ with λ + η being 5n-generic

Fontaine–Laffaille (cf. Definition 2.1.1), and in particular r is automorphic.

We can slightly modify Definition 10.2.3 and define the notion of an arithmetic R∞[GLn(F+
p )]-

module M∞,p, which is a projective pseudocompact O[[GLn(OF+,p)]]-module with a compatible

GLn(F+
p )-action and induces an exact functor θ →M∞,p(θ) from the category of O[[GLn(OF+,p)]]-

modules which are finite over O to the category of finite R∞-modules. Under the previous con-
ditions, the patching construction of [CEG+16] performed with the spaces of automorphic forms
appearing in [LLHLMa, Appendix A] produces an arithmetic R∞[GLn(F+

p )]-module M∞,p (de-

noted by M∞ in loc. cit. ). We define M∨∞
def
= HomO[Uvp ]((W

v)∨,M∨∞,p). Then M∞ is naturally an

arithmetic R∞[GLn(Fṽ)]-module equipped with an isomorphism of F[GLn(Fṽ)]-modules:

(10.3.2) (M∞/m)∨
∼→ π(r).

Theorem 10.3.3. Let r : GF → GLn(F) be a continuous absolutely irreducible Galois representa-
tion, satisfying conditions (1)–(4) above. Then r|GFṽ can be recovered from the F[GLn(Fṽ)]-action

on π(r).
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Proof. By lifting F (λ)⊗Fω
n−1 ◦det to a K-stable O-lattice in an algebraic K-type, we deduce from

condition (4) and [EGH13, Theorem 7.2.1] (adapted to the convention of this paper) that r|GFṽ
has a crystalline lift with Hodge–Tate weights λ+ η, and thus there exists x ∈ F̃LJ (F) such that
r|GFṽ

∼= ρx,λ+η. Note that GLn(OF+,p) ∼= Uvp ×K, and condition (4) implies that

HomO[GLn(OF+,p)]((W
v)∨ ⊗F (F (λ)⊗F ω

n−1 ◦ det),M∨∞,p) 6= 0,

and thus M∞,p is obvious in the sense of [LLHLMb, Definition 5.4.2]. Hence, we deduce from
condition (2) and [LLHLMb, Theorem 5.4.6] that for each V ∈Wobv(r|GFṽ )

HomO[GLn(OF+,p)]((W
v)∨ ⊗F (V ⊗F ω

n−1 ◦ det),M∨∞,p) 6= 0,

or equivalently M∞(V ⊗F ω
n−1 ◦ det) 6= 0. Hence, Condition 10.2.7 holds, which together with

Theorem 10.2.15 finishes the proof. �
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Appendix A. Figures

Figure 1. Example of Ωψa,k for n ≤ k ≤ 1
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Figure 2. Examples of vΩ±,]
j1

and vΩ±,[
j1

when Ω± is a constructible Λ-lift of type I
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Figure 3. Examples of vΩ±,]
j1

when Ω± is a constructible Λ-lift of type II
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Figure 4. Direction and sign

Figure 5. Notation and color

Figure 6. ε-crawl from k to k′
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Figure 7. ε-jump at k
[ε]
a
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Figure 8. Examples of oriented permutations when Σ is not circular

Figure 9. Examples of oriented permutations when Σ is circular
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Figure 10. Item (iv) in Definition 6.3.3

Figure 11. An example of ϕ0 when Σ is not circular.

Figure 12. Extend ϕ0 to ϕ1 by completing the −1-tour
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Figure 13. k]a and k[a
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Figure 14. Comparison between Ωa,k,j and Ωa,k+1,j
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Figure 15. 4 cases for Lemma 7.6.18
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Mémoires de la Societé Mathématique de France (to appear).

[Sav05] D. Savitt, On a conjecture of Conrad, Diamond, and Taylor, Duke Math. J. 128 (2005), no. 1, 141–197.
MR 2137952 (2006c:11060)

[Sta20] The Stacks project authors, The stacks project, https://stacks.math.columbia.edu, 2020.

Department of Mathematics, Purdue University, 150 N. University Street, West Lafayette, Indiana
47907, USA

Email address: ledt@purdue.edu

Department of Mathematics, Northwestern University, 2033 Sheridan Road, Evanston, Illinois
60208, USA

Email address: lhvietbao@googlemail.com
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